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FrOnl R 001181del'Rt1011 of th6 llltl'111810 Rnd l'RdlatlvB colltrlbllt10118 to Yl-w 1Tllxlllg, ORlculRted
in an effective-chiral-Lagrangian model, a satisfactory account is given of the process q

Bx. The model lends itself to further application to the G-violating decay p q7t ~, as well
as to the weak processes X x +7|0 and E vr' + p+ y. Also predicted are rates for y q
+ Y and (d f/+ p.

I. INTRODUCTION

The interactions which give rise to eleetromag-
netie mass differences within isospin multi@lets
lead naturally to a mixing of the neutral pion and
the q meson which provides a useful mechanism
for explaining C -parity-violating decays like q Sm

Rnd p ~ gz'. Furthermore, weak 1nteraetlons
which violate the nonleptonie 6I =

& rule, such as
the well-known example of K' -m'+ m', can be un-
del stood ln terms of an g-K transltlon. 81nce an
adequate description of the electromagnetic mass
differences of hadrons appeax s to require both
in@ insie and ~gdiat~ve contributions, ' ' our model
of q-m mixing also includes these two kinds of in-
teraction. The intxinsic, or tadpole-type, contri-
bution is independent of the dynamics but the radi-
ative contribution, calculated in an effective-
chiral-Lagrangian model, turns out to be propor-
tional to the squax'e of the off-shell mass of the
q-m line and thus contributes differently to diffex'-
ent processes.

Aftex' Rn evaluation of the "g-7 tl RnsltloQ ln Sec. II
we apply it to calculate certain meson decay rates
in Sec. OI. We find a satisfactory rate for g-3n
and a prediction for p' - q+ m' which, although
considerably below the quoted experimental upper
limit, is still experimentally accessible.

In addition, without assuming a specific nonlep-
tonic weak-interaction Hamiltonian, we are able,
within our model, to calculate the ratio of the de-
cay rates of K' m'+y+y andK'-m'+m to be
1.6 ~ j.O ~, which is larger than the results yielded
by other models. ' In our model, the effective mass
distribution of the two y rays is very different from
that usually assumed; for this reason, the quoted
upper limit 1n a 1'ecent experimental RQRlysls' 18
inapplicable, as discussed below.

In an attempt to obtain the absolute rate for the

decay E' w'+ m, using the pion xeduetion tech-
nique, we look at the transformation properties
of the weak nonleptonic Hamiltonian which pre-
serves AI = 2. The correct rate ean be obtained
providing the 27 representation is present in addi-
tion to the usually assumed octet.

II. THE q-g TRANSITION

We consider two types of contributions to the
6-parity-violating transition of li to 8: (a) an in-
trinsic symmetx'y breaking in the energy density,
which transforms like the third component of an
SfJ(8) octet, and wtuch is realized in a Lagrangian
context as a Coleman-Glashow tadpole', (b) a radia-
tive transition involving R photon loop, treated in
the vector -dominance picture. While contribution
(a) has the same value whether li or 8 is on its
mass shell, contribution (b) turns out to be essen-
tially proportional to the squared mass of the on-
shell particle. Their relative magnitudes are such
that in the applications to be considered, either (a)
or (b) is dominant.

Contributions of types (a) and (b) are recognized
as being important in the theory of hadron electro-
magnetic mass differences. The tadpole contribu-
tion appears to be essential to explain the mass
ordering of members within the isospin multiplets,
for both mesons and baryons. In our work we will
adopt the value of the electromagnetic tadpole de-
duced from these considerations.

Using the Hamiltonian formulation with density

JI0+ esua+ esus

where HO is Sff(3)-symmetric, one can use the re-
sults of Socolowe*7 to deduce the ratio

a ja =0.016,

where we have used his value for the eleetromag-
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netic tadpole which gives a best fit to the baryon
mass differences. This value gives for the intrin-
sic symmetry-breaking contribution to the g-n
transition

(r7~w);« = -2.37x10' MeV'.

To calculate the radiative ri-w transition (b) we

make use of the chain

q- V+ "y"-~0,

in which "y" represents an effective photon propa-
gator, such as the chain

(r7)w)»d ———(4.3 + 1.0)(p'/m „')x 10' MeV'.

This gives as predicted rates

I'(y - rr y) = 10 keV (experiment: &270 keV),

I'(&o- r7y) = 40 keV (experiment: &180 keV),

with an accuracy of about 25fp.

(5)

(6)

III. APPLICATION TO MESON DECAY

A. q ~ 37t Decay

Previous attempts to calculate the rate of q- Sm

decay have not been entirely successful, although

which changes the G parity. Virtual particles of
J~=O or 1' are forbidden by G-parity and isospin
invariance of the strong couplings.

A detailed calculation of the radiative transition
is presented in the Appendix, and we discuss here
only its general features. The vertices are as-
sumed to be of the Gell-Mann-Sharp-Wagner
(GMSW) type' with octet-broken SIJ(3) couplings"0
which are related to other observable physical pro-
cesses such as g- m+m y, g-2y, and m'-2y. How-
ever, the diagram containing a unitary singlet in-
termediate vector meson requires a knowledge also
of the rate of one of the decay modes cp - gy or
co- gy, for which only upper limits are known. In
the absence of more definite knowledge, experimen-
tal comparison will depend on a parameter whose
value is known only to lie within a prescribed
range. If, for example, we fit the g- Sn partial
width, this parameter takes on a reasonable value
near the middle of its allowed range. For this val-
ue we predict rates for cp-gy, co-gy, p'-gm',
and K'- m'mo.

The fact that the radiative part of the g-m transi-
tion is essentially proportional to the squared mass
of the external particle is a consequence of the mo-
mentum dependence of the GMSW-type vertex, as
shown in the Appendix.

The value of the g-m radiative transition, to be
obtained in Sec. III, is

B(w'- w'w w') =m„'(1-2E,/m„)(2gw/f, )',
where E, is the energy of the final n' and

(2g„/f „)'=1.52x10 ' MeV '.

(8)

By comparing the amplitude A with the experi-
mental rate, i.e.,

I'(r7- w' w w') = 605 + 150 eV, (10)

we obtain

~(rl~w) ~'= (6.7x10' MeV')'.

Using (ri~w);„, of Sec. II, we obtain for (rl~w)„d the
values -4.3 or +9.1 (in units of 10' MeV'). As dis-
cussed in the Appendix, the value +9.1 is inconsis-
tent with the rates of other meson decays in our
model and is, therefore, rejected.

On the other hand, adopting the value -4.S leads
to the predictions of Eris. (5) and (6) and puts addi-
tional constraints on the symmetry-breaking param
eters of the octet-broken PVV interaction. ' These
constraints are entirely consistent with the meson
decay rates where known, and do not violate the
known experimental upper limits.

B. p ~qm Decay

Another test of the G-violating g-m transition is
furnished by the decay of the charged p meson into
g plus pion. Because the value of the g-7t matrix
element is the same for this process as in the
q- Sn. decay, we expect this rate to be similarly
enhanced. This decay can be realized through the

the slope of the projection of the Dalitz plot on the
m' energy axis is correctly given in current-algebra
treatments. " For example, Sutherland" has shown

that if the usual electromagnetic interaction is used
to account for the G violation in the process, the
decay amplitude vanishes in the soft-pion limit.
Oakes" has introduced an intrinsic breaking of the

type O.,u„whose value is related to the Cabibbo
angle and which turns out to be several times larger
than the Coleman-Glashow tadpole. Based on this
theory, his p- Sm decay rate is approximately
twice as large as the observed rate.

In the present work we use the pion-pole model
and the effective-Lagrangian technique, in which
the process is visualized as an g-m transition, fol-
lowed by off -mass -shell pion-pion scattering. The
other possible diagram, that containing an g pole,
is neglected. " The decay amplitude is then given
by

A(r/- w' w rr') = ($ ~

w') (m w' -m „') 'B(w'- w'rr' rr ),
(7)

where the off-mass-shell amplitude j3, obtained by
extrapolating Weinberg's" on-shell result, is
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chain

P ~7t' +Z

and a simple cal.culation yie1ds the partial decay
width

r(p'- w'+rl) =3.6x 10-'I, , (12)

where I'~ is the p-meson width. It is interesting
that this prediction is an order of magnitude larger
than an estimate based on a' multiplied by the
phase space. Although our prediction is several or-
ders of magnitude smaller than the presently quoted
experimental upper limit for this decay, its mea-
surement should be feasible.

C. Charged E-Meson Decays

In this case, since m' is on its mass shell, the ra-
diative contribution to (rvlwo& is negligible.

The decay rate' for E' —w'+y+y, in the same
Dlodel y

ls

I'(K+ w+ + y+ y) = 1&K'la„ l wry& I' lz I'

x (8w) '2.16(m„4/mz'), (14)

where

lg~ = 64w x 10-6/m ~

and characteriz. .s the decay rl-2y. (Details will
be found in the Appendix. ) In calculating the total
rate, a possible momentum dependence of the
K' -w'+ g vertex was neglected. Under the same
assumption, the ratio of the rates is

= 1.6x10I'(K' —w'+ wo)
(16)

Our value for this ratio is considerably larger
than that obtained by FKldt, Petersson, and Pil-
kuhn, ' who also employ the g-pole model. The rea-
son is that these authors use a large intrinsic g-g

In this section we consider two decay modes of
the charged X mesons, K'- m'+m~ and K' m'+y
+y. Since the violation of the LU = —,

' rule in other
nonleptonic weak interactions is rather small, it
is attractive to consider that AI =

& contributions
occur as "electromagnetic" corrections. An attrac-
tive model"" for the two processes mentioned in-
volves K' -w'+ (ri), where the virtual (rI) then de-
cays into either a m or into two y rays.

In this model, the decay rate for%'-m'+m is
given by

I'(K+ - +ww ) = l&K'lH lwri&l l&r7lw &l x 16rrm

x(m '-m '} '(m w —4m )' '.

transition rate, obtained by fitting the g Sn rate
without radiative contribution. Our predicted value
of the ratio is also larger than the most recent
quoted experimental upper limit' 2 && 10; however,
the experimental analysis assumed a phase-space
distribution of pion momentum and examined a
range of pion momenta which is insensitive to the
predictions of the g-pole model. The experiment
is, therefore, inapplicable if the effective mass
distribution is close to that predicted by the g-pole
model:

P,s'(m '-s) ' (16)

&K+ llaw+& = (-')~&2~ (18)

The observed experimental rate for K'- w'+ m' is
obtained in our model by setting

&K' riw'&
'

&K. 2d&

which gives the two solutions

rr/ sr-—0, -4. (20)

Notice, however, that any sufficiently large admix-
ture of 27 will give a reasonable rate.

In the case of the kaon decaying to three pions,
the Dalitz-plot slopes agree with the lU= —,

' rule
predictions within 2 standard deviations. However,
the ratio of the rates of neutral-kaon decays to
charged-kaon decays shows a well-established de-
viation of about 20% from the M= —,

' ratios. " Our
model suggests a mechanism for a reduction in the

where s is the effective mass of the two photons
and P, is the pion momentum. Our predicted ratio,
it may be remarked, is at least an order of magni-
tude larger than that expected on the basis of the
pion-pole model, which is an n correction to the
K' -m'+ w' amplitude.

We are unable to calculate the absolute rate of
the two charged K-meson decays considered, with-
out a specific model for the vertex K'- m'+g. It is
interesting to observe that in the SU(3)-symmetric
limit, using the Cabibbo Hamiltonian, the argu-
ments regarding the forbiddenness of the K, -2m
decays can be extended to apply equally to
K+- g+ m'. One can try to relate K'- m'+ g to
K, -2m by reducing one pion and using the Callan-
Treiman technique, "assuming that, after the re-
duction, the Hamiltonian acts symmetrically on the
two remaining mesons. There are thus two reduced
matrix elements to be considered, corresponding
to the 8 and 27 representations (keeping only M= ~)
of SV(3)." Thus, if we write

(K, l2 w'& = a, + a„,
we obtain
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rate of Kl decay arising from g-m' mixing in the
pion-pole contribution to the amplitude. This effect
is of the correct sign and rather strong, but we
cannot estimate its magnitude without a detailed
theory of the weak nonleptonic interaction. Because
the g is on the kaon mass shell, the amplitude is
very sensitive to the q pole if the momentum de-
pendence of the K-n transition is neglected.
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APPENDIX

1l, = (em'/g)[V'„+ (b')'/'V„']A„, (Al)

where A„ is the electromagnetic four-potential and
V'„ is the vector meson field, described by (a, 5
=0, 1, ..., 8)

4K"V'.V'v ~+ ~~'V'v V'u

where
Va S Va S Va +yabcVb Vc

(A2)

(A2)

The matrix K'b is responsible in this model for
mass splittings among the nine vector mesons and
for the m-y mixing in the vector-mixing model
it is diagonal except in the 0-8 sector, and gives
the following connections between the V'„and the
physical Ineson fields:

V1,2,3 1,2b3 y4, 5b6bv K+4b5b6b7mp m*
m IJ

P&= — "sin&co„+ ~ cosey&,m m

We calculate here the radiative contribution to
g-m mixing, using an effective Lagrangian com-
posed of vector and pseudoscalar-meson fields.
The vector Lagrangian is of the Yang-Mills variety,
with the mass term providing field-current identi-
ties. Local gauge invariance of the pseudoscalar
Lagrangian induces the usual couplings to the vec-
tor fields via the covariant derivative. An SU(8)-
broken, but locally gauge-invariant, I'VV coupling
of the GMSW type' is assumed. ' The electromag-
netic interaction, introduced by the minimal re-
placement in conjunction in the field-current identi-
ties, gives"

Dab - 5ab+~8 e dabb
4 (A7)

Diagrams contributing to the g-m transition have
the structure

V, +V-y+V Vb+V m, (A8)

where V, and Vb have opposite 6 parity. The
summed contributions of such diagrams give the
amplitude

2 2 2, e m pM=~/b (1+mb) —
( )b bS,

with
S 0 176S1+ 0 208S2 + 1 2 17S3

(A9)

(A10)

Note that M is proportional to P' as a consequence
of the GMSW type PVV coupling. The S; are

1 —61+62+ 631

1+a,
-1+6'1+ 62+ 63

1+.,
1 —e4S—

(All)

The parameters X, g, and h(1+ a,) of (A5) and
(A9) are overdetermined by the experimental rates
of mo 2y m Sm & Sm, and m-my. S, and Sa

are determined by the g-2y and g- m'm y rates.
Note that the dominant contribution S, contains
e4, which determines the rates of y - gy and x- qy. While the rates of the latter two processes
have not been measured, their quoted experimental
upper limits restricts the range of allowed values
of ~4. If we choose the value of e4in the center of
its allowed range, we find an q-Bm value in ex-
cellent agreement with experiment. Using the q- Sw value as input, we deduce M = (-4.8+ 1.5)
&10' MeV, giving a value of e4=2.8+0.6, leading
to the predictions of Eqs. (5}and (6}. The other
solution for M obtained from the g- Sm rate, M
=+9.1&10' MeV~, gives e, = -0.66, which gives too
large ra,tes for ro- gy and y- gy.

We remark that the g- 2y vertex was derived
from this same effective Lagrangian. The g- 2y
rate resulting from the Lagrangian is

gjeuBPc(lbDabcVaVb abc + Dab@ y)pb)

(A5)
with

~abc d abc +~/ e d abkd kac
1

+ & ~pe (dackdkbb+ dbckd kba) + (L)1/2e 5ab5 bc

(A6)

V~= cos Oco~+ slnO+p qm m

8=27.5', m =847 MeV.

The PVV coupling is

I"(q- 2 y) = (m q'/64m)E',

where

2 8E=~—ah(1+ e,)(S,+ bSb) .Sg

(A12)

(A18)
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Multiplicity distributions, the dependence on n of g„=cr„/0, are discussed. Within the
framework of the Amati-Fubini-Stanghellini model, a cluster expansion for the moments of
g„ is derived. This same expansion is then derived as a consequence of asymptotic domi-
nance of inclusive reactiops by an isolated, factorizable Regge pole. Such an expansion fur-
nishes a systematic way of describing the shape of g„. It is argued that a Poisson distribu-
tion for multiple particle production can not be expected to occur, even for very high ener-
gies.

I. INTRODUCTION

The topic to be discussed in this paper is multi-
plicity distributions, ' that is, the dependence on n

of c„jo= P„ for a fixed. large energy. o„ is the pro-
duction cross section for two particles to go into
n particles, while 0 is the total cross section.
(Throughout this paper, only a single type of par-
ticle is considered. This is not necessary, but
such an assumption simplifies the discussion. )

In Sec. II the model of Amati, Fubini, and Stan-

ghellini' (AFS) will be used to derive a general ex-
pression [Eq.(2.11)]for the binomial moments in
n of P„. The approach used in deriving this equa-
tion is not unlike that used to obtain the cluster ex-
pansion in statistical mechanics, Equation (2.11)
is in fact a cluster expansion.

In Sec. III the basic result, Eq. (2.11), of this
paper is derived anew, this time without using the
AFS model. In this derivation the ingredients are
of a more general character, although they may
well not be correct in the physical world. In par-


