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The one-pion-exchange (OPE), one- and two-pion-exchange (OPE+ TPE), and pseudo-
scalar-vector-meson-exchange (PV ) models are described. The corresponding phase par-
ameters are compared with the phenomenological phase parameters excluding the S-state
parameters and the coupledD-state contribution. It is found that the OPE+ TPE model is a
definite improvement on the OPE model, and it provides a reasonably good fit to the phe-
nomenologica1 values for the D-state and higher-L contributions. The introduction of the g
pseudoscalar resonance and the w and p vector resonances in the PV model does not improve
upon the fit to the I «2 phases. However, the PV mode1 improves upon both the OPE and
OPE+ TPE models in a comparison with the P -state phases, and it reduces the va1ue of the
pion-nucleon coupling constant.

I. INTRODUCTION

It has been established by Gupta' and by Qupta,
Haracz, and Kaskas' that the exact relativistic two-
pion-exchange (TPE) contribution to elastic nucle-
on-nucleon scattering is an important correction
to the one-pion-exchange (OPE) contribution. A

partial-wave analysis of the nonrelativistic limit
of the results of Ref. 1 by Breit et al.' indicated
that the TPE contribution improved upon the OPE
codtribution for some of the higher angular mo-
mentum phase parameters, and Breit4 suggested
that a combination of the pion-exchange effects
with the contribution of the then hypothetical vector
resonances might provide a qualitative explanation
of the empirical evidence.

Many one-boson-exchange models have been de-
vised which lead to satisfactory fits to the phenom-
enological data and phase parameters. ' These
models do not employ the TPE contribution, but
compensate for it by the inclusion of an unrealisti-
cally light scalar resonance. An exception 18 the
work of Lomon and Feshbach and of Partovi and
Lomone in which the QPE and TPE contributions
are included with the vector resonances to obtain
an approximation to a two-nucleon potenti. al that is
in reasonably good agreement with phenomenolog-
ical potentials outside the core of the interaction.

By the partial-wave analysis of the exact relativ-
istic TPE interaction, ' we have shown that OPE and

TPE correspond reasonably well with the phenom-
enological phase parameters for values of the or-
bital angular momentum quantum number I greater

than -3. The intent of this work is to improve upon
our earlier treatment of the role of-OPE and TPE
by adjusting the pion-nucleon coupling constant to
obtain the best fit to the phenomenological phase
parameters. The contributions from the pseudo-
scalar q resonance and the vector & and p reso-
nances will then be introduced to see if these can
improve upon the fit outside the core. The effect
of the resonances close to the core, down to P
waves, mill also be studied.

II. THE PION MODEL

The pion-nucleon interaction energy density is

H, = ig„:$ y, 7', gU „,:,
where g is a nucleon fieM operator, rj„ is the pion
isovector field operator, and g, is the pion-nucleon
coupling constant. If the incident nucleons have
propagation four-vectors p and q and the scattered
nucleons have p' and q', this interaction leads to
an expansion of the transition matrix

begin

powers
of g„:

(2)

The partial-wave amplitudes are related to the
phase parameters as

'u~ = (1/2i )[exp(2iX'~) —1],
N~~ =(1/2i)[exp(2is~~) —1],
n = (1/2i)[(1 —p ')'~'exp(2ie ) —11,
o.~ = —,'p~exp[i(e~'~+ 8~"~)].
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If these amplitudes and the phase parameters are
expanded in powers of g,' as

a=+ a(n), ()= Q()(n), (4)

substitution into Eqs. (3) gives

K~(2) ='a~(2), K~(4) =Re 'a~(4), ()~~(2) =a~~(2),

() (4)=Reai (4), () ~(2)=a~ (2),

e ~(4) =Rea~~(4), (5)

p~(2) = 2a(2), p~(4) = 2Rea ~(4),

with Re denoting the real part of the partial-wave
amplitude. The singlet phase shift is denoted K'~,

5 ~ is the uncoupled triplet phase shift, g~~ is a
coupled triplet phase shift, and p~ is the coupling
parameter in the Yale notation. The term a(n) is
related to the spin matrix elements of M„as given
in the first paper of Refs. 7.

The first-order term of the ~matrix is the well-
known OPE contribution

2
—7(l) .~(2) gw I o(1) .g c(s) .k (6)

4ncS '4P, k'+x„'
where 7"') is the isospin matrix corresponding to
nucleon 1, ~o" is the corresponding spin matrix,
k = p' —p, and )(, =m, c/8; It has been pointed out
recently' that the pion mass difference can be ac-
counted for accurately by taking X, in Eq. (6) to
have different values for the different isotopic-spin
states, and the effect though small is not complete-
ly negligible. It is further shown in these papers
that the effect of the pion mass difference in the
TPE contribution is quite small. The present work
does not sensibly require such refinements, how-
ever, and the pion mass is given the nominal val-
ue of 138 MeV in the calculations that follow. The
second-order contribution to M, M4 or the TPE'
contribution, is related to the g 4 matrix as ReM4
=-p,W4/4sck, and the W, term is given in detail
in Ref. 2. All fourth-order diagrams are included
in S'4. The real parts of the partial-wave ampli-
tudes are obtained from M, and ReM„and the

phase parameters follow from Eqs. (5}.
These theoretical phase parameters 5 are now

compared with the Yale phase parameters ()s (Ref.
9}by varying g,2 to minimize

1 ~ 5-5@2

with ~5~ the uncertainty in the phenomenological
value and N the number of phase parameters, and
the sum is over all the phase parameters that are
8;fferent from the OPE values. It is understood
that the minimum value of X' as given by (7) does
not necessarily correspond to the best fit to the
nucleon-nucleon scattering data since correlation
effects among the phase parameters are neglected.
However, it seems safe to assume that if the min-
imum X' for one model is significantly less than the
minimum X' for a second model, then the first
model is better than the second.

Table I contains the results of the comparison of
the OPE and OPE + TPE models with the Yale
phase parameters for p-n scattering. The values
of g, '/4vch which minimize X' are given for vari-
ous ranges of the quantum number L. The core of
the two-nucleon interaction is omitted from all the
searches. For the purposes of this work, the core
is identified with all the S-state phase parameters
and those phase parameters that are coupled to the
S state. Thus, the searches exclude the phase
shifts K„'0 „'0 „and the coupling parameter p, ,

The fit is over 18 energies in the range from .10 to
350 MeV. It should also be noted that p~ = p~„, so
that p, is included with the P-state phase parame-
ters in the searches, p, with the D state, and so
on. The comparison with the Q and II phases shows
that although the coupling constant is considerably
changed by the inclusion of TPE, both models fit
rather well. The comparison with the I', Q, and H
phases shows that TPE brings about a definite im-
provement in the fit. The comparison of the two
models with the 0, E, 6, and H phase parameters,
excluding '0 „strongly favors the OPE+ TPE over
the OPE model; the y~ for the former being an

TABLE I. Values of X2 and g~ /4mcN for the OPE, OPE+ TPE, and PV models. These val-
ues of g~ /4xcl give the lowest values of X in a comparison with the Yale phase parameters
for the various ranges of L noted. The resonance-nucleon coupling constants in the PV model
are: g& /4xc@=4.6, g~2/4~el =1.6, g& /AH =0.2, f /g =2.0, and f&/g& ——6.6.

Range
Qf L

OPE model

g~2/4xcS X

OPE+ TPE model

g„2/4~c

PV model

g ~2/4xcS X

4-5
3-5
2-5
1-5

110
1,-97
269
359

15.9
12.7
1.8.3
9.6

0.890
4.99

50.9
439

13.1
12.4
13.8
10-.4

0.770
2.16
5.67

162

13.0
12,7
13~2
11.9

0.794
1.34
5.83

40.3



B. M. BARKER AND R. D. HARACZ

order of magnitude smaller than for the latter. It
should be noted that the values of g„'/4vch obtained
for the OPE+ TPE model. for the various ranges of
L are more consistent than for the OPE model;
agreement would of course be expected from a
completely valid model. Finally, although the TPE
model improves upon the fit when the P-state
phases are included, it is evident that both models
fail this close to the core.

The phase parameters corresponding to the QPE
+ TPE model with g, '/4vch = I&.& are shown in
Figs. 1-4 as solid lines foi the P, D, and I" phase
shifts and the coupling parameters, respectively.
The Yale phase parameters are taken from Ref. 9,
and they are shown with their parallel-shift uncer-
tainties at the energies 10, 110, 210, and 310 MeV.
The Yale phase parameters are available at 24 en-
ergies in the range from 10 to 350 MeV, but these
few are given to simplify the graphs. The OPE
model is not shown on the graphs also as a simpli-
fication. Moreover, the OPE and OPE+ TPE con-
tributions are given in detail in the work by Barker

3'2

and Haracz in Ref. 7. Although not shown, the fit to
the 6 and II phase parameters is also good.

+ig:gy„(U „:+ig~:gy„v,(U~,

+
4K ~xp @x

~f — (8U & L';~)
(&)

with o„„=(1/2i)(y„y„—y„y„). In Zg. (&) the first
term is the pion contribution, U„ is the q field op-
erator, U „ is the & vector-field operator, U, „ is
the p isovector-vector-field operator, and x = Mc/S,
with ~= 938.903 MeV, the average of the proton
and neutron masses. The coupling constants g„
g„, g, g, f„, and f, are determined by a fit to
the Yale phenomenological phase parameters. The

III. THE PSEUDGSCALAR-VECTOR MGDEI.

The pseudoscalar-vector (PV) model contains the
effects of the w and q pseudoscalar mesons and the

and p vector resonances from the interaction en-
ergy density

&,& = g. Py, , fU. ;:+g. :g'y.gU. :
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FIG. 1. The P -state phase shifts corresponding to
OPE+ TPE model (solid line) and the PV model (dashed
line). The pion-nucleon coupling constant for the OPE
+TPK model is g~ /4xcS =13.8, while the coupling
constants for the PU model are g~2/47('CS =13.2, g„2/
47lcS =4,6 g~ /47fcS= 1.6 gp /47fCS=, 0.2p f~/g~ =2,0
andf p/gp = 6.6. The Yale phenomenological phase shifts
are shown at 10, 110, 210, and 310 MeV with their
parallel-shift uncertainties.
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FIG. 2. The D-state phase shifts corresponding
to the OPE+ TPE and PV models.
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pion mass is taken to be 138 MeV, while the other
meson resonances are treated as particles with the
respective masses m ~

= 548.8 MeV, m = 783.3 MeV,
and~ =767 MeV.

The PV model contains contributions from the
virtual exchanges of bosons up to the mass of
783.3 MeV, neglecting the three-, four-, and five-
pion exchanges. Hence, the 3f matrix resulting
from the interaction of Eq. (8) is approximated by
the following terms:

M~~ =M, (w)+M, (v)+M, (q)+M, (v, q)+M, (&u)+M, (p) .

(9)

The first two terms are the OPE and TPE contri-
butions, respectively, while M, (q), M~(~), and

M, (p) are the one-boson-exchange contributions
from the q, &, and p resonances, respectively.
These latter contributions are well known, and
their exact relativistic forms can be found in the
literature, for example in Ref. 5. The contribution
M, (v, q) is the fourth-order term from the virtual
exchange of both the w and g mesons with the ra-
diative corrections. The real part of M, (v, g) with-
out the radiative corrections is given by Barker,
Gupta, and Haracz. " The radiative corrections
are evaluated in a manner similar to the radiative

corrections to OPE, and they are small.
The partial-wave amplitudes give the second-

and fourth-order approximations to the phase pa-
rameters. These phase parameters were compared
with the Yale phase parameters, and the X' defined
by Eq. (7) was minimized by varying the boson-
nucleon coupling constants. It is found that in order
to obtain reasonable values for these coupling con-
stants, the P-state phase parameters had to be in-
cluded in the fit. The coupling constants giving the
best fit to the P, D, E, Q, and H phase parame-
ters, excluding the core-dependent parameters,
are found to be g,'/4sck = 11.9, g„'/4wck = 4.6,
g '/4wck=1. 6, g '/4wck=0. 2, f„/g =2.0, and

f /g =6.6.
There exist experimental values for the vector

coupling constants with g '/4@eh =0.5, f /g = 2-4,
and g '/4wck =3.5." The values obtained here are
thus seen to be in only qualitative agreement with
these experimental values. It should be empha-
sized, however, that the intent of this work is to
see how the OPE, OPE+ TPE, and I'V models com-
pare with the peripheral phenomenological phase
parameters. The conscious omission of core ef-
fects such as the three-, four-, and five-pion-ex-
change contributions means that the P state was
not expected to be accurately determined. Since
the vector-meson contribution is large in the S and
I' states, the accurate determination of the vector-
meson coupling constants could not be achieved
without the core effects.
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FIG. 3. The~-state phase shifts corresponding
to the OPE +TPE and PV models.
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FIG. 4. The coupling parameters corresponding
to the OPE+TPE and PV models.
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The PV model with the coupling constants given
above improves upon the OPE+ TPE model for L
=1, the X' being 40.3 compared with 162 for the
latter model, as seen in Table I. However, there
is still only a qualitative fit to the P-state phase
parameters, and the fit to the L &1 phases is actu-
ally slightly worse than provided by the QPE+ TPE
model because of the small value of g, '/4wck.

In order to improve the fit to the higher-I.
phases, the PV model was modified by taking the

g, cg, and p resonance parts to be the same as ob-
tained above and then readjusting the pion part to
fit the L &1 phases. The results of the fit to D, F,
G, and II phase parameters are shown in Table I.
The y' is 5.83 with g, '/4wck =13.2. It might be
noted that the value of X' is relatively insensitive
to the values of the vector coupling constants for
the L &1 phases. The presence of the vector effects
in this range is compensated for by a reduction in
the value of g, ' with little change in the X'.

The phase parameters corresponding to the mod-
ified PV model are shown in Figs. 1-4 as dashed
lines. It is seen in Fig. 1 that the fit to the P-state
phases is much better than OPE+ TPE provides,
with the isosinglet phase shift K, being represented
almost perfectly. The isotriplet phase shifts '9,
and '5, are fit rather well by the PV model to
scattering energies of about 150 MeV, but the
phase shift '5

o is obviously missed by a consider-
able amount. The D-state phase shifts are shown
in Fig. 2, and both models provide phases that are
reasonably close to the Yale values. The F-state
phase shifts appear in Fig. 3, and both models are
again reasonably consistent with the Yale values.
The phases for the 6 and H states are not shown,
but the fit in this outer region is comparable to
that for the D and F states as indicated by the val-
ues of X' listed in Table I for this range of L. The
coupling parameters are shown in Fig. 4, and p,
and p, are well represented by both models. The
coupling parameter p, is improved by the addition
of g, +, and p to the pion contribution.

IV. CONCLUSION

Three models for nucleon-nucleon scattering
have been compared with the Yale phenomenolog-
ical phase parameters representing the region out-
side the core of the interaction. The OPE contri-
bution from the pseudoscalar interaction energy
density is well established as being mainly respon-
sible for the range of orbital angular momenta
L &5. The TPE contribution is a large correction
to QPE in the range 2 ~ L ~ 5, and the OPE+ TPE
model is shown to be a definite improvement over
the OPE model and is in reasonable agreement
with the Yale phases in this range.

The addition of the g pseudoscalar resonance and
the ~ and p vector resonances to the pion contribu-
tion forms the PV model, and this model is found
to extend the qualitative fit to the range L & 1.
However, it is especially evident for the P-state
phases that important effects are missing from
the PV model. It is interesting to note that the
inclusion of these resonances does not worsen or
improve the fit for L & 2, but they affect the value
of g, '/4wch relative to the OPE+ TPE model.
Moreover, since the P state is only partially es-
tablished by the PV model, the g, ~, and p cou-
pling constants are only qualitatively determined
by this work.

The values of the pion-nucleon coupling constant
obtained seem to be consistent with the values
arising from p-n scattering data. However, the
missing effects could significantly intrude into the
region of the two-nucleon interaction considered,
and one cannot expect these determinations of
g, '/4wck to be accurate. "

It therefore seems that the OPE+ TPE model
provides a reasonably good representation of the
phenomenological phase parameters for L & 2,
excluding the core-dependent parameters. The
presence of the g, w, and p contributions does not
materially affect this representation except to
decrease the pion-nucleon coupling strength.
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A semiquantitative test of peripherality in nucleon-nucleon scattering (up to 425 M8V lab
kinetic energy) is carried out, using meson-nucleon coupling constants obtained from experi-
ments other than nucleon-nucleon scattering. The model used is a pole model, plus a 27f-
exchange contribution, with geometric unitarization. The results show that a series of ex-
changes of increasingly larger masses gives an increasingly better description of the middle
Taketani region (0.7 F & r —2 F). The series of exchanges considered is m exchange, 7( + 2~
exchange, and m+ 27i+p +co exchange. The exchange of 7t+ 2m+p + ~+ e(715) is also con-
sidered, and an estimate is derived for the coupling constant gz&~', assuming a width of
r, =370 MeV.

I. INTRODUCTION

%'e propose to test the concept of peripherality-
in nucleon-nucleon elastic scattering in a semi-
quantitative fashion, using the present knowledge
of meson-nucleon coupling constants obtained from
experiments other than N-N elastic scattering.
To do this, we take for our model of the N-&
elastic scattering amplitude a sum of one-boson-
exchange pole terms plus a 2w-exchange term
With the meson-nucleon coupling constants deter-
mined from experiment, we have a "zero-param-
eter" model.

We follow in the spirit of the Taketani approach
to N-N scatteringl where the nuclear force is
divided up into three regions, an inner region (say

0&x & O.V F), a middle region (say O. V F «y & 2 F),
and an outer region (2 F&x&m). We define dis-
tances through an impa, ct-parameter relationship
discussed in Sec. III, because experiments do not
directly define distance in the usual sense, and
because distances do not naturally come out of a
pole model such as we use here. The one-pion-
exchange (OPE) mechanism has been shown to
dominate in the outer region. ' In this paper we
wish to see if the exchange of increasingly larger
masses- results in an increasingly better descrip-
tion of the middle Taketani region, the middle
Taketani region being defined through the impact-
parameter relationship of Sec. ID. This is what
%'e mean by a test of perlpherallty. The series of
exchanges considered is m exchange, m+2m ex-


