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(6) &O[Uln& «O[II, ln& . (8)

Consider in particular &0 ~U3 ~0& . The Bessel in-
equality tells us that

Z&O IUln& &nlUIO& - &o IU'IO& .

On the other hand, we know that the sum

g &Ola, ln&&nfl', /O&

diverges as N- ~, which show's that

%e summarize oux' arguments by pointing out
once again that there is nothing intrinsically wrong
with the t'I proposed in Ref. 2; it is a perfectly fine

potential. It is not, however, the potential which

reproduces the tree graphs of the theory from
which it comes, but rather some other set. Thus,
for example, if we were to check unitarity by using
the original tree graphs and this U, it would fail.
Finally, we would have no reason to believe that
we can exclude the graphs involving contx'actions at
the same point discussed in Ref. 3.
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~S. Fels, Phys. Rev. D1, 2870 (1970).
2Allan M. Din, this issue, Phys. Rev. D 4, 995 (1971).
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4It is easy to see that we can express U in terms of
error functions. The resemblance between U expressed
this way and the U of Eq. (5) is misleading, in that the
two behave very differently at ~.
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Certain peculiar aspects present in dual-resonance models {collectively called "algebraic
duality" ) led to the construction of amplitudes coincident with those coming from the non-
linear cr model in the SU(2) case, and from a U(3) U(3) nonlinear Lagrangian with a break-
ing which preserved the complete pseudoscalar nonet degeneracy in the more general case.
In the present work we manage to split the singlet from the octet, breaking algebraic
duality in a simple way.

Some work has been done with the intention of
imposing some peculiar properties found in dual
amplitudes as a way to select effective Lagrangian
models. ' '

The present note is a continuation of Ref. 4, al-
ways within the spirit put forward in Ref. 1.

Let us begin by recaning the postulates of the
so-called algebraic duality, introduced by Frye
and Susskind. %'ithin this fxamework the n-point
pseudoscalar-meson amplitude is given by a sum
of terms, each one corresponding to a distinct per-
mutation' of the external legs. The term for a giv-
en permutation contains only the Mandelstam vari-
ables associated with that ox'der and an appropriate
factor to guarantee invariance' under SU(2) or
SU(3) (trace of Pauli matrices or symmetrized
trace of Gell-Mann matrices, both guessed by
means of quark diagrams). Such an expression

automatically rules out dependence on Mandelstam
variables corresponding to channels with exotic
quantum numbers. Furthermore, it is required
that Adler zeros be satisfied within each permuta-
tion separately. '

These conditions, plus factorization, were basi-
cally enough to px oduce amplitudes eqlllvalent to
the ones obtained from well-defined nonlinear La-
grangians (in particular the nonlinear o model" ),
when one is interested only in pions - and from a
U(3) S U{3) model with the chiral symmetry broken
in a way that preserves the complete nonet degen-
eracy, in the general case of the pseudoscalar me-
sons.

The experimental fact of the gross mass differ-
ence between, the singlet and the octet members
makes it worthwhile to study the %ay in which such
a splitting can be introduced. ' This is, of course,
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nonunique, but we shall adopt the criterion of look-
ing for a simple breaking pattern of the algebraic-
duality postulates rather than simplicity in the
group transformation properties of the chiral-sym-
metry-breaking term in the Lagrangian.

Proceeding as in Refs. 9 and 4, we define the me-
son matrix M which is a series expansion in the
fields:

term in the Lagrangian as

g = —2, t [P, (fp)]- 6, [t g(fP)]', (5)

where hm = m, —m is the difference between the
mass of the singlet and that of the octet. The re-
striction that only even powers of the fields appear
in the Lagrangian implies

M = Qa„(if/)"

where

8

and

V (f4}=(f4}'+b.(f4}'+b.(fk}'

Q(f0) =f&j&+ c,(f0}'+c,(f0)'.

(6)

We are free to choose a, = 1, a, =, 2, and a, =2. The
chiral-invariant entity M M is taken to be 1. This
provides relations of the coefficients among them-
selves.

We shall be interested only up to sixth order in
the fields. The relevant relations are then

a~ =2(a, —1), a, =2a, —4(a, —1)+—,'a, '.
The Lagrangian

2

Z = —S,tr(&„M s~M}+ S,tr(M +Mt)

(S)

(4)

proved to be consistent with algebraic duality if
one sets a, = a, =0. We are going to study now a
more complex Lagrangian with the addition of a
term which will provide a shift for the mass of the
SU(S) singlet. It must also give the necessary con-
tributions to the meson interactions in order to
achieve Adler's condition for the octet members
and a minimal departure from algebraic duality.

We express the total chiral-symmetry-breaking

The vector currents are conserved, as can be
easily checked using the expression for the infini-
tesimal transformation of the field:

5,y = zn, [-,'~„y] . (6)

M [f0+ 4(f4)]—M(f 4}= &nate&& ~M(f 0')'I+

The situation for the axial-vector current is
more delicate. We want to implement partial con-
servation of axial-vector current (PCAC) for the
octet of axial-vector currents —namely, we want
the breaking to be such that the relations

0=1, . .., 6 (9

hold up to the order in which we are interested.
This can be implemented only after knowing the in-
finitesimal transformation of the fields.

M has simple transformation properties under
chiral transformations, but we cannot expect the
same thing to be true for the fields which form the
basis of a nonlinear realization of the group. From

we get

5„(fP) = n~( —,'X, +—,'f'[(a, —2) (P', X],+ a, P &, Pl+ 8f'l (a,' + 2a, —2a, —4) (X„P'),
+ 2(a,' —a, —a, )(Q&~ Q'+ Q'X, Q) + (Sa,' —4a, —2a~) (Q'&, Q')])+ O((fQ)').

The general expression for the current associated with an arbitrary transformation 5$,

M
n~ j„(x)-=— 5&„

P

implies that the divergence of the axial-vector current is given by

-nasp&p = &(f0+f4A) &(f4)—
For the Lagrangian (5), the right-hand side of (1S) is

2

Z(fr+f 5„$}-2(fQ)=—,(2f'tr($5„$)+4b~f tr(P'5„P}+6b,f tr(P'5„$))

(12)

2

, (2(f trP+c, f'trP'+c, f'trQ')[f tr5„$+Sc,f'tr(P'5„$}+5c,f'tr(P' $5)]}.

(14}
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Substituting (14) in (13) and using the expression (11)we get the following terms:

I'A st order:

Second Olde~: identically zero.
TAA d Order:

—(m'/2f') (2f tr[4(f &&0)'"]+454f'tr [0'(f~g4) "%
—(4m'/Gf') (2f trQ tr(f5„Q)t'i+ Gc,f'trQ tr[p'( f6„p)to~]+ 2c,f'trp'tr( f5„Q)to~]

= ——,
' m'f e„[—,'(Sa, —4)tr(g'x, ) + 254tr(P'x, )]

—zi b m'f n~[ —,'{Sa,—4)tr(Q'Xi, )trQ + Sc,trg tr{X~Q') + c,trii~trQ'] .
(16)

FONrth order; identically zero.

Fifth order:

-(m /2f )(2f tr[$(f5„$)t ]+4b,f tr[Q (f5„$) ] +Gbef'tr[Q (f5„$)
-( nm' /Gf')( Gcsf'trQ tr[Q'(f 5$) t'] +2c~f'tr(f 5$) t' ~trQ 3+2f trPtr( f5„$)4i

+10c,f'trptr[$4( f5„Q) ]+2c,f'tr( f5/) Oitrp'+Gc, ' f'trQ'tr[Q'(f 5„Q) ']]
=-pm''o. ,f9a,'-4a, -10a, -8+454(Sa -4}+12b,jtr($'X, )

-*bm'([Qa, 2 —4a —10a, —8+6(Sa, -4)c, +20c,]trgtr($41~)

+ [2c,(Sa, —4) +12c,']try'try'X, + 20c,trx, try'] .
The next contribution is of seventh order, higher than what we are interested in.
The first-order term, for a given h (h= 1, ..., 8), gives the right-hand side in Eq. (9). Thus all other

terms must vanish order by order. From equating to zero the coefficients of Q, Q~ Q, , with i, j, t = 1,...,8,
we get the condition

b4 = 1-4gs.
Similarly, for $0$, Q& we get, using (18),

c~ = v{4 Sa~) . (19)
In the next order (1V), the coefficient of trA.,trP' does not contribute for the octet currents. The coefficient
of tr@'trP'X~ is identically zero by condition (19). Now equating to zero the coefficient of P, P,. P, P P„
(i, j, l, m, n= 1, ...,8), we get

b, = z'(-10a, +Ga, +12) .
The vanishing of the remaining term gives

=3&5= S&6

(20)

We will now look at the explicit expression for the amplitudes. Because of the relations (18)-(21)it is
possible to express the amplitudes in terms of only two parameters, namely a, and p, . They will be fixed
keeping in mind the purpose of retaining as much as possible the spirit of algebraic duality.

VFe treat all particles as incoming and use the metric g» =g» =gss = -j., g44 = 1. g g is the symmetrized
trace introduced in (4).

—,'f'Xr(X, X, A.,A~)[2(s„+s~)-a,(s„+s„+s ) —m'(4-3a, )]
distinct pemIIItations

—~am'f'(4- Sa,)[trz, X r(X, X, X,)+trX, gr(X, X, X,)+trX. gr(X, Z, X,)+try, it;&(y, y, g, )] .
The six-point amplitude has one contact, term plus the contribution from tree diagrams. For the com-

putation of this last part we refer to the techniques and notation in Ref. 4, particularly to relation (AG).
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Here extra care is needed hect. se the propagator for the exchange of a singlet is different from that of an
octet member.

Allowing only octet members in the external legs, we have

&,(tree) = —~r f' Q Kr(x, x, x, x, x, q) ((s„,—m') '[2(s„+s„)-a,(s„+s~+s„)-m'(4-3a, )]
distinct permutations

x [2(s„+s,~) —a, (s„,+ s,~+ s„~)—m'(4 —sa, )]

+ (s„,—m') '[2( s~ +,s„)- a,{ s„+„s+gs, ) - m'(4 - 3&s)l

x [2(s,~+ s~.) —a,(s,~+ s~. + s„)—m'(4 —sa, )]

+{,, m )- [2(s„+s„}-s,(s„+s„+s„)-m'(4-3a,)]
x[2(sy + sag) cs(spy+ s~y+syy} —m (4 sss)]]'

+ ~~, f'Q Q —',g r(A.,X, X,)g r(hq A., X,)( s.„-m') '
fX$ ar, l(r

[2(s~g+ sp~) —ss(s~g + saic + sgq) m (4 3sg)][2(sge+ spy) ss(sag + st +st�}™(ss)]

-+f'g gr(x. x, x,)gr(x, x, x,)(s„,—m, ') '(4-3s, )'
$xJ

x (s ~+s~g+sg~ —2m —mo )(s~e+s@g+sgl 2m mo )p (23)

where X indicates a given set of three indices (for example a, 5, c) and F is the complement (d, e, f). The
symbol P~r» means sum over all possible permutations of a, 5, c and d, e, f within each set Fin.ally,

g(x» indicates the sum over differen. sets of three indices.

A, (contact)= —r'rf' g Xr:,x.:, x, X, x, x-.~)
distinct permutations

20~ (s~p~ + sp~g + s~gq)+ 8(Q 1)(sory spy sag spy + sgy sag)

g 05(s~g~+s~M+ s~y~ +s~py+s~g+ 8~8+ ~gl + egg+ gay+ q~y) + m ( + cs Ocg))

-+~m'f'(4-3s, )'g 2:r(X.X, X,)xr(~, ~, z,).
fx)

(24)

Vfe find that the best choice is a, = a, = O. First and most important, this is the only way to eliminate de-

pendence on Mandelstam variables associated with exotic quantum numbers. Note that the function multi-

plying one -symmetrized trace contains only Mandelstam variables corresponding to that permutation. Fur-
thermore, the coefficient of the product of two traces does not contain terms mixing indices of the two sets.

In the amplitudes considered we still have a part which is a sum of terms, each one associated with a
distinct permutation, and the factor multiplying the symmetrized trace in each one satisfies Adler's con-

dition independently. The whole part that breaks algebraic duality exhibits Adler's zeros because the rest
of the amplitude does and we have imposed PCAC; it does not have exotic dependence, but the terms in it
cannot be put in correspondence to distinct permutations of the external legs. Looking at the resulting ex-
pression for the Lagrangian we can see that

——,tr[p, (Q)]=, tr{M+M )

up to sixth order, as was true in the degenerate case.'
As a final comment we want to explain why we did, not use a model with only the octet of pseudoscalar

mesons as a way to bypass the problem of the degeneracy of the whole nonet. This is inconsistent in gen-

eral, because even if one restricts the transformations to SU(3) rather than the full U(3), the trace of

5„Q is, in general, different from ze'ro The condition . 5„Q= 0 implies M =s"~~,9 which produ'ces a strong

dependence on exotic-channel variables.
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Errata

Brans-Dicke Theory Under a Transformation of Units
and the Three Tests, R. E. Morganstern [Phys. Rev.
D 3, 2946 (19V1)]. The third term on the right-
hand side of Eg. (Va) should contain a factor of —,'.
General Properties of q-Number Schwinger Terms,
Susumu Okubo [Phys. Rev. D 3, 409 (1971)]. Equa-
tion (1.6) should read

(1.6)

Note that the change is a plus sign instead of a
minus.

Three-Body Problems in the Amado Model, Y. Avishai
[Phys. Rev. D 3, 3232 (1971)]. The following paper
is to be added to Ref. 1 in the original paper: J. H.
Hetherington and L. H. Schick, Phys. Hev. 137,
8935 (1965).


