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In order to gain insight into the problem of factorization of multi-Regge amplitudes, the
dual-resonance model is studied in detail. The full amplitude, as well as its total-energy
discontinuity, are shown to factorize in the multi-Regge limit, although this is by no means
a trivial consequence of the well-known factorization of a single generalized beta-function
term. Factorization is found to depend crucially upon taking into proper account the singu-
larities in energy variables which are dependent due to nonlinear Gram-determinant con-
straints. This result suggests how the apparent nonfactorization of the full multi-Regge ampli-
tude recently pointed out by Dash may be generally circumvented. An application of the fac-
torization of the total-energy discontinuity to the phenomenology of inclusive cross sections
is discussed.

I. INTRODUCTION

In order to gain some insight into the important question of whether or not multi-Regge amplitudes fac-
torize, we study here the dual-resonance model (DRM) in detail. It is well known that a single generalized
beta-function term factorizes in the multi-Regge limit.! However, for reasons we will review below, fac-
torization of the full amplitude, which is a sum of such terms, by no means follows trivially from the fac-
torization of a single term. Nevertheless, we find that the full amplitude, as well as its discontinuity in
the total energy, do factorize in the multi-Regge limit.

In order to bring out the possible relevance of this result to the general problem of factorization of multi-
Regge amplitudes, let us review the issues involved. Consider the possibility of a generalization of the
“proof” of factorization for single-Reggeon exchange® which proceeds along the same lines. That is, one
first defines signatured amplitudes which allow a continuation of the partial-wave unitarity equation to com-
plex angular momentum and then uses this equation to prove factorization of the Regge residues and thus of
the signatured amplitude. The factorization of the full amplitude then follows directly, since it is asymptot-
ically related to the signatured amplitude by the simple multiplicative signature factor & =¢~'™+7, where
the signature 7 is +1. The generalization of signature and the treatment of the unitarity equation for many-
particle amplitudes certainly presents very formidable difficulties® which may never be overcome. In addi-
tion, Dash*has recently pointed out that even if we assume that this has been accomplished and factorization
of the signatured amplitudes has been established, factorization of a single multi-Regge contribution to the
full amplitude may not follow. Let us discuss this last difficulty in more detail.

Suppose we have an expression for the full amplitude, A, _,,, in terms of generalized multi-Froissart-
Gribov amplitudes,® Aj172 " Tn-1;

Az—»n(sov S125 003 Spm2 p =15 bystay ooy by o1 Kip Koy eeey Kn_z)

= ... TiT e+ Tp - . .
=330 (ke M - )AZ2 T 1 (1801, VaS1ay + ooy Vy =1 —2n =15 by by ees by 15 Ky Koy evey Kpea)

Ti Vi
(1.1)
where 7;=%1, v;=+1, and
_J1, v=1
Hi —{Tf’ Vi=—1‘
In writing (1.1) we have used the usual complete set of 3n—-4 BCP variables® (see Fig. 1), where
= SimnsSege Mty ting;mi®) (1.2)

Sic1,i,in V=t V=t cosw; +m® -1, — 1t

i+l

The remaining variables are dependent upon these either through linear relations (e.g., Sq, S,;, €tc.) or
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Fig. 1. Definition of the BCP variables. Fig. 2. Diagrammatical representation of Eq. (1.1).

through nonlinear relations (e.g., S;;, Soi2s» Sg12s» €tc.). A useful mnemonic for the sum over v, in (1.1) is
shown in Fig. 2. The presence of a cross indicates a twist of the diagram about the crossed line. Each
twist changes all the incoming (outgoing) lines to its right to outgoing (incoming). Asymptotically, this has
the effect of changing the signs of the energy variables which span the twist (e.g., S;5, So1, Soizs Soizss €tC.,
in the term multiplied by 7).

We have motivated the expression (1.1) as a plausible generalization of the expression for »=2. However,
it may be that such an expression is valid, at least in the multi-Regge asymptotic region, even in the
absence of a generalization of signature to production amplitudes. Some further comments about this pos-
sibility are made in Sec. III. Therefore, the problem of the relationship between the factorization of the
individual terms in (1.1) and that of the sum discussed here may be of relevance even if it is not possible to
generalize all the other steps of the proof of factorization for »=2.

The signatured amplitudes A71/2"" """ -1 are assumed to have only right-hand singularities and to be real
for s;;,,<0 and k;<0 (or, equivalently, s;_,,;;,,<0). It thus appears plausible that the phases of the
contributions to (1.1) for various v; can be determined by continuation of the appropriate s; ;,, and s;_; ; ;.1
to positive values using the +ie prescription.*”” The contribution to the full amplitude of a multi-Regge-
pole contribution to the signatured amplitude can then be readily obtained. Thus, suppose the signatured
amplitude has the factorized asymptotic behavior®

AZN2 T =1(s)1, S5y 000y S, 2 =1l eeesty 15 Kyseens Ky -2)
~ Bt )T(= ;) (=501) 1Bty L5 k)T (= 0t2)(=815) 2B (8, t55 K5)* + * T(-av,, _)(=s, -2,n D0 m18(E,y)

(1.3)

where a; =a;(#;). If the residues B(¢;, ¢;,,; k;) have no cuts in «;, Eq. (1.3) leads to a factorized contribution
to (1.1) since the sum over v; merely generates the product of the signature factors &, =¢~#"% +7,; thus,

Az ~R(tx)[]--‘("011)515010“]R(txtz; k) T(- )€ 2312a2]R(t2, lgs Kp) "+ [r(—an -1)§n -1Sn-2.,n Y R(t,_)),
(1.4)

where in this case R =p. However, if there are cuts in «;, Dash showed that factorization of the full ampli-
tude will not generally obtain, since a given k; will in some terms be continued to above its cut and in other
terms to below its cut.

We believe the study of the DRM in Sec. II suggests the solution to this difficulty. A single generalized
beta-function term can be regarded as a model for the signatured amplitude since it has only right-hand
singularities in the energy variables (sy;, Si2; Soizs Sowzss €tc.). For negative values of the energy variables
it indeed has the behavior (1.3). However, the continuation to positive values is not properly obtained by the
simple prescription given above. When the singularities in variables dependent by virtue of the nonlinear
constraints (related to the four-dimensionality of space-time) are properly taken into account, we find that
the multi-Regge-pole contribution to the signatured amplitude does not factorize for every individual term
in the sum over v, in (1.1), but the full amplitude does factorize.?® Thus, as will be discussed further in Sec.
III, we believe the key to the consistency between the factorization of the multi-Regge-pole residues and
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Fig. 3. Terms contributing to A, 5.

the factorization of the full amplitude lies in the
proper treatment of the cuts in nonlinearly depen-
dent variables,®

We also show in Sec. II that in the DRM the total-
energy discontinuity of the amplitude also factorizes
in the multi-Regge limit®:'%

o
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(1.5)

This result is particularly interesting since it
shows that the DRM is consistent with the result
of multi-Regge or multiperipheral models for

A, ,Az2-ne Factorization of A, A, in such mod-
els is expected to follow from the Fredholm nature
of the integral equations involved. This factoriza-
tion may well be a general result which again does
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Fig. 4. Terms contributing to 4, _,.

not follow trivially from the factorization of (1.3).

The factorization of discontinuities of Regge-
behaved amplitudes is also of interest in the pheno-
menology of inclusive cross sections. As one
example, by a trivial generalization of Mueller’s
recent analysis for single-particle production,?
one sees that the inclusive cross section for the
production of #» — 2 particles in the “uncorrelated
pionization” region is given by the total-energy
discontinuity of a multi-Regge amplitude like that
of Fig. 1 but with two particles at each internal
vertex. Thus, the factorization of such a multi-
Regge amplitude has a direct experimental conse-
quence.

For the DRM this factorization follows directly
from the results of Sec. II,'* Asymptotically, the
amplitude with two particles at each vertex can be
shown to be an integral over the amplitude with
one particle at each vertex'*:

1 1 1
Apon™ j‘; dzy2," P11 - 2,)=71-1 fo 2,2, 227 H(1 - z,) 77271 'j; 2y -32n - P27 (1= 2, p)"Vn 27!

xAZ—»n(sou ooy Sp -2,n—1; tu ceey

by o1 K1 /2,(1=2,), ko/25(1 = 25), ...

s Kn -z/zn -2(1 =2, -2)) )

where B; and v, are certain Regge trajectories. Hence, factorization in the DRM follows from (1.5) with!s
1

D(t;, t; 415 Kt)"‘f dzz;" P71 = 2,)7Y DAY, 4,05 ki/z(1=2;)) .
0

II. DUAL-RESONANCE MODEL

After reviewing the calculation of the two-Reggeon vertex function from the 2~ 3 amplitude,'"” we prove
factorization of the 2~ 4 amplitude. This result is then generalized in a straightforward manner to prove
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factorization of the 2 - » amplitude.

As noted in Sec. I, the generalized beta function can be regarded as a model for the signatured amplitude.
Indeed, the full amplitude is given in terms of the individual beta-function terms which contribute in the
multi-Regge limit considered® by an expression of the form (1.1) (see also Fig. 2). This expression is
given explicitly for the 23 amplitude in Fig. 3. We show in Fig. 3 the relative signs of the asymptotic
energies in the various terms. We also show the phase of k, as determined’ from Eq. (1.2) and the +ie
prescription for the energies, s;;...,=(-s;;...,)e~*" when s;;...,>0. Thus, for example, for the first term
we find

SoiS1a (=S )e= T(=s.,)e~t" - .
J:(;ia B 01("8012)9‘}2") =(—K1)e = Ky t2€,

Ky =

whereas for the last term

So1S

= =(-k,)e!"=k, —ic.
1 (_sz)e-ﬂr (=K, 1

K

The generalized beta function also has multi-Regge behavior corresponding to (1.3) for the signatured
amplitude. We find, using the usual exponentiation substitution in the Bardakci-Ruegg form,*+*?

B;(So15 S125 Sqp) ~ ('301)0(1('312)“2] f 4ysdyqyy~ "7y, exp (_yl_yz * M>
o Jo

Ky
=(=89) *1(=515) 2 V(ay, ag; Ky) . (2.1)
Using f(¢,) =1 (determined from the 2— 2 amplitude), we obtain the two-Reggeon residue,
B(t;5 byaa; K5) =[T(=a )T (= 0y, )] "V ay, a.; &) (2.2)

The full amplitude is written in the factorized form (1.4) in order to define the two-Reggeon vertex func-
tion”

R(tj’ s Kj) = Ej-1§j+ 1-1[r(‘041)r‘(‘aj+ 1)]-1[3-‘"% V(aj? Q.15 Kj"‘iﬁ)e_”a“l SN CT TR +i€)e™ "%
+e T V(a5 Qay; Ky HEENT 10y +T; Viay, @y s ky —1€)T;,). (2.3)

We will find it convenient to rewrite (2.3) using the following expression for V:

Vla;, a,; Ky i€) =F(—a,)f dy y~n=t (1 - Kl> e’
0 5

K! y 0(, @ y ocj
= 1"(~a,)f dy y=4n-1 (1 - —-) e"’+e*‘"°‘11"(—a,)f dy y~%+-t (— - 1) e’ (2.4)
0 Kj Kj KJ

=T (-1 (a;, a5 1)) +eﬂw’lz(aﬂ @15 k7)1 (2.5)
where I, and I, are real for k; > 0. Therefore, we have
R(tjy tya0; k) =[E5a D=y, )] e 40, + e " 4I,) +7,, (1, +7,15)]
=[ & T (=) gy I + (e "M T Mis 7y, ] (2.6)

where we have used 7,7 =1.

The total-energy discontinuity of A, ., comes only from the first term in Fig. 3 [or Eq. (2.3)], since only
this term has singularities in s;, =S, From (1.2) we see that asymptotically the cut in k, represents these
singularities. Hence'!

. Sgy %t . 51272 2
AsabAZ—'!i R(tl) r(a1+1) D(tn t2’ K).) r(a2+1) R(tz); ( -7)

where
D(t;, 5,5 K;) = e—”a’e-”ah‘lr(a/ +1)T(ayy, + l)ij V(ay, 0,15 K;)
=e+i"aje'“raj+lr(aj+l+1)Iz. (2.8)

From (2.4) and (2.8) we see that (2.7) has no poles for integral values of o, and @, as expected.
We now turn to the proof of factorization of the 2— 4 amplitude. The eight terms contributing in the triple-
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Regge limit are shown in Fig. 4.!° The usual exponentiation substitution gives the asymptotic behavior

Be(So1s S125 S2gs Sorzs 1285 Sap) ~ (‘301)a1(‘312)a2(‘333)a3J; fo f dy1dyadys 9,711y, By
°
o
X ex gy + —002 L - —m2 gy
P(ﬁh Y2=Ys Qor @ yyz @12z Y2¥s = Qo Oy Oz 1Y2Y3) »

(2.9)

where ;... =Sy;.0.p+a4;...5- It is useful to derive a formula analogous to (2.4) by doing the integral over
¥, and making the change of variables

yz"'yz(l ‘3’3/"2)—1
~(=801)%1(~ slz)aa(—szs)“-‘!l"(—dx)f f dy,dysy,~ 22 Yy, "% le -yz-ys(l _z____(la/_"z)_‘l’_> < Kz)cxz

Ky _ys/Kz
= (._.sm)“1(_312)%(_323)0‘31'*(_al)I(Z) (ay, 0z, 0 Ky, Ka5 D) (2.10)
where
= Qo1zs®s (2.11)
Qo1 Q)23

In the triple-Regge limit, ¢ =1, as a consequence of the nonlinear Gram-determinant conditions on the
invariants.’® For ¢ =1, clearly (2.10) factorizes® into the product of two double-Regge residues [see Eq.
(2.4)]. However, since (2.10) has a cut in ¢ we must be careful to specify the phase of ¢. Indeed, two of
the terms in Fig. 4 have ¢ =e**"!. We discuss the interpretation of this phase below.

To obtain the asymptotic behavior of By in the general case, we must study the continuation of the factors

<1 -2 [1_—(&/4;9@)“1 (1 - 23)% (2.12)

k, [1 = Y3/ k) Kz

as the appropriate energy variables are continued into their right-half planes from their left-half planes
where (2.9) and (2.10) are initially defined. We see that the sub-brackets in the first factor of (2.12), and
thus ¢, only have an effect when y, > k, and also y, > k,. We show the phase of (2.12) in Fig. 5 for ¢ =e™™*
where it factorizes into separate functions of y, and y;. Comparing with Egs. (2.4) and (2.5) we see that
I® can be expressed as

1(2)(011, Ay, Olg; ("ﬁ)e‘"l", (—Kz)elnzﬂQ ®)
=1,(1)1,(2) + e %272 (1)1,(2) + e~ "L, (1)1,(2) + e~ M7 U™ ima T %2 gy ] (1)1,(2) ,
(2.13)

where I;(1) is shorthand for I;(a,, a,; k,) and I;(2) is shorthand for I,(a,, as; ).
We now group the eight contributions to A, _,, into pairs of successive terms in Fig. 4 and express them
using (2.13) and 7,2=1:

Ay o~ [T(=a))§,50,%1] 5152855 e~ "2 = S 1, (1)I,(2) + €72l (1)1,(2) + & " UL (1)1,(2) + &' " *1e7 " 21, (1)1,(2)]
+7,e~ T [1 (1)1,(2) + e " %2l (1)I,(2) +7 Lo(1)1,(2) + 7, " %2l,(1)1,(2)]
+e™ 02T [1(1)1,(2) + e " %20 (1)I,(2) + &' "L, (1)I,(2) +7,e* "2, (1)1,(2)]
+ToTs [ (1DI(2) + e~ 20 (1),(2) +7 [,(DI,(2) + &' "™e~ " %1,(1)1,(2)]} .
(2.14)
Grouping the terms in (2.14) again by pairs, we find using 7,°=1,
Ap s ~[T(= @) £,50,%1] 815285373 {[ £,1,(1) + (e "1~ " %2 4 7,7,)I,(1)] e ' 793 1,(2)+ €' " “21,(2)]
+[ £1,(1) + (" e " "2 41 7, ),(1)] 7 1,(2) +T,1,(2)]} . (2.15)

Comparing with (2.6), we see that (2.15) has the factorized form (1.4) as asserted. Factorization would not
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I

have been obtained if we had not taken into account the phase of ¢.

The cuts in «;, &, and ¢ in (2.10) are asymptotic representations of the poles in s;,5, S;a3, and Sgias = Sgpe
In particular, the poles in s,, are represented exclusively by the cut in ¢, since, when only the phase of
Sg» changes, only the phase of ¢ changes and conversely. Thus, the correct phase of ¢ means we are taking
the asymptotic limit with the proper +ie relationship to the cut in s,,. For example, taking ¢ =1 in the
third-to-last and last terms in Fig. 4 would correspond to taking s,,~ +® —i€ in A, ,, as far as these two
terms are concerned. Therefore, the essential ingredient in the proof of factorization is the correct rela-
tionship of the asymptotic limit to the cut representing the singularities in s,,, a variable which indeed
does not even occur in the BCP set due to the nonlinear constraint (2.11).

From the above discussion we see that the total-energy discontinuity of A4, ,, is given by the discontinuity
in ¢ of the first term in Fig. 4. From (2.10) and (2.13) we easily obtain

1

B pAzsa” 80171812 %2553 %€" T 10 I T4 F(a—+1—; L)

R(tl) _JLI._) D(tp l23 Kl)

T( a, D(t,, ls; Kg)

——23——-) R(t,), (2.16)

_..;
I(ay+1) (

which factorizes as asserted.

We now prove factorization for arbitrary multi-Regge amplitudes by induction, using the proof of factor-
ization of A, _, as a guide. We follow steps analogous to those leading to (2.14) and (2.15) in order to show
that the amplitude with » Reggeon exchanges factorizes into the two-Reggeon vertex and the amplitude for
(n-1) Reggeon exchanges.

The usual exponentiation substitution gives the asymptotic behavior

Bn+3~(_so1)a‘("s1z)a2 v (‘Sn-l.n)a"f f o f ay,ay, - -+ dynyfal_lyz'dz-l' R M
o Jo 0

X e ) =) — e — +_..tu2‘_y IR +___n_.2.._n_h.n_y Y et (= 1)n____.9___n_.___ e .
xp( YT Vn o102 W @y n1Ony,n 1o oy Ay * ° 01;.-1.ny1yz In
(2.17)

The generalization of (2.10) is obtained by integrating over y, and making successive changes of variables
on y,, ¥3, up to y,_, in order to remove the o dependence from the expenential:

B~ (=55)%1(=5,)% - - (—sn-l, 2" (=)
Xf f f dypdys « + Ay, y," 2 lyg T8 ey, ST TR I Y X0 e X ey (2.18)
‘o Jo 0

where X, is defined recursively by

x =1 Qpog,..i+1 1 1 Aoy, ..., 042 1 1 1 Ay, vun
! CRTTRAR AL Xia g te1@ra,ieg D12 Xy X1 P N ’

(2.19)
with
a
X._ =1_ N=2,s0es N y .
ot an-z.n-lan-l.n "
The nonlinear Gram-determinant conditions are numerous in this case.!®* We have
a a
Freearltl 1=1,000,0+1 1
- == <js<l-1 2.20
Qe o0 e g (O<j<i-1), ( )

and thus the coefficient of each y,,, in (2.19) is just «,”* and X; =1 - y,,,/k,. Thus, with this naive applica-
tion of the conditions (2.20), B, clearly factorizes into the product of n - 1 double-Reggeon vertices. How-
ever, just as in the case of the 2~ 4 amplitude, we must be careful to take into account phases e™"! in
(2.20).

In order to study the phase of (2.18) we break each integration into two ranges, 0<y,,,<k; and «; <y,

<o, With (2.19) and (2.20) the integral in (2.18) can be written in a form generalizing (2.13):
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Fig. 6. Phases in Eq. (2.21). Only the ranges of inte-
Fig. 5. Phase of the bracket (2,12) where gration that effect ¢(l ) are shown. An (x) indicates that
K= (=K; )ei"f"(nj odd). a twist may or may not be present.
1070 5 [pWI 6@, @] [0 =1L, 0= D). (2.21)

1
We must now determine each phase ¢(I) which arises from the bracket X;. Since for i,=1, 0<y,,, <k;, we
see clearly from (2.19) that ¢(7)=1. For i,=2, we see from (2.19) that the phase will depend upon the
ranges of integration of the variables y; for j>1+1. If y,,, <k;, then the nested parentheses in (2.19) beyond
v; have no effect. With this in mind, it is not difficult to see that the phase of ¢(7) in the term

e (D14 1) - LG LG+ 1) - -

of (2.21) is determined by the phase of a;,_,  ;./¢_y,0;, it

¢(l)=<_ Qpoy,..ie / ’_ Qpog,..,041 )al . (2.22)
Q1@ gea/ | 110, 541
It is easy to see using the +ie pre"scription that ¢(I) =e*'"* unless the Ith Reggeon is twisted. If the Ith
Reggeon is twisted, ¢(1) =e!m"u(-" ' where  is the number of twisted Reggeons from 7+1 up to and including
j+1. We summarize these results pictorially in Fig. 6. It is important to note that the phase ¢(I) does
not depend on the ranges of integration of variables to the left or on twists in nonadjacent Reggeons to the
left.

We are now in a position to carry out the calculation analogous to that leading to (2.14) and (2.15):

~ Ao dyo, a
Ap pia 1"(—011)801 18272 Sp-1,n "

{ x{e-iw‘e“”"‘z [7,(1)1,(2) + ' T2l (1)1,(2) + €' " UL (1)14(2) + € 7 *1e* T 2L (1)1(2)] [ - - ]

imoy

+Tle'“'°‘2|:11(1)11(2,) +eimeer (1)1,(2) +eiwa112(1)11(2) + (2_,w1>.ei1ra212(1)12(2)] [+]

remiTaiy, [11(1)11(2) . (;"i_::iz>1,(1)12(2) etTear,(1)r,(2) +e*wl(j_::iz)zzu)zz(z)] []

ol ima,

i ‘ -ima
om0+ (80) HOL® + e, 2) 4 (j.-;le‘im:)zz(mz(m][- s ]}. (2.23)

We have suppressed the I, (1) for I>2, since these affect the phases above only through the number of twists
contained among the J, in the sense of Fig. 6(c). Where this affects (2.23) we have shown the phase for an
even (odd) number by the upper (lower) term in a bracket. In (2.23) we show only one choice for the remain-
ing 1,(1) and twists; the sum over all choices is to be imagined.

Grouping the terms in (2.23) pairwise, we arrive at expressions analogous to (2.14) and then (2.15):
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Ap i ~[T(=01)£150,%1]513%2855"3" * = 5,y 7
x{e'”“z[ll(l)h&) et et @ + () esren |l
g [11(1)11(2) + (‘; " Z‘iz) L(DL(@) +7L,(D1(2) +(Z:f;::2_m2) 12(1)12<2)] [ ]} (2.24)
=[T(=0)&150, 1] {[£2T (= )] [ £aTy(1) + (€™ 12 7,7, )I(1)]}
x{r(*az)sm%szgas- S B[ 1D (ei:z>12(2)] [e- ]} . (2.25)

In (2.25) we have been able to factor out a signatured propagator and a two-Reggeon vertex function (2.6).

The remaining bracket is the 2 - »n amplitude:

Am~r<-az>smazszﬁs-~,sn-1,,,°‘n{e-‘wz[zl(2>+e”“zrz<z>1[- Yo 1)+ (‘;‘.'Ziiz)w)][- : -1}

ima,
=T(=05)851272553%3  * * Sy, Ok [11(2) + <e 1_2 2)12(2)] [+--].

This completes the general proof of factorization by induction.
Factorization of the total-energy discontinuity follows easily from (2.21). From (2.19) and (2.22) we see
that s,,=s,, ..., , Only enters in X, and only has an effect for all y,,,> «,. We obtain

~ oy oo, Oy ,iToy =iTa __l__
By Aznia ™ So1 1812 20 Spay € teT N

T(a, +1)

which has the form (1.5) as asserted.

III. DISCUSSION

The calculations in the DRM of Sec. II have shown
that factorization of the full amplitude and its total-
energy discontinuity depends crucially on the
proper treatment of the cuts in variables dependent
by virtue of the nonlinear constraints. It may ap-
pear to the reader that these constraints were
treated rather cavalierly in Sec. II in that we ef-
fectively treated all the variables in B, as indepen-
dent, i.e., treated the dimension of space-time as
greater than four. However, this was only a con-
venience for the sake of discussion and not a neces-
sity. Our loose description of specifying the phase
of the dependent variables as if they were indepen-
dent is just a shorthand way of describing where
the limit is to be taken in relation to the cuts in the
independent variables which arise from the normal
thresholds in the dependent variables through
(2.20). This is illustrated by an example in Fig. 7.
Thus, what is important is where the asymptotic
limit is taken in relation to the cuts due to the nor-
mal thresholds in these dependent variables. We
therefore expect that in a general proof of factori-
zation, it will be crucial to distinguish'between
various contributions to the singularities in the in-
dependent set of variables according to their origin
from singularities in the dependent variables, and
in the separate terms of (1.1) take different limits

LG Ln - 1), (2.26)

Si2

Correct Limit

/

S/ ™~ Si2

(a)

Sab

|52

Incorrect Limit (¢=1)

Correct Limit
L P —— e — P (¢=e'2"‘)

// xr\(vvvvvvx/\/vvwvm /
x/\/\/\/\/\/\/\r\/\/\/\/\(\.
\qu Si2
(b)

Fig. 7. Cuts in s, due to thresholds in s, and s, for
(2) Bg (Sg1» S12 Sa3» Sot2s S1233 Sgp) AN () By(=S 1> S12: ~Sozs
—Sp12> —S123Sgp)+ FOT visual clarity the cuts have been
displaced slightly from the real axis,
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in relation to these singularities as illustrated in Fig. 7.

Let us speculate briefly on one possible mechanism by which factorization could be generally true which
is suggested by the above discussion. We first suppose that a decomposition of the form (1.1) can be made
in which AjY2""""»-1 contains asymptotically only right-hand cuts corresponding to cuts in the variables
Si,isn,...,i+4» In other words the right-hand singularities in variables corresponding to nonadjacent lines in
Fig. 1 (which are linearly dependent on the above set) are “flopped over” in forming the “signatured” ampli-
tude when necessary. As already noted, the DRM indeed incorporates the expansion (1.1) and this property
of the signatured amplitude. It appears that other known models of Regge behavior - the ladder model in
perturbation theory, Gribov’s Reggeon calculus,’ and the van Hove—Durand model®° — also naturally give an
expansion of the form (1.1) with the above property for the signatured amplitudes. Thus, for reasons not
yet understood, (1.1) might be true in the multi-Regge asymptotm region even if signature cannot be gen-
eralized to production processes.

Factorization may then be derivable if the various contributions to the cuts in the independent variables
are properly taken into account as described above. To distinguish between the origin of these various con-
tributions, it may be useful to write a Laplace- (or Fourier-) transform expression which exhibits the
left-half-plane analyticity assumed for the signatured amplitude®!:

00

T T M

AZEE "'l‘f f J dxm"'dxn-z,n-ldxoxz"'dxo.....n-1f(xo1’-"’xo,...,n-utv~--:tn-1)
b ,

X eXp(%g;Sg; +* * * +Xp-2,n-15n-2,n-1*t X0128012 +* * * + Xp,..., n-15,..., n-) - (3.1)

With the changes of variables

Y1 =xo1(_so1): eveyVp-1 = Xp-z, n—1("sn-2 s ne1) s

X,
xm Xo123 0ye0e,n=1
Z2,= yeees 12 = "-'yzl,....n-2=x Xipe oo Xpez, n=1 ’
X01%X12 X01X12X23 011 n=2,n
we obtain

Afxfz *Thal =(_s°1)-1(_slz)'1 oo (—sn-z,n-l)-lf J; .o J' dy, s dy,_,dz, - dZ1,...,n-z
) V]

-1 -1 . .
X g[(=86)7" 1y vves (=5, -2, pm1) Vno1s 21y ee 921, -Z’tl”"’tn-l]
- So,...,n-1
Xexp _yl_yz_.-. yn+_m_zlyly2+...+( 1)" 0,. n zl,,,,,n—Zyl...yﬂ-l ,
S01512 S01512° * * Spez, n-1

(3.2)

where g is related to f in an obvious way. A sufficient condition for Regge behavior of the signatured am-
plitude would be

g”[('sm)_ 3’1]_“1-1' : '[(—s,,_z_,,_1)'1\y,,_1]-°‘"-1-1h(z1, VY YOIy S SR tn-l) (3.3)

for sg, ..y Spoz, p-1~ With the assumption that the limit could be taken inside the integral. Factorization
would then follow, if, for example,

h=f(z,;t,, tz») o f(2po25 thozs tn-1)8(2 15 = 2,25)8(255 — 2525) * - 5(31,..., ne2 = 21°°* Zu3) . (3.4)

Combining the conjectural expressions (3.2) to (3.4), we have

AZER T Tnm1m (= 5)) (= 5) %20 - ¢ (_sn-z,n-x)a"'l
X J; J'o °! 'L dzydzy+++dz, o (251, 8)f (25585, 83) =+ * F(2pezs Epezs Eney)

xfo fo J; dyydy, -+ dy,_ y, "1y, e ey =Ono1-d

S01812° ° * Sp-2,n-1

S S . .
X eXP| =Y1=Ya=* " Vo1 + [ 2y )Y yYz H et +(=1)" LIVt 210 Zp_a) V2" Ve |-
S01512

(3.5)
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Comparing with (2.17) we see that (3.5) is an integral over the DRM result and

B(tj’ L Kj) = Jo dzjf(zj; Lty 1)[1"(—0[,)1"(—01“ 1)]_'1V(C'!j; Q15 Kj/zj) .

If the integrations over z; in (3.5) introduce no further singularities in Kk;, then the arguments of Sec. II are

sufficient to prove factorization as before.

We have not attempted to prove the validity of a representation like (3.5) or (3.1) in models other than the
DRM. However, it is at least plausible, since it has been shown (with some reasonable additional assump-
tions) for =3 in the ladder, Gribov, and van Hove-Durand models by Drummond etal.” Factorization of
the full amplitude in the Gribov model has in fact been shown by Campbell,?® but the relationship of his
derivation to the preceding arguments is not obvious. Finally, we note that in writing (3.1) and applying
the results of the preceding discussion, we have essentially taken into account only normal threshold singu-
larities. It may (or may not) be that only such singularities are important in the multi-Regge asymptotic

limit in the physical region.

In conclusion, we believe the results of the DRM calculation provide some source of optimism for the
validity of factorization of multi-Regge amplitudes and also suggest some directions for further work on

the problem.
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We investigate possible second-order radiative corrections to the axial-vector divergence
anomaly in spinor electrodynamics. Our procedure is to directly evaluate the shift terms
which lead to the anomaly in zero-fermion-mass, Landau-gauge electrodynamics, This
version of electrodynamics is chosen because it makes the electron propagator and vertex
function finite, so that no infinite renormalizations need be dealt with in the anomaly calcu-
lation, We find that the second-order corrections to the anomaly do vanish, in agreement
with the work of Adler and Bardeen and with calculations (by different methods) of other

authors.

I. INTRODUCTION AND SUMMARY

Ward-identity anomalies have been a subject of
considerable theoretical interest during the past
few years.! The simplest example of an anomaly
arises from the axial-vector-vector-vector
(A-V-V) triangle graph in spinor electrodynamics,
illustrated in Fig. 1. When this diagram is calcu-
lated in a manner which preserves vector-current
conservation, its axial-vector divergence does not
have the expected, naive canonical value. The de-
viation from the expected value (the so-called
anomaly) is compactly summarized by the state-
ment that the axial-vector current in spinor elec-
trodynamics does not satisfy the usual divergence
equation

o R (x)=2im4j%(x) , (1)

where

3= yavs P(x), 75(x) =) ys d(x) ,

but rather obeys the modified equation
3xj§(x)=2imoj5(x)+%'-;r FPX)FT (x)€y5pr ,  (2)

with F!° the electromagnetic field-strength tensor.
Equation (2) has a direct analog in the ¢ model,
where one finds that the usual PCAC (partially
conserved axial-vector current) equations for the
neutral axial-vector octet currents also have
anomalous electromagnetic modifications propor-
tional to F¥F""¢, ., a result which implies re-
markable low-energy theorems for the decays
71°~2y and n—~2y.2 More complicated examples
of anomalies arise from box and pentagon dia-
grams,? and they in turn lead to low-energy theo-
rems for such processes as the colliding-beam
reaction y +y - 37.* Clearly, the significance of
the low-energy theorems derived from anomalies
depends greatly on whether the coefficient of the
anomalous term is given just by the contribution
of the relevant lowest-order ring diagram [e.g.,



