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vector form factor f,(s) .and li, is determined to
be close to the II:*-dominance result. Our calcula-
tion is performed Lith mesons on the mass shell
so that meson dominance should be good. The
Callan-Treiman expressions for the sum and dif-
ference of the form factors follow in our approach
at the proper off-shell points. Although we have
used PCAC in the form of Eq. (15) for the pion, a
similar form for the kaon has not been adopted in
anticipation of correction to the model of Gell-Mann,
Oakes, and Renner. The commutation relation
(14) is the assumption and is true for extended
models including the addition of the (1, 8) and

(8, 1) representations to the symmetry-breaking

Hamiltonian. In comparison with other current-
algebra calculations, we agree with their results
if the last term is neglected. This last term, how-
ever, is expected to be significant if b= c= s,/s, .
By choosing b, we can achieve agreement with ex-
periment.
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In the usual application of vector-meson dominance to analyze the process m +p p +n,
only the amplitudes for transversely polarized p are related to single-pion photoproduction.
In this paper, it is shown that both the longitudinal and the transverse amplitudes for the
process m +p p +n can be obtained from single-pion photoproduction amplitudes by as-
suming that the off-shell Ball amplitudes not only satisfy the constraints imposed by current
conservation, but also are smooth in the vector-meson mass. The smoothness assumption
is discussed in particle-exchange models in detail. We also extend our predictions to some-
what larger ~t

~
than in our previous work, and comparison is made with recent 15-Gev

SLAG data on m +P p +n. We also apply the same assumptions to analyze some related
processes such as the electroproduction of a charged pion.

I. INTRODUCTION

Part of the objective of the vector-meson-domi-
nance model (VMD)' is to relate processes involv-

ing p mesons to processes involving isovector
photons. The idea of VMD is most easily under-
stood in a theory in which the p meson and the
isovector part of the photon are coupled to the same
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conserved source. ' However, since the p is mas-
sive while the photon is massless, in practical
applications of VMD one must, at one stage or
another, assume smoothness of amplitudes in the
vector-meson mass. Since the photon has only
transverse polarization, in the usual applications
of VMD only the transversely polarized p (A. =+ 1)
amplitudes in the reaction m +p- p'+n are related
to the photoproduction amplitudes y~+ p- w'+ n,
where y~ stands for isovector photon. ' In these
relations, it is assumed that the transverse helic-
ity amplitudes for the p production process are
smooth in the vector-meson mass, and are re-
lated to the pion photoproduction amplitudes by a
constant numerical factor obtainable from other
experiments, e.g. , e'e —p'. Also, for a spin-1
object, the concept of transverse polarization is
not Lorentz-invariant, and a question arises as
to which frame we ought to use in testing various
VMD relations. ' This problem, together with the
early predictions on m +P- p'+n using VMD, is
briefly reviewed in Sec. II.

In the early development of the vector-meson-
dominance model, it was speculated that the
electromagnetic form factor of the m' may satisfy
an unsubtracted dispersion relation, ' and the
vector- meson dominance of the electromagnetic
form factor immediately led to the idea of vector-
meson universality and conserved currents in a
strong-interaction theory. e So one way to formu-
late the theory of VMD is to select a set of invari-
ant amplitudes which are assumed to satisfy dis-
persion relations written in the vector-meson
mass. After all, there is no more reason to
assume the helicity amplitudes to be smooth in
the vector-meson mass than to assume the invari-
ant amplitudes to be smooth in the vector-meson
mass. One advantage in using invariant amplitudes
instead of helicity amplitudes is that unlike helic-
ity amplitudes, invariant amplitudes are Lorentz
scalars, and so the procedure is manifestly
Lorentz-covariant. Furthermore, if one assumes
that the invariant amplitudes not only satisfy the
constraints imposed by current conservation, but
also are smooth in the vector-meson mass, one
in general obtains more information than that ob-
tained from applying the smoothness assumption
to the helicity amplitudes. In the case of
m +p- p'+ n, one finds that the longitudinally
polarized p amplitudes can be related to the trans-
versely polarized p amplitudes. All this is illus-
trated in Sec. III using spinless nucleons for
pedagogical purposes.

There are various sets of invariant amplitudes
one can construct for m-+P- p'+n. However, the
choice of invariant amplitudes is restricted when
one considers only amplitudes that satisfy the

Mandelstam representation and are free of kine-
matic singularities. A set of amplitudes that
satisfy these criteria was given by Ball."

Recently, predictions on m-+ p- p + n were made
independently by Achasov and Shestakov, ' and by
Sakurai and the present author" by assuming that
the off-shell Ball amplitudes not only satisfy the
constraints imposed by current conservation, but
also are smooth in the vector-meson mass. How-
ever, the approaches employed by the former
authors' are quite different from ours. ' The
main predictions of the former authors come from
combining the "smoothness" assumption with a
pure Regge-pole model, whereas we took advan-
tage of the finite-energy sum-rule evaluation of
the photoproduction amplitudes" "and the pseu-
domodel of Jackson and Quigg for pion photopro-
duction"; as a result, the two predictions are
quite different from each other. Our approach is
studied in detail in Sec. IV, with the value of ~t ~

extended from the 0.12 (GeV/c)' of our previous
work" to 0.25 (GeV/c)', and comparison with the
recent 15-GeV/c v-+P- p'+n experiment is also
made. Our model has no adjustable parameter,
yet the calculated cross sections and density-
matrix elements are in reasonable agreement
with experiment.

In Sec. V we discuss our assumption in particle-
exchange models in detail. It is found that although
the assumption is satisfied in the electric Born
model (one-pion exchange plus nucleon pole terms
with a y„-type pe% coupling), it is not always
valid in particle-exchange models. On the other
hand, pure particle-exchange models have diffi-
culty in analyzing photoproduction data, "and so
the fact that they do not support our assumption
need not be used as a serious objection to our
model. In any case, we feel that this is an inter-
esting way of making new predictions on n +P
-p'+ n, and the justification of the assumption
may rest on the comparison with experiment.

In Sec. VI we use the same assumption to study
some related processes. Specifically, we study
the electroproduction of pions and the E +p-cv
+A process. In Sec. VII we summarize our re-
sults.

II. OLD PREDICTIONS ON m + p ~ p + n USING VMD

We review here some early predictions on m-

+p- p'+ n using VMD. These have been discussed
quite extensively in the literature. " So our pre-
sentation here will be brief.

The vector-meson-dominance model can be used
to relate the reaction

m +P- p'+n

to the reaction
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yv+P r +n, (2)

d~ rv)
dt

" =differential cross section for (2).

dz 0-) do(~~)

dt ' dt
= differential cross section

for (2) with the photon po-
larized perpendicular and
parallel to the scattering
plane, respectively.

p~~. = elements of the p-meson density matrix.
(Throughout this paper, p~~"„~, and p~~)),, stand for
the density matrix in the helicity frame and the
Gottfried-Jackson frame, respectively. )

In the usual application of vector-meson domi-
nance, only the production amplitudes for trans-
versely polarized p (A. =+ 1) in (1) are compared to
reaction (2), viz. , ' "

dc(p) ~f
'

lk) P do(yv)dt, e (qP dt

d "(r )!dt dk (y )/d-t

do" (rv)l«+ doer ' ( y)/v«
(4)

«(p) ~f 'I»I' «"(rv}
e )qt' dt

(5)

where yv stands for the isovector photon. " For
the convenience of later discussions, we first
define some quantities:

k = p momentum in (1), photon momentum in (2}.
q = pion momentum.
P'= initial nucleon momentum in (1), final nucle-

on momentum in (2).
p = final nucleon momentum in (1), initial nucleon

momentum in (2).
&= 2 (P+P')
c =polarization vector of p in (1), of photon in

,2}.
A. = polarization state of p in (1), of photon in (2).
A.„' =polarization state of initial nucleon in (1),

of final nucleon in (2).
X„=polarization state of final nucleon in (1), of

initial nucleon in (2).
m, p, , m~ =masses of N, m, and p, respectively.

do(P) = differential cross section for (1).

III. SIMPLE MODEL

Consider reaction (1) with scalar pion and nu-

cleons. We have three independent momenta, and

the amplitude for the process can be written as

(6)M „=e~„")(c,P" + c,q" + c,k" ).
The c,'s are the kinematic-singularity-free"
invariant amplitudes for this process, and are in
general functions of s, t, and the square of the
vector-meson mass, O'. The s-channel helicity
amplitudes can now be expressed in terms of the

c,'s. At high s and small 8 (9=the angle between

p and p' in the s-channel center-of-mass system)
such that the approximation

t = ——,'s sin'0

pretation of the experimental data is not yet con-
clusive. "'" There was also the question as to
which frame we ought to use in testing these
VMD relations, since the concept of transverse
polarization is not Lorentz-invariant for a mas-
sive spin-1 object. It was pointed out that Eq.
(4} is satisfied by experiment if p) „, is measured
in the Donohue-Hogaasen (DH) frame. ' However,
most theoretical arguments seem to favor the
helicity frame as the one in which to apply VMD.""
As will be shown later, our model will also lead
to the helicity frame as the one to use. In any

case, Eq. (5) is the same for the helicity frame
and the DH frame, and it is still not supported by
experiment. On the other hand, it was argued"
that higher partial waves in pion-pion scattering
may be needed to fit the angular distribution of
pion pairs in w- +p- m' + m + n in the p region,
and more careful analysis of the data may help
bring Eqs. (4} and (5) into better agreement with

experiment. "'"
Equations (3), (4), and (5) involve only the

transversely polarized p. However, if one writes
down the invariant amplitudes for processes (1)
and (2) with arbitrary vector-meson mass, and
VMD is formulated by assuming these amplitudes
to be smooth in the vector-meson mass, "more
relations can be obtained. One finds, in fact, that
the longitudinally polarized p amplitudes can be
expressed in terms of the transversely polarized
p amplitudes. " The basic idea is illustrated in
Sec. III using scalar pion and nucleons.

In these relations, it is assumed that aside from
the coupling constant (normalized as in Ref. 6),
the helicity amplitudes of the transversely polar-
ized p are independent of the vector-meson mass.
Equation (3) is satisfied quite well by experiment
when p» is measured in the helicity frame"";
however, Eqs. (4) and (5} seem not to be supported
by the 4-GeV/c experiment, "'"although inter-

is valid, we have

M, = ( ,'t)"c„--
M, = c,s/2m, —c,(t )),'+ k')/2mp. -

Now the current-conservation relation reads

—,'(s-m' —k')c, --,'(t- p'-k')c, +k'c, =o

(8a)

(8b)
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(k'=m ' for a p on the mass shell). Using Eq. (9),
Eq. (8b} can be written as

M, = -(c,+ c,)m~. (10)

Note that M, - 0 as m~ -0, as it must.
If we assume that the transverse helicity ampli-

tude is smooth in the vector-meson mass, no re-
lation is obtained between the transverse amplitude
M, and the longitudinal amplitude M, . However,
if one considers the invariant amplitudes c, to be
smooth in the vector-meson mass lP, Eq. (9)
actually gives two independent equations,

c,(s —m') —c,(t p, ') =—0,
1 1—pcs + 2c2 + c3 —0.

(1la)

(1lb)

IV. NEW PREDICTIONS ON 7t + P ~ P + n USING VMD

For realistic (spin--,') nucleons, the amplitudes
for the process m +p- p'+n can be-written in
terms of eight Ball amplitudes' defined below:

Mz .zz
——i(P', A,„')y,[B,(y . e)(y k)+2B,(e P)

+ 2B3(e' q}+2B4(e k) —Bs(y e)

+B,(e P)(y k)+B,(c k)(y k)

+B,(e'rl)(y'k)j&(P ~ ) (13)

Instead of the one current-conservation relation
given in Eq. (9) for the scalar-nucleon case, we
now have two. We have

k2Bi+ sB2 —(t —k —p, )83+ 2 k B~ = 0,
(14)2B,+ sB, + 2 O'B-, —(t k' —p')B, = 0. -

The exact formulas relating Mq. .),),„ to the B,'sN'
are quite complicated. However, these formulas

Equation (1la) is the usual gauge-invariance equa-
tion at k'=0. This means that among the three
amplitudes, only one is independent. We can
therefore express the longitudinal amplitude Mp
in terms of the transverse amplitude M, as follows:

Mo=-(-2t) ' mqM, . (12)

At first glance, M, seems to diverge at t=0. But
M, actually goes like (-t)'t', as can be seen from
Eq. (8a), keeping in mind that the c,'s are free of
kinematic singularities. " Note also that by as-
suming only c, to be smooth in the vector-meson
mass, one is immediately led to the conclusion
that the VMD relations (3) and (4) should be writ-
ten in the helicity frame, and all the experimental
successes and failures of Eqs. (3), (4), and (5) dis-
cussed in Sec. II remain in our model. We have
discussed the idealized world of spinless nucleons
in this section. In the next section we shall dis-
cuss the realistic spin--,' nucleon case, and make
a comparison of our model with experiment.

can be simplified if one studies the s dependence
of the B s at high s. The s dependence of the B s
can be obtained by assuming the t-channel helicity
amplitudes to behave like s~." Here n may have
nothing to do with the Regge trajectory, and in the
pseudomodel of Jackson and Quigg, " o. = 0. Ex-
pressing the B s in terms of the t-channel am-
plitudes, Le Bellac and Plaut" obtained the fol-
lowing s dependence of the B,'s:

Bj,B2, Be, B8 s ', B3-s,
and writing

(+) (-)B5=B5 +B,

(15a)

(15b)

where B~') (B,~) corresponds to the exchange of
systems with natural (unnatural) parity in the
t channel, they found

B(+) -s ~ B( ) - s f)f

5 5 (15c)

2B(') -sB, -s" 2, 2B,—sB,-s" '. (15d)

(16)

M,' =M . „+M . „=—(2 ' '/m)(-sB, +2mB, ),
(-)M =M. -M.

= -(2 't'/m)(-sB, —2tB, + 2mB, ).

Equation (7} is always valid for the range of s and
t values considered in this paper. However, in
general, the domain in which VMD is valid may
be larger than that in which Eq. (7) is valid. For
the sake of completeness, we include the more
exact formulas for the M, 's in terms of the B s in
Appendix A. Also, it can be easily seen from Eq.
(16) that by assuming B„B„B„andB, to be
independent of k' at fixed s and t, one obtains the
"old" VMD relations (3), (4), and (5), as already
shown in Ref. 21.

Assuming all eight Ball amplitudes to be in-
dependent of k', the two equations in (14) are
actually four independent equations":

sB, —(t —p, ')B,= 0,

-2B,+sB, —(t- p')B;-0,

B,+B3+2B4=0,

B7+Bs=0.

(17)

Then, using Eqs. (7), (14), and (15), and neglect-
ing terms of order 1/s, we obtain the following
expressions for the helicity amplitudes ':

M, M~, 0~ = (mp s/2m)(B~+ B8),

M2=M, O+
= —[mp(-t}' /m](B3+B4}&
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FIG. 3. Comparison of our prediction (solid curve)
on the cross section for 'K +p~p +I with the 11,2-
GeV/c experiment of Hyams et gl. (Ref. 35). The ex-
perimental values are the cross sections for the reac-
tion x +p n' +Tr++n for the (x x+) mass range 600-
960 MeV (eee text). The OPEA prediction (Ref. 37) is
also shown (dashed curve).

-0.F

f (GOV/c)

-0.5

FIG. 4. Comparison of our predictions (solid curves}
on the density-Inatrix elements (in the Jackson frame)
for x +p po+n with the 11.2-6eV/c experiment of
Hyams et ag. (Pef. 35). The experimental density ma-
trix is normalized to p P&

"~~& + 2p «+ p 00
= 1 (see tex0.

The OPKA predictions (Ref. 37) are also shown (dashed
curves).

y~+p- m'+n data very well, especially for larger
It I. This can be seen from the n /x' ratio from
deuterium. '2 Qn the other hand, Di Vecchia et aL '2

have also calculated f, and f, using FESR and
Walker's fit, and although they parametrize their
results in terms of Regge poles, the values of
their Q, and @, are consistent within errors with
those of Fox." Using the P, and P, of Di Vecchia
et at. , and the P, evaluated by Fox, we find that
we can obtain a better fit to the y~+ p- m'+ n data.
We therefore use this set of P„g„and Q, to
predict the v-+P- pa+ n cross section. P4, which

goes like an A, exchange, is found to be small. 'o

In Fig. 1 we plot the Q» Q» and Q, used in our
work together with those of Jackson and Quigg.
The resulting photoproduction fits are shown in
Fig. 2.

Using Eqs. (18) and (20), we can now write the
long1tud1nal amph. tudes as follows

M =0,

M, =(f /e)[m (-2t) 't'/2m pj (21)

x([4~/(p'-t )14.+ 24~+ («~)4'i)

The conspiracy condition

4&, + (p,'/2m) P, = 0 (t ) (22)

ai: It I= 0 eliminates the (-t) '~' singularity in~, .
Using Egs. (16) and (21) we calculate the cross
section" and density matrix.

In Figs. 3 and 4, we compare our predictions
with the experimental data from the CERN-Munich
collaboration at P,",'b = 11.2 GeV/c. " We have con-
sidered only the p wave %'hen comparing the ex-
perimental results of Ref. 35 with our predictions.
The authors of Ref. 35 normalize their density
matr1X u81ng Poo ~+2Pxx+ Poo 1, %'h1Ch 18 tO be
contrasted with our normalization 2p»+ poo = l.
Absorptive-one-pion-exchange (OPEA) calculations
suggest that p~',"'" /p» may be as large as 10%%uq in
the Jackson frame. " In calculating the absolute
magnitude of the cross sections, we have used-
f~'/4m = 2, in agreement with the colliding-beam
results. We have also extended our predictions
from It I &0.12 (Gev/c)' of our previous work" to
It I &0.25 (GeV/e)'. Also shown in Figs. 2 and 4
are the usual QPEA predictions for this process. "
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The OPEA model usually has two adjustable
parameters due to the lack of knowledge of the
elastic p-P scattering. Our model has no adjustable
parameters, yet our prediction is at least as good
as the OPEA predictions.

In Figs. 5, 6, and 7 we compare our predictions
with the SLAC data at P~IJ,'= 15 GeV/c. " Here the
s-wave contribution in the p region is obtained
from the fit of Sonderegger and Bonamy" to the
data of m-+p- m'+m'+n and extrapolated to
15 GeV/c. Our prediction is compared with the
data after the s-wave contribution obtained in this
way is subtracted. The agreement between theory
and experiment is not bad, considering the possible
bias in the s-wave subtraction. " Several features
are worth pointing out here. First, it was specu-
lated by Avni and Harari" that unlike the photo-
production cross section, the m-+p- p'+n cross
section with transversely polarized p does not
show a peak even in the helicity frame, while the
usual application of the VMD model (including ours)
requires such apeak. " In Fig. 5 we see that the
experimental value 2p~,",~(s- m')'do(p)/dt indicates
a peak in the forward direction, supporting the
usual prediction of VMD." Secondly, in Fig. 7 we

l03

(s-m~) der/dt

p p(H)( 2)

00
2(3

find that the 15-GeV/c experiment satisfies the
VMD relation (4) better" than the 4-GeV/c exper-
iment does." Actually this is not so surprising,
since an explicit calculation using the electric
Born mode144 revealed that the asymmetry relation
(4) can be violated by as much as 40% at 4 GeV/c,
due to the effect of the finite p mass, while at
15 GeV/c relation (4) should be good to a fraction
of one percent. It was also pointed out that the
difficulty in the VMD relation (4) at 4 GeV/c may
be due to neglecting d-wave effects in the analysis
of the w +p-m-+n'+n data, "'"'"which may
cause p+, to become negative. A higher-statistics
experiment with wider angular acceptance should

help to clarify the d-wave effect." Also note that
the interesting feature in pion production with a
polarized photon beam is that the asymmetry
[d&'(yv) —do (yv)]/[dhI'(yv)+doI "(yv)] is positive
in the range of t values measured, indicating the
dominance of natural-parity over unnatural-parity
exchanges, and it attains the maximum value of
unity at t= —p. . It is comforting to find in Fig. 7
that the same feature is present in the p-produc-
tion asymmetry pPI, /p~~~ .
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FIG. 5. Comparison of our predictions on the cross
sections for m +P p +n with the 15-GeV/c experi-
ment of Bulos et al. (Ref. 23). The s-wave contribution
is subtracted according to the fit of Sonderegger and

Bonamy (see text).

FIG. 6. Comparison of our predictions on the density-
matrix elements (in the helicity frame) for m +p p +n
with the 15-GeV/c experiment of Bulos et al. (Ref. 23).
The s-wave contribution is subtracted according to the
fit of Sonderegger and Bonamy (see text).



PREDICTIONS ON n +P - po+n AND 201

V. THE SMOOTHNESS ASSUMPTION

Having stated our results, we would like to discuss here the smoothness assumption we made in the Ball
amplitudes. In the electric Born model, we readily verify that all the Ball amplitudes are independent of
k' at high s. In this model, we have the matrix element

M = 2 gup' y
2s e-e k, ~ P+a(F k)(~ ~) ~ P'--a(~ s)(~ k)

(23)

04 II

I

02

0.0-

-02-

-OA

0.0 -O.l -0.2
t (GeV/c)

FIG. 7. Comparison of onr prediction on p Is J/p Ist&

v6th the 15-GeV/c experiment of Bulos et al. (Ref. 23).
The s-@rave contribution is subtracted according to the
fit of Sonderegger and Bonamy (see text).

At high s, and small t, the Ball amplitudes are,
aside from the coupling constants,

B,= -1/s,

B,=1/s,

B.= I/(& - ii'),

B.=-I/[2(f- i ')J,
BS=BS=B~=B8=0.

Actually, the electric Born model is not used
here simply as an illustration. It has been known
for some time that the eleetrie Born model gives
a fairly good approximation to both the shape and
the magnitude of the observed y+P- n'+n cross
section" for ~t~&2ii' at high s. The relevance of
the electric Born model to the high-energy pion
photoproduction was also discussed in terms of
dispersion relations and finite-energy sum rules. ' "
In view of these studies, one is tempted to take the
electric Born model more seriously, at least in the

low- ~t ~
region, and the fact that the Ball amplitudes

expressed in the electric Born model are smooth
in k' lends some support to our assumption. Note,
however, that our successful prediction for der(p)/dt
extends up to ~t ~

= 0.25 (GeV/c)' = l2 p,
' where the

electric Born model is no longer applicabl.
We now turn to models based on higher-spin-par-

ticle exchanges. The contribution to the B,'s from
higher-spin exchanges can be readily obtained
using Seadron's eovariant-propagator method. "
Covariant Reggeization of the amplitudes can be
obtained by performing the Sommerfeld-Watson
transformation on these amplitudes. " The ex-
pressions for the Ball amplitudes fox higher-spin
exchanges are given in Appendix B [especially EIIs.
(B6}, (814}, and (816)]. In general, we see that
for natural-parity exchange (r, and A, exchange),
B„B~, and B, depend strongly on k', while the
other B's do not depend on k' at high s.""" For
unnatural-parity exchange with G(-I)"~=+ 1 (m ex-
change), all B's are independent of k' at high s,
and for unnatural-parity exchanges with G(-1) '
= —1 (A., exchange), B„B„andB, depend on k'
while the other B's do not. Using the formulas in
Appendix B, we can easily show that the density-
matrix elements for transversely polarized p's are
independent of k' at high s.53 One may therefore
be tempted to think that relations involving trans-
versely polarized p's may be more likely to be
valid. However, it should be noted that our main
difficulty is with relations (4) and (5) which involve
only transverse amplitudes'.

We see that, in general, particle-exchange mod-
els do not support the assumption that all Ball
amplitudes are independent of k', especially when
the exchanged particles are considered separately.
On the other hand, it was argued that in order to
understand photoproduction of charged pions in the
pure Regge-pole model, a pion conspirator had to
be invented to fit the data; however, even this
conspiracy solution now has difficulty in reconcil-
ing with the idea of factorization. '~ In any case,
one may not be forced to abandon the smoothness
assumption in the Ball amplitudes, although par-
ticle-exchange models in general do not seem to
support this assumption. The qualitative success of
of our approach may simply reflect the fact that
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e E's-m2 1 1

2s E 2m (-'k2) 1 —e '

(-k'/ lk I')cot'(-,'e)
2+ (-k'/1ki1') ct'o( ,' 8) '—

(28)

(2 t)

the amplitudes for (1) and (2) resemble the electric
Born amplitudes. Alternatively, we may entertain
the optimistic possibility that the smoothness
assumption for the B's is, in some sense, more
basic than inferences draw'n from various model
calculations.

VI. SOME RELATED PROCESSES

A. Electroproduction of Pions

Our model can be readily applied to study the
electroproduction of pions. The cross section for
pion electroproduction (one-photon-exchange ap-
proximation) can be written as follows":

do' doer dog y dgoo
dE'dQ, dtdg ' dt dt dt

+ 2E' (1+f) cosp
d0'

dt

(25}
Here" "

2 dvyy& m 2

18 Q 4x»,'xx gx», Yx»
XN, XN

+ gk»,'x'x»lx», xx»}'

E and E' are the energies of the initial and final
electrons in the lab'system, k' is the square of the
mass of the virtual photon, 1kr. 1 is the magnitude of
the virtual-photon momentum in the lab system,
and 0 is the lab angle between the initial and final
electron momentum. 0, is the laboratory solid
angle of the final electron, t is the invariant mo-
mentum transfer to the proton, and Q the angle
seen in the laboratory between the electron mo-
mentum and the momentum of the pion-nucleon
system; gz .zz are the helicity amplitudes for
pion production by virtual photons in the s-channel
pion-nucleon center-of-mass system, and s is the
square of the pion-nucleon center-of-mass energy.

In our model, do~~ /dt can be expressed in terms
of the m +P- p'+n helicity amplitudes Mz .~z„as
follows

2 2 2 2
2 do'~~ m e m p

XN ', 1XN N ', iXN y

m, —

2 2
2 do'~

~ m e
dt 8w fo

mp 2

m —k

2

~~N -1y ™X' '-1X
~N ~ ~N

2dQj0 m e2 2

dt 8rr fo m

m2 2
P

2 k2 ~ (Mx„;x), M~„;o),» ™~„;ox»Mx»';r~»)~
(29}

, dcoo m2 e ' mO2 '(-k')
dt 8 ™p

N2 N

For e+P- e+n+ m', we should include the ~ con-
tribution. However, if we restrict ourselves to
small 1t1, this is not a bad approximation, as can
be seen from the v /v' ratio. For larger 1t1, we

can form suitable averages of the e+p- e+ n+ m'

and e+n-e +p+m cross sections to obtain the
isovector cross section. '~ So, again using Eqs.
(20) and (21), we can calculate the differential
cross section for pion electroproduction from the
photoproduction amplitudes. In Figs. 8 and 9, we
plotted the quantities sodooo/dt and sodrr»/dt as a
function of t and k'. One notices the rise of the
cross section with 1k'1 as 1k'1 increases from zero,
and gradually the k' dependence in the p propaga-
tor takes over and the cross section decreases.
This feature is also true in the VMD prediction of
o, in inelastic e-p scattering. " soda„/dt and

s2do, ,/dt are not plotted here. Their k' depen-
dence is only in the p propagator and so they de-
crease monotonically with increasing 1k'1.

In the usual application of VMD to electroproduc-
tion of pions, it is assumed that the space part of
the electromagnetic matrix element (rr'n1j„1p) is
related to the hadronic matrix element (rr'n1zro~1p)
vla60-62

2

8
P

(80)

and the time-component matrix element is obtained
using the current-conservation equation

1k1(7r'n1J, 21p) =k (rr'no1J', 21p) . (81)

Our model, of course, agrees with this assumption.
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Electroproduction of pions also offers additional
tests to the choice of frame in the vector-meson-
dominance model. " At present, there are not
enough data for high-s pion electroproduction, and
so comparison with our predictions was not made.

I0

O
bo

tft g

(GeV/c)-

-0.6

-63

-0.0IY

Since both e and A decay in this reaction, the
assumption of smoothness in the Ball amplitudes
actually leads to r.elations among the joint-decay
density-matrix elements. " We define the joint-
decay density matrix as follows:

Zy T(K P-») T*(K P-(u'A')
Zp .,A I T(K p-») I' (32)

Here p, ~, and A represent the s-channel helicity
states of P, &u, and A, respectively. T(K P-~A)
is the amplitude for the reaction K + p- ++A.
Again using the relations (18) and using the high-
energy approximation (7), one obtains the following
relations for the joint-decay distribution:

-0.l

I I

-0.2
t (GeV/c)

-0.0I -4impi~ I+(8t/m ')Im(pi I+ pi i)

= —(8/m „)(-2t)'/'Impi~ i,
-(2/m )(-2t)'/'Imp, 0+Imp, , = 0,

FIG. 8. Our prediction on s2 dopp/dt for electropro-
duction of pions tsee Eq. (25)]. -(4/m )(-2t)'/'Imp'~ t

=Im(4pi I+3pi, —p' '- p', i),
where

ll 1 1 00
PAA' =PAA' +PAA' — PAA' ~

M

p~a

20-
C3

CD

(9

l0-
D

Q
b

OJ

(GeV/c)

-0.03
- 0.6
-0.05
- I. I

-0.0I
-0.006

pAA =Z pA~'

t
Here the pAA. are considered in the ro helicity
frame; i.e., the z axis is taken to be in the direc-
tion of the ~ momentum in the s-channel center-of-
mass system, and the y axis is perpendicular to
the scattering plane.

The joint-decay density-matrix elements for
K +p-co+A were measured by Flatte'~ and by
Schreiner. " Unfortunately, the imaginary parts of
the joint-decay density-matrix elements in general
are small, and with the statistics of the existing
data, they are compatible with zero within experi-
mental errors. So, with the present experimental
data on K +p- ~+ A, E|Is. (33) are trivially sat-
isfied.

-I0 i

-0. l

I I

~-0.2
) (GeV/c)e

FIG. 9. Our prediction on s2 do'&p//dt for electropro-
duction of pions [see Eq. (25)].

VII. DISCUSSION

In the usual application of VMD to the 7t-+p- p0

+ n process, only the transversely polarized p am-
plitudes are related to the photoproduction ampli-
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tudes. It is shown that assuming that the Ball am-
plitudes not only satisfy the constraints imposed by
current conservation, but also are smooth in the
actor-meson mass, we can express the longitudi-
nally polarized p amplitudes in terms of the trans-
versely polarized p amplitudes, which, in~turn, can
be related to the photoproduction amplitudes. More
generally, assuming a certain set of invariant am-
plitudes for processes involving vector mesons to
be smooth in the vector-meson mass, one can usu-
ally obtain relationships between the transverse
and longitudinal amplitudes. " In the case of m +P
—p +n, the assumption that the Ball amplitudes are
smooth in the vector-meson mass is studied in
particle-exchange models in detail. It is shown that
this assumption is satisfied in the electric Born
model, although in particle-exchange models this
assumption is not always valid. On the practical
side, we have shown that the basic smoothness
assumption for the Ball amplitudes leads to com-

pletely nontrivial relations among the various helic-
ity amplitudes. With the exception of p „our
predictions, which have no adjustable parameters,
are in satisfactory agreement with the high-statis-
tics data of Refs. 23 and 35. %'e have also used
these assumptions to study the electroproduction
of pions and the reaction K +p- co+A. These ex-
periments will provide additional tests of our as-
sumptions.
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APPENDIX A

ln deriving Eqs. (16) we have used the large-s, small- ~t~ approximation, Eq. (7). However, the domain

in which VMD is valid may be larger than that in which Eq (7) is. valid. There have been extensive investi-
gations on the domain of validity of VMD in inelastic e-p scattering"; they all give more or less the same
result. From a simple kinematical consideration, one finds that in order for s, t, and u to be approxi-
mately the same for processes (1) and (2), we must have

s+ t»2m'+m '+ p.'. (Al)

But the domain in which Eq. (Al) is satisfied is generally larger than that in which Eq. (7) is valid. So, for
the sake of completeness, we write down the exact expressions for the M s in terms of the B,.' s:

M, =(-B,q [k(P, + P,') + k, (P +p
' cos 8)]- 2B,q (kq, —k,q c os 8) + B,(),k, + q, k)

B(),k+q, k, )[k(P, +Po)+ko(P+ p' cos8)]- B,(),k q,+k, )(kqo —koq cos8)) (1/m~)cos-,'8,

M, =(B,q [k(+P, P +) 0k,+(P+P'c 8o)]s+2B,q, (kq, —k,qcos8)+B,(-$ k, +q k)

—&B,(-$ k+q k, )[k(P, +Pa)+ko(P+P'cos8)] —B,(-$ k+q ko)(kq, —k,qcos8)}(1/m )sin~8,

M,
' =-[-B,(q k —$ ko) —B,),]csin —,'8,

M~~+~ =-[-B,(q+k+ ),ko}+B,$ ]icos ,'8, —

M, ~ =-[ B,(q k —$ k,-)+2(B,P'-2B,q)q cos'(28}—B,$, +2(-, B,P' —B,q)(),k+q+k, )cos'(28)]v2 sin-;8,

M, =-[-B,(q, k+$+k, )+2(-B,p'+2B,q)q+sin'(28)+B, $ +2(2B,p' —B,q)($ k-q ko)sin'(28)]&2 cos-,'8.

Here all quantities are expressed in the s-channel center-of-mass system.
0 =magnitude of the space momentum of the vector meson;
ho=energy of the vector meson;
(P, P ) =magnitude of the space momentum of the (final, initial) nucleon in reaction (1), of the (initial,

final) nucleon in reaction (2);
(PO, P,) =energy of the (final, initial) nucleon in (1), of the (initial, final} nucleon in (2};
0=the angle between p and p' in the s-channel center-of-mass system.

(A2)

(p +~)1/2(pe+~)1/2 p/ p0 0
2m po+m po+m-

(A3)

(p +m) / (p'+m)
2m

I

(p, +m)(p,'+m)-
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In the calculations in this paper, with p,",b =11.2 and 15 GeV/c, and with lt I going up to 0.25 (GeV/c)',
Eq. (A2) and Eq. (7) are essentially indistinguishable. Finally, we write down the formula relating p„~i and

der/dt to the M, 's defined in Eqs. (16):

p', i' = (lw" I'+ IM."I'+ IM,
"I'+ IM.' ' I')/x,

p'"' =(IM" I'+ IM" I'- IM' 'I'- IM' 'I')/x

p",,' = 4(IM, I'+ IM, I')/x,

Rep~() ——2Re(M3 *M, +M~ M2)/X,

d0'

dt I6ms2

(A4)

Here,

x=4(IM f'+ IM, I')+2(fM,"I'+ IM,"f'+ IM,' ' f'+ IM,
' ' I'). (A5)

APPENMX 8

%'e derive here the expressions for the Ball am-
plitudes in the particle-exchange model, using the
covariant-propagator approach of Scadron. 4' For
natural-parity exchange, there are two couplings
at the nucleon vertex. There are various ways of
writing these couplings. However, since the nu-
cleon vertex involves only the nucleon momentum
in the t-channel center-of-mass system, this will
not affect the k' dependence of the Ball amplitudes.
We follow Scadron and choose the nucleon vertex
coupling to be

g3 @0 T P9

with

9=k(&- v)

(B3)

(B4)

(B5)

The quantities k, q, P, P', and e are defined in the
same way as in the text, except that here every-
thing is considered in the t-channel center-of-mass
system. The g, 's are coupling constants. The
boson vertex is

I'=k(p'- p) (82)
f

According to Ref. 49, the contribution to the Ball
amplitudes of a spin-J isobar of mass M, in the
physical region of the t channel near t=M', can be
written as follows:

E —4' c ~ cJ p(t-M )B~=g,gs ~6'~ —gmg~2rpg 6'~', —

(t-M )Bm= —g, gs
I;+k —

ILL cJ i+ 0 p, (i+0 —p, ) ~ Qg Il
4 J O'J -g2gsm 4 4t

-0' 42{PJ-1

2 S-Q CJ I Cg Pt (t+0 —p, ) 8 —B(t-M )B =-g g —6' -g g —— -P tp +e'4 "
s j 3 8 J J 2 3Z2 2 4g 4 J 1 J t

P'-~)& =gs — + —tP "+g g —' —mzd''+ -0' tP "- ~ 8 "}S —Q CJ ~ CJ SR (t+ )P —p')' s —u t- k'—
4 1 8 4 8 J J- 2 3J2 2 J 4g 4 J-'j. 2 J

(t-M )B =-g g m —5' '-g g —8 6''+-'t2 S -Q CJ. 8-Q y (/+lP —p, ) S —Q

2 Z ' ' 'Z' 2 ' ' 4t 4
$3 g /1 g If

I

t+0' —p.
' '

4t

(t —M )B~=—gmgl —
~ 5'q",t+ P, -O' CJ

(t-M )Bs = —g2g~ —26'~".
t+k2- P,

' cJ
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Here

v'~2 r(v+1)
2' r(Z+-,') '

6'~ is the solid Legendre polynomial,

(P~ -=(Pk) P~(-cos8, ),

I'~ is the Legendre polynomial, and 8, is the angle between k and P. The prime on (P~ means differentiation
with respect to the argument (-cos8,). The Regge prescription is "

cg6'g n&+~ r-(pk cos8)"
2

. «' ~

lt should be noted that

Pk cos8= —,'(s —u).

So, at high s, the solid Legendre polynomial is independent of 4~.

For unnatural-parity exchange with isospin I and G-parity G, we have, for G(-1)"~=+1,

(B10)

(Bll)

at the nucleon vertex. The boson vertex has, in general, two couplings. There are many ways of writing
these two couplings. We choose not to use the form given by Ref. 49 because ~ 0 =0 was used to obtain the
form given in Ref. 49. We write the boson vertex as

~p[gsg —Zs(2q+k) 'Q ] . (B12)

The part 2q+ k (instead of Q given in Ref. 49) conforms with the wwy vertex derived from the usual inter-
action Lagrangian. The boson vertex (B12) in general is not gauge-invariant. However, if one takes the
point of view that in pure Regge-pole theory (i.e., no cuts), all Regge poles should separately satisfy gauge-
invariance constraints, "the boson vertex couplings will be related by

g, = k (2q+ k) g, .
For the Ball amplitudes, we have

a, =a, =a, =a, =a, =o,

(B12)

(f M)B2 = —g~g,———6'~',

8+k —p, t- 4' cg
(f M)&a= —gal% -4 4 ~ 6 x gegsczd'zs

4g
(B14)

0

I'+ p, —0 f —4' cg(f-~ )&4=-g4gs- 4f 4 ~ +z-x'+g4ge~&z+z.

For unnatural parity with G(-1)~'~= —1, the nucleon vertex is given by

gv'Y 'Y ~

Again using Eq. (B12) for the boson vertex, we obtain the following Ball amplitudes:

B,=O,

tÃ t+ k —p, cg(f-I )a, =-g, g,— —,4',",

m c, , (t+k'- lL')' t 4m' c~-(~™)&3= gvgs 2+v +gvgs''4 2 6'J-i' +gv gs(f+k —0)'
4g



tÃ cg, (t+0 —p, ) 2 t —4»s cg(t-~ )&4= t -gvgs~~a 6z g7gs 4g
&

4 ~s+z-x gvgs

(t I-)Bs =g7gs —
» 6'J ',

t+ p2-k2 t-4m2 c~ „~c(t-~')&7=- g7 g5 2t 4 ~s 4'z j.
"+gv ge ~

d'z'~

t+ k —p, t —48$ cg ~I cg(t-~ )&s=-gags 2t 4 ~a dz-x —2gvge J tz

For v +p- p +n, the relevant natural-parity trajectory is v, (if it exists) and A, The unnatural-parity
trajectory with G(-1)"~=+1is m, and with G(-1)~+~=-1 is A, .
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Assuming that the absorptive part of EIO 2p, is due only to the on-mass-shell 2y inter-
mediate states, several inequalities between 2p, and 2y decay states of It" Os and KL are de-
rived without the assumption of CI' conservation. These inequalities, together with the pres-
ent experimental upper bound on Kz~ 2p, , imply that the branching ratio for Ks 2p, should

be greater than 5&&10 7.

I. INTRODUCTION

= &.2x&0-' (2)

gq = 0.9 (3)

is the velocity of p.
' in the rest system of the kaon.

The present experimental upper bound on the
branching ratio4 is

rate(K~- g'g )
rate(K~0 - all}

(4)

while, according to (1), the theoretical lower
bound for the same branching ratio should be =6
x10 '.

At first sight, this discrepancy may not seem to
be too disturbing since in K~ —p, 'p, -, besides 2y
there are also 2', 3m, and other on-mass-shell
intermediate states, and furthermore, CP conser-
vation is known to be violated. However, difficulty
does arise on a dynamical level. At present, at-
tempts to include 2', 3~, and other intermediate
states in the absorptive part lead only to a small
correction to the above theoretical lower bound, '

It has been pointed out by several authors" that
if the absorptive part of K~0 - p.

'
p,

- is assumed to
be due only to the on-mass-shell 2y intermediate
state and if, in addition, CP conservation holds,
then the usual quantum electrodynamics leads to
the inequality

rate(K~O - 2p}
rate(K~ - 2y)

where"

and it seems quite difficult to explain the large
difference between the theoretical and experimen-
tal bounds on K~0 —JL(.

'
p,

- by using any simple theor. -
etical model.

The purpose of this note is to examine the alter-
native possibility, i.e., the effect of CP noncon-
servation. As we shall see, there are definite
tests which can be used to trace whether the pres-
ent discrepancy is due to CP nonconservation or
due to other reasons. In order to separate out the
implications of different theoretical hypotheses,
we shall assume, throughout our subsequent dis-
cussions, (i) that the absorptive part of the K~
-2y amplitude is zero, (ii) that the absorptive
part of the K~0- p, 'p, - amplitude is due only to the
on-mass-shell 2y intermediate state, and (iii} that
both CPT invariance and quantum electrodynamics
are valid, but CP conservation is not. As we shall
see, under these assumptions, the lower bound

given above by (1) no longer holds, and it is re-
placed by

[rate(Kz~- p, "p, )]' ' o (Ree) 'fkv„[rate(K~0-2y)]' '
—[rate(K~0 - p,

'
p. -)]'~'}

and

[rate(K~- p, 'p, -)]'~' ~ (Rem) '(a[rate(K~ -2y)] ~'

+,[rate(K~0 - p.
'

p, -)]'~'],

(6)

where'

Rem= ', (K~O~K~O}= 1.4x10 -'-,

and X and v„are given by Eqs. (2) and (3), respec-


