
PH YSICA L R E VIEW D VOLUME 4, NUMBER 7 1 OCTOBER 1971

Total Cross Section for Electron-Positron Annihilation
and Hadronic Contribution to the Muon Magnetic Moment*

Paul Langackerf and Mahiko Suzuki
DePartment of Physics and Lawrence Radiation Laboratory, University of California, Berkeley, California 94720

(Received 8 March 1971; revised manuscript received 17 June 1971)

A class of rigorous inequalities are derived for the integrated cross section for e-e+ an-
nihilation into hadrons through one photon. They involve the p-wave mw cross section and a
slope of the electromagnetic form factor of the pion. A lower bound on the hadronic contri-
bution to the muon magnetic moment is estimated in terms of the electromagnetic charge
radius r„. The bound is twice as large as the p-meson dominance value if r„= 0.86 F as
indicated by old data, but no meaningful result is obtained if one substitutes the values for
r~ obtained in a new experiment. The inequalities can also be used to test various predic-
tions concerning the asymptotic behavior of the e e+ annihilation cross section. A slowly
decreasing behavior is favored over a rapidly decreasing one like cr ' (t) c t, but more
accurate data are needed to draw a definite conclusion.

Electron-positron colliding-beam experiments
have produced a number of interesting data on the
annihilation cross section in the vector-meson re-
gion' and also some preliminary data in the few-
GeV region. " The purpose of this paper is to in-
vestigate relations between the hadronic cross
section and the pion form factor. The presently
available data for the pion form factor do not lead
us to a definite quantitative conclusion, but m-e

scattering at Serpukhov, Los Alamos, and the Na-
tional Accelerator Laboratory in the near future
may provide the parameters needed to draw con-
clusions about the hadronic cross section for elec-
tron-positron annihilation into hadrons.

Let us derive an inequality first pointed out by
Drell and Zachariasen. ' With the usual definition
of the pion form factor, we obtain an explicit de-
composition of the absorptive part as [F(0)= I]

.ImF(t) =, , ', g s"'(p+ p'- p. )&p lf (0) ln&
n

x&slP J(0)10&S(t-4p'),

is related to the total cross section for e'e - had-
rons through one isovector photon by

p(t) = t'c'" (t)/4v'n.

We use the Schwarz inequality once again, this
time in the integral over t, to obtain'

(4)

where p. is the pion mass, t =-(p+p')' = -q', p is
the pion momentum in the &'& center-of-mass
frame, p ~ J (0) is a three-dimensional scalar pro-
duct of p and the electromagnetic current, and j(0)
is the pion source function. The Schwarz inequal-
ity in the summation over intermediate states n
leads us to

i/2
e'

I
lmF(t) I' (v, c"(t)p(t),

t —4p. '

where IJ"(t) is the p-wave «scattering cross sec-
tion at c.m. energy t ' '. The isovector spectral
function p(t), defined by

(t'„"—q„q "/q') p(t) = (»)'Z~'"(p+ p' p.)—
x &o I ~„(0)I n& &s I ~"(o)

I o&,

F(q, ') -F(q, ') ' I - „, ilmF(t) i

dt a" (t)f(t)16&'Ot' g 4„2

oe t 5I 2oIIII (t)dt f(t)(t+ q, ')'(t+ q, ')'(t 4p')'"
i

'-
where q, ' and q,

' are two arbitrary points in the
spacelike region q, ', q22) 0 and f(t) may be an ar-
bitrary non-negative function of t. The second in-
tegral on the right-hand side converges if [f(t)] -'

=O(t') as t-+~, because of the unitarity bound on
the p-wave «cross section [o"(t) (48v(t —4p') '].
However, for large values of q,

' and q, ', the con-
tribution from the large-t region (t » m~') is im-
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portant relative to that from the low-t region.
Since at present we do not have much knowledge of
the p-wave» scattering above t= 1 GeV', Eq. (5)
is probably more useful for small values of q,

'
and q,'; for instance, in the case of q, '=q, '-0:

0.68 F (simple pole fit}." This analysis is based
on Berends' s dispersion relation incorporating the
assumption of Born-diagram dominance. " The
form factor is less accurate for small q' than for
large q'. If the value (i) were true, we would have
a lower bound

n, a „(hadronic) & (13.0",",) x 10-', (10}

(6)

b.a„(hadronic) =, dtc' ' (t)G(t),
7T 4

where

(7)

z'+(1 —z)t/m„s
' (8)

Let us choose f (t) =G(t) in (6) (which is positive
definite in the integral region}. We split the inte-
gral involving a"(t) into three regions (a) 280 MeV
& v t & 500 MeV, (b) 500 MeV & Mt & 1000 MeV, and
(c} 1000 MeV & v t . The region (b), where the p
meson is located, has been studied by applying the
Chew-Low extrapolation to the reaction &"P-» P.
We use the results of Baton et al. for this region,
reinforcing them with a few other measurements. '
There is no evidence for anomalous enhancement
in the P wave near threshold, so we interpolate be-
tween the threshold and 500 MeV with a phase shift
«(t 4p, '}' ' i—ncorporating the P-wave threshold be-
havior. We have little knowledge of the region (c)
except that there are no conspicuous resonances
up to v t = 2 GeV. We therefore extrapolate c"(t)
as a constant, using its value at the upper edge of
the region (b) to higher energies until the unitarity
bound is reached, and replace a""(t) by the unitar-
ity bound above this point. This is very likely to
overestimate the contribution from region (c) by a
large amount so that it underestimates the lower
bound. The lower bound on n.a„(hadronic) thus ob-
tained is'

where r„stands for the electromagnetic charge
radius of the pion.

Let us first apply this relation to the muon mag-
netic moment. The hadronic contribution to —,(g —2)
is given to the order of n' by'

which should be compared with the p-dominance
value calculated from Orsay data, ""Aa„(hadronic}
=(5.4+0.3}x10 '. If one recalls our very conser-
vative estimates in deriving the lower bound, (10)
indicates that the hadronic contribution to 4a„
might be much larger than the p-dominance value.
Our lower bound is toward improving a small dis-
crepancy between theory and experiment. " If the
value (ii) were true, one could not derive an inter-
esting lower bound from (6}. But, as is mentioned
in Ref. 11, the new data on the pion form factor
are less accurate at low momentum transfers than
at high momentum transfers. The slope of the
form factor between the highest two points (q'
=0.795 and 1.188 GeV'} is steeper by about 30%%us

than that of a simple p-pole fit. Therefore, there
will be a chance to obtain a meaningful bound from
these data points using the inequality (5) when»
scattering data become available up to the few-GeV
region.

As a second application, we consider the possi-
bility of testing some predictions on the asymptotic
behavior of c' ' (t) for large t. For instance, let
us choose f(t) =1 in (b). The hadron annihilation
cross section (sum of those through isovector and
isoscalar photons) has been measured at v t = 644
MeV and 886 MeV and at three points in between. '
We extrapolate o' ' at 644 MeV smoothly down to
the threshold and evaluate J dto' ' between the
threshold and Mt =886 MeV (because of the thresh-
old behavior of v"', an error introduced here is
not so large). The integral involving c"(t) is evu-
uated in the same way as for the muon magnetic
moment. Then we obtain a lower bound on the in-
tegrated cross section above v t =886 MeV as

J
dto' ' t ~ 5.6r„'x10 '

(886 MeV) 2

d a„(hadronic) & 2 4r„'x 10-.', (9)

(886 MeV)(sss Ms ) +

4p2

where r, is the pion charge radius in ferris.
There are a few data for r, , all of which were ex-
trapolated from + electroproduction. Two typical
values are the following: (i) r, =0.86 + 0.14 F.' This
was obtained through a dispersion relation of Za-
gury. ' The value is considerably larger than the
prediction of p dominance (0.63 F). (ii) The other
is a very new result, r, =0.60 F (dipole fit) or

= (5.6r, ' —1.0) x 10 ',

dtcr' (t) & 2.1x10 s.
(886 Mt.V )2

(12)

where r„ is again in units of F. If r~ turns out to be
as large as 0.86 F,s then (11)would set a lower
bound
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It is always a difficult problem to find at what en-
ergy cross sections become asymptotic. If we as-
sume that o' ' (t) becomes asymptotic above v t -1
GeV and that &r"' (t) at 886 MeV& Wt& 1 GeV is
equal to the value reached by a smooth extrapola-
tion of a Breit-VFigner shape, the left-hand side is
equal to =0.10' 10 ' for an asymptotic behavior of
o' ' (t) = O(t ') as t- ~ and about half of this for an

asymptotic behavior of o"' (t)=O(t ')." There-
fore, an asymptotic behavior like t ' or t ' would
be ruled out. If the new data" are taken instead of
the old ones, ' we can still obtain a meaningful re-
sult from the two highest data. Choosing q,

' = 0.795
GeV' and q2'= 1.188 GeV [F(q, ) =0.400 and F(q, ')
=0.276] with f(t) = t in (5), we obtain

J dt to' ' (t) ~ 1.6&&(p-dominance value)
4/2

or

The same argument as above rules out an asymp-
totic behavior like t '. Because of the weight
function f (t) suppressing the unknown high-energy
part of o"(t), we have succeeded in deriving a non-
trivial result even from the new data. " As has
been seen in the preceding discussions, if the slope
of the pion form factor turns out to be consistent
with or smaller than the p-dominance value, our
whole discussion will collapse.

In principle, we can derive a similar formula
for the nucleon charge radius. Although this quan-
tity is known much more accurately, one would
have the disadvantage of having to evaluate the
large unphysical region between 4p. 2 and 4m„2 of
the NN amplitude.

We are very grateful to Professor F. M. Pipkin
of Harvard University for a very helpful communi-
cation concerning the pion form factor experiment.

dt to" (t) ~ 0.33 x 10 ' GeV'.
(886 MeV)

(13)

*This work was supported in part by the U. S. Atomic
Energy Commission.

(National Science Foundation Graduate Fellow.
~J. E. Augustin et al. , Phys. Rev. Letters 20, 126 (1968);

Phys. Letters 28B, 508 (1969); 28B, 513 (1969); 28B,
517 (1969).

2V. Alles-Borelli, in Proceedings of the Fifteenth
International Conference on High Energy Physics, Kiev,
U.S.S.R. 1970 (Atomizdat, Moscow, 1971), Vol. 1, p. 308.

3Various theoretical models are summarized in the
articles by J. J. Sakurai and R. Gatto, International
Symposium on Electron and Photon Interactions at High
Energies, Liverpool, England, &969 edited by D. W.
Braben and R. E. Rand (Daresbury Nuclear Physics
Laboratory, Daresbury, Lancashire, England, 1970),
pp. 91, 235.

4S. D. Drell and F. Zachariasen, Phys. Rev. 119, 463
(1960). A relation somewhat similar to ours was derived
by F. Cooper and H. Pagels, Phys. Rev, D 2, 228 (1970).
Their relation does not involve the x~ cross section,
but is less stringent.

A once-subtracted dispersion relation is assumed for
E(t). If the p-meson dominance were exact, (5) would
become an equality.

~See, for instance, S. J.Brodsky and S. D. Drell,

Ann. Rev. (N.Y.) Nucl. Sci. 20, 147 (1970). This contains
further references.

YJ. P. Baton et al ., Nucl. Phys. B3,349 (1967). The
cross section and also the p-wave phase shift were

determined by the Chew-Low extrapolation. This is in
good agreement with other analyses by W. D. Walker
et al ., Phys. Rev. Letters 18, 603,(1967), and ¹ N. Biswas
et al ., Phys. Letters 27B, 513 (1968).

In the narrow-width approximation to o~~(t ), the right-
hand side of (9) is 2.7 r„4x 10 7. The nonresonantp-wave
background below the p region enhances the integral of
o~~(t) to push down the lower bound on Aa

C. Mistretta etal. , Phys. Rev. Letters 20, 1070 (1968);
Phys. Rev. 184, 1487 (1969).

N. Zagury, Phys. Rev. 145, 1112 (1966); 150, 1406(E)
(1966); 165, 1934(E) (1968); Nuovo Cimento 52, 506 (1967).

~~C. N. Brown at al ., Phys. Rev. Letters 26, 991 (1971).
F. A, Berends, Phys. Rev. D 1, 2590 (1970). The gauge-

invariant Born term, which successfully describes photo-
production, is extended to electroproduction.

M. Gourdin and E. de Rafael, Nucl. Phys. B10,667
(1969).

14~theor ~exP (27 ~ 34) x ]0 8 See Ref 6
5According to Gatto, 3 v~ ~ = O(t 3) for a finite field

algebra and 0~+~ = O(t ~) for a divergent field algebra.


