
APPLICATION OF A SEPARABLE-POTENTIAL MODEL. . . 140k

*Work supported by the U. S.Atomic Energy Commis-
sion.

)Present address: School ef Science, University of
Waikato, Hamilton, New Zealand.

~Y. Yamaguchi, Phys. Rev. 95, 1628 (1954); A. N.
Mitra a~ J. H. Naqvi, Nucl. Phys. 25, 307 (1961); J. H.
Naqvi, Phys. Rev. 58, 289 (1964); D. Harrington, ibid.
139, B691 (1965).

2M. M. Hull and G. Breit, in Handbuch der Physik, ed-
ited by S. Flugge (Springer, Berlin, 1959), Vol. 41/I.

N. F. Mott and H. S. W. Massey, Theory of Atomic
Collisions (Oxford Univ. Press, Oxford, England, 1965),
3rcl ed.

M. Abramowitz and Irene Stegun in Handbook of Math-
ematical Eunctions, edited by M. Abramowitz and I. A.
Stegun (U. S. G. P. O., Washington, D. C., 1964).

SR. J.N. Phillips, Nucl. Phys. 53, 650 (1964).
6K. Schilling, Nucl. Phys. B7, 498 (1968).
~Richard Wilson, Comments Nucl. Parbcle Phys. 2,

141 (1968).
D. M. Brink and R. J. Satchler, Angular Momentum

(Oxford Univ. Press, Oxford, England, 1962).
9L. D. Landau and E. Lifshitz, Quantum Mechanics:

Nonrelativistic Theory (Addison Wesley, Reading, Mass. ,
1958).

PHYSICAL REVIEW D VOLUME 4, NUMBER 5 1 SEPTEMBER 1971

Phenomenology of K —2fI Decays
M. C. Basmussen and L. David Roper

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061
(Received 3 November 1970; revised manuscript received 16 May 1971)

The theoretical expressions for experimentally determined quantities in K 2~ decays
and leptonic kaon decays are used to determine solutions for various theoretical parameters.
Two solutions are found: one for which the ~n.i (= 2 dominance rule is valid, and another
for which it is not. Both solutions yield e =—g+ —=goo, Even precise measurements of fIejpp

may not allow one to distinguish between the two solutions.

I. INTRODUCTION

With the recent measurement' of the phase angle
of the ratio of Kl, -s'so to ICs -sos' decay, Pea, it
has become of interest to recalculate the phenome-
nological parameters of K - 2m decays previously
calculated by Roper. In the calculation of Ref. 2 no
approximations were made concerning the relative
sizes of the

~
d. I~ = s, —,', and —,

' decay amplitudes. We
have expanded the previous calculations by includ-
ing the b8 = +hQ amplitudes of leptonic kaon decays,
which various authors' have used to find an approx-
imate value for Rem. Since it is impossible at this
time to ascertain which of the available numerical
values to use for the phase-shift difference 6, —5,
between I= 2 and I= 0 s-wave scattering for w-w in-
teractions, the results are given with both
Walker's value and Marateck's' value for 5, —60 as
inputs.

We begin with Roper's' formulation of K- 2m de-
cays. By means of the experimental values of var-
ious quantities we are able to derive values of the
ratio b, of the complex ~aI~ = —', reduced matrix ele-
ment to the [n.I~ = s reduced matrix element, the
ratio b, of the complex ~b, I~ = s reduced matrix ele-
ment to the ~aI~ = s reduced matrix element, the
complex K' I7& mixing parameter ~, the complex
ratio z of the dS = -b,Q amplitude to the hS =+4@

amplitude in leptonic kaon decays, and the m-m

phase-shift difference 5, —5,.
The above values were found by using the four

solutions found by Roper' as inputs in a least-
squares fit to the data by means of the exact equa-
tions. The four solutions reduced to two solutions,
one of which satisfies the ~d I~ = 2 dominance rule
and the other of which does not.

By assuming very precise values for p~ we show
that even great precision may not allow one to dis-
tinguish between the two solutions obtained here.

II. THEORY

We write the isotopic-spin amplitudes as

(0, 0[A[ED) =pc, (0, 0iAiKo) =pa,

(2, O[x[X') =p„(2,0la[Z') =p,*,
(2, &[&[&')=P„(2,-&[&[& ) =P,*,

where

P, =b,/&2,

P, = (b, + b,)/&2,

p, =(-:)"'(b.—lb.).
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Here b„ is the reduced matrix element of ~b, II = —,'n. We have chosen the arbitrary phase such that P, (or b,}
is real. CPT conservation is assumed. -For CP conservation p, and p, are real. ' Thus, Im p, and Im p, are
CP-nonconserving parameters.

We define

b, = b,/b, , b, = b,/b „P,=P,/P, = b, + b, ,

From these definitions we can write

(—', a)'=(Reb, ——',b)'+(Imb, —5c)',

(-,'a)' = (Reb, ,'b—)'—+(Imb, --,'c)',
where

Pi=(s&' 'f}JPo=bs —3bs.

(la)

(lb)

a= IP, I, b =ReP, , and c=lmP, .
The reader is referred to Ref. 2 for the derivation' of Eqs. (2)-(7).

l&w'w IAIKs&l'

A —2lme ReP2ImP, —2P2ImP, (gRee+ f Ime)+ le I'(ImP, )'
B —41m@ Reti', Imtl, +2P21mp, (gRee+ jim')+2[@['(Imp, )' '

where

f =cos(5, —5,}, g= sin(5, —5,), A =2+(ReP,)'+2v2f ReP, , and B= 1+2(ReP,)' —242f ReP, ;

l&w'w- A K,&'
l&w'w'A K &'

4 A —21m& ReP,ImP, —2l2ImP, (gRee+ f Ime)+ lel'(ImP, )'
9 (I+ Ie I')IP, I'

(2)

l&w'w- A[K,&['

I(
' - AIK )I'

I e I'A + 21m@ Rep, lm p, —2&2 Im p, (gRes —f Ime) + (Im p,)'
A —21me ReP,ImP, —2v 2Im P,(gRee+ f Ime)+ le I'(Im P,)' ' (4)

I(""[A[K )I'

l'B&41+m pep, imp, —2P2lmp, (gRee —f Ime)+(Im p, )'
B —41m' Rep, lm p, + 2' Im p, (g Ree + f Ime) + 2

I
e

I
'(Im p,)' '

and

(1 —
I
e

I
')Im P,(ReP, + v 2f) +A Ime —(Im P 2) Ime

-(1+ le I')v 2glm p, +A Res+ (Im p, )'Ree

(1 —le I')Im P,(2ReP, —W2 f) +8 Ime —2(Im P,)'Ime
(1+ le I')&2gIm P, +BRes+ 2(Im P,)'Res

The physical amplitudes for leptonic kaon decays are'

(w e'v[H[K'& =Jl, (w'e v[HIK') =E*, (w e'v[HIK'& =G, (w'e v[HIK') =G*.

The F amplitudes correspond to AS = AQ and the G amplitudes correspond to LS = -bQ. We define

x=G/Ii .
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Clearly x is the amount by which the nS = b Q rule is violated.
The exact theoretical expression for the charge asymmetry in leptonic kaon decays is

I'„-r, — 2Re~

I;.+I'.— I+ l~l' I+ lxl'-2(I+ l~l') 'C '

where

and C=(1 —le l')Rex+ 2ime Imx.

(8)

We have seven equations involving eight parameters: Rep„ lm p„ l p, l, Res 1m', 8, —g„Rex, and Imx.
[Note that Eq. (3) is the only eqration which contains Rep, and Im p, and only in the form of

l p, l; therefore,
we can only determine

I Pil l However, three of the parameters can be found experimentally from other
physical processes. These three parameters are 5, —5„Rex, and Imx. We consequently "hardened" these
three parameters by allowing them to be functions also. By this means, the parameters were allowed to
vary only within the experimental errors as determined by the other physical processes. Thus, we have
ten experimental numbers (equations) and eight parameters; the expected li' is 2.

III. DATA

The Ks branching ratio' is given by the experi-
mental quantity

p(s)
R =R (s) = 2.196a 0.049

poo

where the phase-space ratio' is
(s) M 2 4 2 1/2

poo Ms 4m
p(s) Ms'- 4m

in terms of thews massls, the m' mass m„and
the mo mass m .

The ratio' of Ks —m'+ m to K'- m'+ m' partial de-
cay rates is

(s)
X=X ' =470.2~8.V,

p+o

where the phase-space ratio'o is

cf. Table II. The
l

b, fl =-,' is slightly, but not signi-
ficantly, preferred on the basis of X' values for the
fits.

In all solutions certain qualitative features can
be seen. First, the absolute value of the real part
of the I = 2 isotopic-spin amplitude is much greater
than the absolute value of the imaginary part; i.e.,
lReP, l

» lImP, l. Furthermore, the imaginary part
of P, could be zero within the error. Despite this
situation, nothing can be said about the relative
sizes of the real and imaginary parts of the lnfl = —,

'
and —', reduced matrix elements for the lb Il =-,' dom-
inance solution. By means of relations (la) and

(lb) we show a plot of these quantities with their
attendant uncertainties in Fig. 1. For the ~b fl o —,

'
solution obtained with 5, —5o = -30'+ 10', we see

TABLE I. Experimental values for the exact theore-
tical functions.

= 1.004 + 0.0002,

M, being the K' mass.
Table I gives the values used for Eqs. (2)-(8),

as well as the input values fixed for Rex, Imx, and

52 6p Since there were no means of determining
which of the reported values~' of 52 5p to use, we
ran the fits twice using both reported values of
52 —5o.

IV. RESULTS AND DISCUSSION

A least-squares-fit routine was used to deter-
mine the eight parameters. The four solutions
found by Roper' were used as starting points for
these parameters. It was found that two of these
solutions collapsed into the other two solutions, and
we were left with two solutions, one which satisfies
the l b, fl =-', dominance rule and one which does not,

io'l u„ l

»'I gol

4'oo

103 Rex

103 Img

Experimental value

2.229 +0.050

472.1+8.7

1.92 +0.05

2.5 +0.8
440 g 50

23' +32'

21+36

-99+47

2.7+0.3
-52' +11'
-30' + 10'

Reference

%orld average given by J. Steinberger, in Proceed-
ings of the Topical Conference on Weak Interactions,
CERN, 2969, edited by J. Prentki and J. Steinberger
(Ref. 1), p. 297.



1404 M. C. RASMUSSEN AND L. D. ROPER

TABLE II. Calculated theoretical and experimental values for K 2n decays and leptonic kaon decays.

Parameter
Solution 2

62 —6o=-30'+10'
~Z j[ =z' dominance

Solution 1

62 —5o = —52' + ll'
(n.I( =—' dominance [b I[ &-

Solution 1 Solution 2

xo'I pal

10'Rep2

10 Imp2

103Re~

103Ime

62 -Bo

103Rex

103Izm

M'In, I

zo'I gal

~oo

&0'n~

103.Rex

103Imx

52 —6o

x'

44.17+0.44

29.3+6.8
-0.12 +0.32

1.40+0.13

1.43+0.25

-30.0' +10.0'

12.5 +33.1
—102 +47

2.229

472.1

1.92

2.2

44.9'

46 6'

2.8

12.5

-102
—30.0'

0.938

Theoretical value
109+ 10

2250 + 240

-0.50 +2.46

1.39+0.13

1.49 +0.19

-30.2' + 10.0'

13.4 +33.4

-102+47

Experimental value

2.229

472.1

1.92

1.9
44.8'

39 6'

2.8

13.4
—102

-30.2'

1.033

44.19+0.44

41.8+13.9
-0.099 +0.278

1.41+0.14

1.40+0.19

-52.0o ~11 Po

11.6+33-.9

-102 +47

2.229

472.1

1.92

2.1

45 1o

44.2'

2.8

11.6
-102

-52.0'

0.933

82.6+15.4

1580+410

-0.35 k 1.16

1.41+0.14

1.48+0.46

52 1o~11 po

11.6 + 34.3

-102+47

2.229

472.1

1.92

2.0

45 1'

38.9'

2.8

11.6
-102

52 1o

0.980

that Reb, &Reb„Reb, & b„Reb, » Imb„and
Reb, »Imb„whereas with 62 5p = -52'+ 11', we
can only state that Reb, &b„Reb, »Imb„and
Reb, »Imb, . Secondly, both the modulus and argu-
ment of e, g, , and happ as calculated from the pa-
rameters are almost equal (cf. Table III), in good
agreement with the superweak theory. "

An effort was made to determine how accurately

one would have to measure p» in order to discrim-
inate between Solutions 1 (EI=-,') and 2 (gf g a') of
Table II. Since the calculated value of p» is -45'
for Solution 1 and -40 for Solution 2, we use these
two values with errors of 2' as hypothetical data.
The results are given in Table IV. For the "datum"

p» =45'+ 2; the ~AI~ =-,' solution is slightly, but
not significantly, preferred. For the "datum"

TABLE III. Calculated values for e, g, , goo.

6, -ho=-30 *10
Solution 1 Solution 2

52-6o= —52 +11'
Solution 1 Solution 2

~o'I ~l

lo'I n,

lo'[gJ

4'oo

2.00 +0.20

1.92

2.2

45.6'+ 5.7'

44 9

46 6'

2,04 +0.54

1.92

1.9

47.0' + 14.3'

44.8'

39.6'

1.99+0.17

1.92

2.1

44 8o~4 8

45 1'

44.2'

2.04 +0.35

1.92

2.0

46 4 +94
45.1'

38.9'
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FIG. 1. (a) Plot in the complex plane of the values and uncertainties (shaded areas) for the reduced matrix elements
b 3 and b 5 for both solutions found with 62 -60 =-30' + 10'. (b) Plot in the complex plane. of the values and uncertainties
{shaded areas) for the reduced matrix elements bs and b 5 for both solutions found with 62-60=-52' + l1'.

p~ = 40'a 2', the ~)n. i) o —,
' is significantly preferred

on the basis of X' comparisons.
Another computer run was made leaving the m-m

phase-shift difference free; i.e., 5, —5, was not
"hardened" in the manner described above. This
resulted in enormous errors on all parameters,
especially 5, —5„such that the data could be fitted
by choosing most of the parameters to be equal to
zero.

V. CONCLUSIONS

By using exact equations for various experimen-.
tal quantities in terms of theoretical parameters,
two solutions were obtained for these theoretical
parameters. One solution satisfies the

~
n.Il = —',

dominance rule; the other does not. In either case
one cannot determine whether or not

~ &, ~
&

~ h, [
(except for the case of Solution 2 for ()o —()o
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TABLE IV. Theoretical solutions from pseudodata for P pp.

Parameter

62 —6p = -30' + 10'
iQI) =a' dominance

Solution 1 Solution 2

6g -6p =-52' + ll'
I &I I

= 2' «minance
Solution 1 Solution 2

&oo

103Rep2

103Imp2

103Ree

103Ime

62 —6o

103Rex

103Imx

0.505

450 y 20

44.17+0.43

29.4 + 6.8
-0.06 +0.20

1.40 +0.13

1.38 +0.08

-80 +10

13+33

-102+47

0.592

45o ~2o

109+ 10

2260 + 240

0.06 +0.48

1,367 +0.09

1.33+0.24

-30' + 10'

16+32

-101+47

0.496

45O ~2o

44.19+ 0.44

41.3 + 1'3.4

-0.09 + 0.28

1.39 +0.09

1.41+0.18

-52'+ ll'
13+32

-102 +47

0.600

45'+2'

82.7 + 15.4

1580 +410

0.02 + 0.28

1.36+0.08

1,34 +0.21

-52'+ ll'
16 +31

-101+47

4'oo

1o'IP, I

10'ReP,

103Imp2

103Ree

103Imc

52-6p

103Rex

103Inn

1.196

400 y 20

44.17 +0.44

29.0 +6.6

0.11+0.16

1.38 +0.12

1.236+ 0.06

-30' + 10'

15+33

-101+47

0.750

400 g 20

108.9 + 9.6
2250 + 240

—0.45 +0.48

1.887+0.087

1.47 +0.24

-30' + 10'

14+32

-102+47

1.501

40' +2'

44.20 +0.44

44.9 + 15.6
-0.12+0.27

1.49+0.11

1.52+0.17

-52' + ll'
2 +32

-106+47

0.700

40'+2'

826 + 15.4

1580 +410

-0.28 +0.29

1.40+0.08

1.45+0.21

-52' + ll'
13+31

-102 +47

e' e' ~o ImP,
H2+ e'«o-'o& ReP,

fv & e' " oo Im p, + e ( I+R2 e' "-'o Rep, )
-1+&2e'(~2 ~o& Rep, +iaaf ~e'~~2- ~o& rm P,

2e»«2-~o& (Im p )'' (-I+&2s*'«2-&o& ReP, )'

e' a o Imp2
-I+v2e'«2 'o'ReP, ' (10)

= -20'a 10; cf. Fig. 1). In all cases we find that
& ='0+ -='Goo.

Since c—= 10 ', one can approximate

fe' o' ~o'ImP, +e(&2+e' ~' ~o ReP, )
&2 + e' ~2 ~o& Rep, + ice' ~o o & Im p2

eai(5a-bo) (ImP )2=6 1+ (~2+ e'i~a oo&Rep )2

without being very much in error. However, the
further approximation that I Pa l«1, the iaIi = —,

' rule,
is not justified by the numerical analyses given
above. One of the possible solutions does not sat-
isfy the rule. The iAIi = 2 approximation yields the
often-quoted equations

», =e+e"I"~2 'o&imp, /R2=-c+e'

and

'goo = f —26

The IVIII = —,
' solution is, of course, the well-known

Wu-Yang solution" which predicts A' =- 2 and X to
be large. The ib, Iio —,

' solution gives the same re-
sults by means of fortuitous cancellations among
the iI&.Ii =-,', —,', and —,

' amplitudes.
We were unable to ascertain a choice for the val-

ue for 5, —Oo, the w-m phase-shift difference, from
the literature. An effort was made to determine
this phase-shift difference from the exact equations



derived above. However, the results were incon-
clusive, due to the fact that ImP, =—0 for all solu-
tions and 6, —50 always occurs in terms multiplied
by ImP, in Eqs. (2), (5), (9), and (10).

By using hypothetically precise "data" for @» we
have shown that such precise data may not. enable
one to determine whether Id, fl = —,

' is dominant in
K~ 277 decRys.

since completion of the Rbove RIlRlysls, new re-
sults have appeared:

Q«= 51 + 25 (Ref, l3)i

Iq«l =(2.09+0.22)xlo ' (Ref. 14).

Note from Tables I and II that both of these values

differ from the previous values in the direction
that our two solutions require. We redid the anal-
ysis with these new results and obtained the results
shown in Table V. It is seen that there are still two
solutions (I nfl = s and I d fit a) neither of which is
significantly preferred. Again from Table V the
predicted values of $«greatly differ for the two
solutions. By assuming that P«=45'+ 2; 50'a 2;
60'+ 2' an attempt was made to distinguish between
the two solutions. The salient features of this anal-
ysis are shown in Table VI." Note that for higher
values of P,» the I b.II e —,

' solution is significantly
preferred (by a factor of 10 in x') over the I b, II = —',

solution.

TABLE V. Calculated theoretical and experimental values for X 2x decays and leptonic.
kaon decays for /&0

—-51'ass' and 103I @+I =2.09+0.ss.

62-5()=-52' + ll'

IVII I =z dominance

Solution 1 Solution 2

IVIII =~~ dominance

Solution 1
I&I I &s

Solution 2

Theoretical value

103Rep2

103I'mp2

103It,eq

103lm&

62-60

1038ex

44.17+0.44

29,2 +6.7
-0.17+0.33

1.40+0.13

1.47+0.25

—29.6'+ 10.0'

12.4 +33.1

109.8 +9.3
2280 +230

1.6+2.5

1.30 +0.13

0.89+0.V3

-"96'+10 0'

22.8 +33.6
-98.4 +46.8

44.19+0.44

41.5 + 13.7
-0.09 +0.28

1.39+0.14

1.41 +0.19

-51.5' + ll,'0'

12.9 +33.9

83.4 + 15.4

1600+410

0.36 + 1.2
1.32+0.15

1.22 +0.45

51 5 ~11 Oo

20.7 +34.3
—99.1+46.8

2,229

Experimental value

2.229

io'In, I

zo'I yoI

+00

10361

103Rex

1,92

45 5

2.8

-29.6'

1.92

43 6'

58.5'

2.7
22.8

-98.4
-29,2'

0.302

1.92

45 5'

44 7

2.8

-51 5'

0.531

1.92

44 2o

50.7

-99.1
-51 5'



2408 M. C. RASMUSSEN AND L. D. ROPER

TABLE VI. Features of the. theoretical solutions from pseudodata for Ppo.

Parameter

52 -5p =-30'+10'
[BI[

= ~ dominance [b,I [ w a
Solution 1 Solution 2

52 - 6o = -52'+ 11'
)at[ =2 dominance [&II &k

Solution 1 Solution 2

X
I

@op

M'IV&I

103Rep2

103Imp2

103Rec

103Ime

@oo

103Rep2

103Imp2

103Ree

103Ime

0.503

5Qo y 20

44.19+0.44

28.8+6.4
-0.25 +0.23

1.40+0.13

1.55+0.12

3.95

60' + 2'

44.2+ 1.1
26.4+5.4

-0.62 +0.23

1.38 +0.12

1.86 +0.13

0.441

50 +2

109.3+9.5
2260 + 23Q

0.59+0.52

1.35 +0.08

1.17+0.25

0.217

60'+2'

109.8+ 9.2
2280 + 230

1.81+0.71

1.30+0.08

0.83+0.27

1,85

50o ~2

44.2 + Q.4

44 +15

0.07 +0,24

1.25 +0.07

1.40+0.19

5.20

60'+ 2'

44.2+0.5
58+25

0.38 +0.16

1.12 +0.07

1.25 +0.17

0.566

80' +2'

83 ~15

1600 +410

0.32+0.30

1.33+0.08

1,23 +0.21

0.673

60' +2'

85 +15

1640 +400

0.94 +0.45

1.26 +0.08

1.01+0,22

J. C. Chollet et a/. , in.Proceedings of the ToPical
Conference on Weak Interactions, CERN, 1969 (CERN,
Geneva, 1969), p. 309.

2L. D. Roper, Phys. Bev. 176, 2120 (1968).
3For example, see S. Bennett et al. , Phys. Bev.

Letters 19, 997 (1967).
W. D. Walker et al. , Phys. Rev. Letters 18, 630 (1967).

~S. Marateck et al. , Phys. Rev. Letters 21, 1613 (1968).
8B. G. Kenny, Ann. Phys. (¹Y.) 43, 25 (1967).
Q+ (this paper) =8+ (Roper) and fop (this paper)
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