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If the electromagnetic interactions are invariant under charge conjugation, C, then singlet
positronium (Ps) can only decay into an even number of photons, while triplet Ps can only
decay into an odd number of photons. In this paper we consider a model Hamiltonian which
violates C invariance but conserves parity. If A, is the coupling constant in the proposed C-
noninvariant interaction, then the branching ratio of the forbidden decay, 1 S& 4y, to the
allowed decay, 13$& Sy, has been found to be E&&=1.2&& 10 A, .

An experimental upper limit on Ez/ would provide a novel check of C invariance in electro-
magnetic interactions, and would also yield new information on the ee pyyy interaction. At
present, indirect limits on I'&4& show it to be less than about 10 ~. We are now working on an
experiment which is designed to reduce this upper limit to 10 -10 . If successful, it will
subject the proposed interaction, or any similar interaction leading to 1 S& 4y, to a strin-
gent test. An outline of the experiment is included in this paper.

I. INTRODUCTION

We consider, in this note, a new test for charge-
conjugation (C) invariance in electromagnetic in-
teractions. If the electromagnetic interactions are
invariant under charge conjugation, then singlet
positronium (Ps), 'Sc, can only decay into an even
number of photons, while triplet Ps, Sy can only
decay into an odd number of photons. '

We have studied the decay '$, -4y for ground-
state Ps, 1'S,. Hereafter 'S and 'S will refer only
to 1'$, and 1'S,. As 'S has spin 1, it cannot decay
into two photons' even if t"-noninvariant interac-
tions are present. Thus the minimum number of
photons that '$ can decay into, via a C-noninvari-
ant interaction, is four.

The main motivation for considering such an
interaction is that very little is known about the
ee yyyy interaction. In addition, past experience,
at least with the weak interactions, shows that
symmetries under parity (P), C, or CP cannot be
taken for granted. It has been fruitful to check
the invariances under these operations under wide-
ly different conditions. Current limits which can
be set on 'S -4y are quite poor. They will be dis-
cussed in Sec. II.

A secondary consideration is that a large viola-
tion of C invariance in electromagnetic interac-
tions is a possible cause of the CP-noninvariant
decay mode of the K,' meson, i.e., K,'-~'+7I-.

II. A PROPOSED C-NONINVARIANT INTERACTION

We consider here models in which an ep yyyy
interaction violates C invariance. We could of
course start with eg yy or ee yyy violating C in-
variance. However, these C -noninvariant terms

contain several derivative couplings and hence
one would expect them to lead to a small decay
rate. Further, there is already an upper bound on
these interactions, from the experiments per-
formed by Mills and Berko' who investigated the
decay mode '$ - Sy. The only interaction one can
write with the minimum number of derivatives is

II; = 8e 8 p&F F F"'F„,,
m~

where pe = pyag and A. is the coupling constant on
which we hope to set new upper limits. The other
symbols have their usual meanings and we have
set 8=@=1and e'=4ru. For Ps decay it is suffi-
cient to consider the nonrelativistic limit, and
this leads to, after contracting the ee state,

JI,=, ( 2tM)o -(E x. H)(~E' ff'), —

where M, the mass of Ps, is about 2m„o is the
Pauli spinor, and E and H represent the electric
and magnetic fields in the interaction.

The interaction given in Eq. (1) conserves P and
violates {.invariance. Using it, one can calculate
the lifetime against $ -4y in the usual manner.
This gives

(2)

1 3 l((0) I' d'k, d'k, d'k, d'k,
Tr 4 4t(271) 16(d&&02(03(d&

x ly l'd'(P —k, —k, —k, —k,),
(s)

where q(0) is the Ps wave function evaluated at
y = 0; &„..., &4 represent the y energies; k» ..., k4
their four-momenta; and P is the four-momentum
of the Ps. Finally, lyl' is the square of the ma-
trix element averaged over the initial polarization
and summed over the final states. It is given by
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(4)

+4y
=1.2 x10-'y'

R yT-
(6)

A direct upper limit on A. results from compari-
son of the theoretical and measured values of g'Ty,

which are4' E'r&=7.21x10' and " Jt'r&,„„=(V.34
+ 0.11)x10'. Even if all the 4y events in the exper-
iment were interpreted as Sy events, a A. of about
50 would be necessary before the increased decay
rate would be detected. Finally, we note that the
C-noninvariant process '$ - Sy has a branching
ratio' of less than 2.8 x10 '. This experimental
result sets an upper limit on A., which a very
rough estimate gives as A. =n '=10'.

It is seen that a substantial reduction in the cur-
rent upper limit on I'Ty is necessary if the C non-
invariance postulated in Eq. (1), or any similar
interaction leading to $4y, is to be subjected
to a stringent test.

We will now show that, by direct observation
of the 4y events, it should be possible to detect
A, , even if X is only of the order of unity. The ba-
sis of this conclusion will be discussed in the con-
text of a specific experiment currently underway
at our laboratory.

On doing the integration in Eq. (3), one obtains

A~y= —=88K sec4 1 2
T

T

Thus, since R'T, the allowed 'S-Sy decay rate,
is about 7&&10' sec ', the C-noninvariant to C-in-
variant branching ratio, defined as I'Ty, is

(b) A y detection system, DS. This system de-
tects the emitted y's and rejects all events in
which any one of the four y's does not appear with-
in a preset singles energy window, ~g„or in
which the sum of the four energies is not within
an add window, LF.„, centered at 1022 keV, the
mass of Ps.

(c) A y anticoincidence arrangement, AC, which
also serves to determine the time between Ps for-
mation and triplet decay (Tr). It will henceforth
be called the anticoincidence-timing or ACT sys-
tem.

We now discuss the experiment in a more speci-
fic manner.

(a) Positron source, 0. 2 mCi of Na~ . The
prompt 1270-keV nuclear y emitted with each posi-
tron will be used for both anticoincidence and tim-
ing purposes. The source strength is limited by
timing effects in the ACT system and by pulse
pileup in the DS system.

(b) Ps formation. The source is at the center
of a 2-cm diameter thin-walled hollow plastic
sphere. The sphere is filled with MgO or Al, O, in
the form of a fine-grained powder of bulk density
about 0.1. Roughly 30% of the positrons which en-

III. THE EXPERIMENTAL METHOD

1. General Outline

We propose to detect the decay '$-4y by form-
ing Ps in a small spatial region, and locating four
identical y detectors at the corners of a tetrahe-
dron centered on the Ps source (Figs. 1 and 2). If
simultaneous counts are recorded in all counters,
we have a possible C-noninvariant event. Four
simultaneous counts can occur in many ways other
than through '$-4y. We call all such events
"noise. " In order to suppress noise and to posi-
tively identify the forbidden decay, we must intro-
duce several auxiliary systems. They are:

(a) A Pb collimator on each detector to mini-
mize counter -counter backscattering.

FIG. l. A schematic diagram of the proposed
experiment as cut through one plane.
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FIG. 2. The plan of the counter arrangement
proposed to detect the decay 3S 4y.

ter the powder form Ps. It has been demonstrat-
ed'~'~'~b~ that if the individual grains are less than
about SOO A in size, up to 95% of the triplet Ps
formed escapes from the grain before being picked
off, i.e., before the positron annihilates with a
lattice electron of opposite spin. The Ps then re-
mains within the intergrain space, annihilating
with almost its vacuum lifetime if the sphere is
evacuated or flooded with an inert gas such as ar-
gon. This technique has the obvious advantages
of simplicity, and an approximation to point geom-
etry as compared to the usual method of Ps forma-
tion in gas at high pressure.

(c}DS system. The y detectors are 4-in. x4-in.
NaI crystals, each subtending a solid angle of
b.Q/4&= 0.025 at the source. This upper limit on

LQ arises because conservation of momentum re-
quires that the three y's from triplet decay lie in
a plane containing the source. Such a plane can-
not be passed through any three counters if AQ/4»
s 0.025. The probability of thx'ee simultaneous
counts, a major source of noise when coupled to
a fourth random pulse, is therefore much reduced.
The kinematically allowed singles energies are
50-375 keV. The singles window will be set to
about this opening, while the add window will be
about 50 keV wide We anticipate a fourfold-coin-
cidence time resolution, T„, of 10-20 nsec at the
above singles energies. A fourfold coincidence
satisfying ~8 and ~„criteria will be called a
DS "event. " The singles y rate, Si', ~, will be 2
x105,cps; high, but manageable.

(d) Colllmator. A 5-mm thick Pb collimator
placed as in Fig. 1.

(e) ACT system. This system consists of six
large blocks of plastic scintillator positioned as
in Fig. 1. The T part of ACT is triggered, with
about 80% probability, by the prompt Na" y. The
AC system vetoes all DS events if it is activated
after the T = 0 trigger but before reset at about
T~= v~, the triylet lifetime.

2. Absolute Signal Rate, R g
To within a factor of 2, g~~& is given by the ex-

pression

Rr"= FpFoEFDcFrR, (&)

where
E&=fraction of emitted positrons which form

ss.
FDE = DS y-detection efficiency = (y efficiency/

counter)4= 0.5.
ED~= fraction of $4y decays which enter our

counters. It has been computed on the assumption
that the matrix elements are constant, i.e., on the
basis of pure phase-space restrictions. The re-
sult (Appendix A) is that Foc =4.4(AQ/4w)'. This
use of pure phase space should give a conserva-
tive estimate of ED&.

R = source decay rate into positrons.
Several small losses which reduce 5i',~~" by about

a factor of 2 have not been included in Eq. (7).
Finally then, we have, for the parameters listed,

R'„~=10'F4~/day.

This may be taken as a conservative estimate of
the absolute counting rate, which would be 12
counts/day for X= 1.

3. Sources of Noise

The noise rate B„is defined as the total rate of
DS events not due to '5-4y. The signal-to-noise
ratio, R~~/R», is designated as Q. Contributions
to R„.are of two general types: (a) events due to
four simultaneous correlated pulses; (b) events
due to four simultaneous pulses in the DS of which
two or more are uncorrelated. The most serious
of the noise sources are

(a) Correlated pmlses:
(1) 'S-4y, 'S-5y, e'+e--4y, &y.

(2) 'S-'S followed by 'S-4y. Triplet-singlet
conversion could be induced by Ps-powder colli-
sions, or by the presence of a paramagnetic gas
such as 02 in the intergrain space.

(S) 'S+e--4y. This is "pickoff" (Sec. I}.
(4) 'S Sy, y+e--e-+y+y. One of the triplet

y's undergoes double Compton scattering (DCS),
most likely in the powder.

(b) Uncorrelated or partially correlated pglses:
(1) Four simultaneous, but uncorrelated, pulses

due. to y's, phototube da.rk noise, ete.
(2) Processes involving two correlated y's from

either p'+p--2y or 9-2y, together with two
uncorx'elated y's.

(S) 'S- Sy plus one uncorrelated y from either
Na' recoil. (1270 keV), direct annihilation (511
keV), or singlet Ps decay (511 keV).

(4) 'S - Sy, 'S -Sy. Two triplets decaying with-
in 2T„of each other, with four of the six y's strik-
ing detectors.

The results of our investigations of these noise
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sources are summarized below.
(a) Correlated pulses:
(la) -(Sa) The over-all branching ratios for all

decays into four or five y's, are estimated to be
lower than 10 ' (Appendix B). In addition, all of
the 4y processes have vanishing matrix elements
if the decay is required to have tetrahedral sym-
metry (Appendix C).

(4a) The cross section' for DCS has been evalu-
ated for our arrangement. ' About 3 in 10' y's
undergo ordinary small-angle Compton scattering
(CS) in the powder, while 5 in 10' undergo a DCS
consistent with geometric and DS energy con-
straints. Using this ratio, it is straightforward
to show that Q(4a) = 8 x10 (~Q/4v) 'E'& or Q(4a)
= 3 at F4,&=10-'.

Many other sources of correlated pulses have
been considered, however, only (4a) is important
at F,'~= 10-'

(b) Uncorrelated or partially correlated pulses:
(lb) and (2b) These events are proportional to

(RsT„)' and (RsT„)', respectively, and are com-
pletely negligible.

(Sb) If the fourth pulse is source-related, con-
sideration of the probable energy loss of CS y's,
photopeak fractions of the various y's, etc. , shows
that roughly 8% of the events satisfy DS require-
ments. Note, however, that almost every y not
originating in triplet decay has an energy of 511
or 1270 keV and has two prompt y's associated
with it. These extra y's are recorded by ACT
with (90-95)% probability each, and either or
both cause a veto. Thus Q(Sb) is increased by an
average factor of 200, so that Q(8b) = 9 x 10' Er4&.

(4b) The rate of y pairs from 'S entering two
specific counters, with energies in the range AF. 8,
is Rr~=6 (AQ/4v)' FP,R. The rate of fourfold trip-
let-triplet coincidence is therefore (SR'g)(2TQ'r}.
This is reduced a factor of 30 by the DS add re-
quirement, and a factor of 2000 by the AC condi-
tions on the two extra triplet y's and the extra y
at 1270 keV. The final result is Q(4b) =4 x10'F4r~,
making it the largest source of partially correlat-
ed noise.

The total signal-to-noise ratio is

1 1 1 5 x10-'
q q(la) Q(4b} F,''

The above calculations have of necessity been ap-
proximate; however, the results are quite con-
servative.

4. Systematic Tests

If an effect is present at such a level that Q is
somewhat larger than unity, systematic checks
are not of crucial importance, since Q can be pre-
dicted to within a factor of 2 or 3 for a given A..

For Q consistent with X= 0, however, it is of im-
portance to set the best possible upper limit on ~.
Many systematic noise tests are possible. Some
of these include (a) increasing the counter solid
angles to test the effect of geometry in suppress-
ing Sy coincidences, (b) increasing the powder
thickness to evaluate the contribution of DCS and
CS, (c) a 1-2-kG magnetic field at the source to
quench the m = 0 triplet decay without changing
other parameters, and (d) a delayed-coincidence
requirement for DS events based on the ACT trig-
ger. This permits the monitoring of prompt cor-
related decays such as $4y. These and other
systematic tests should prove ample to identify
and check the various components of R„as well
as any observed positive effect.

IV. CONCLUSION

We have calculated the 4y to 3y branching ratio
of ground-state triplet Ps, on the assumption of
a specific C-noninvariant interaction to drive the
4y decay. The branching ratio, defined as F~&,
is given by 1.2x10 'X', where A, is the coupling
constant of the interaction.

We have also discussed the feasibility of a strin-
gent experimental test of the theory. We conclude
that if F~& is greater than a few parts in 10', it
should be observable. Work on the experiment
described is now underway.
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APPENDIX A: CALCULATION OF FDg

The quantity FD~ is defined as the probability
that each of the four photons from an arbitrary
'$-4y decay enters a different detector. A con-
servative estimate of FD~ may be obtained by eval-
uating the invariant phase space open to the decay,
under the assumption that the |."-noninvariant ma-
trix element is constant. Our detectors are taken
to have equal solid angles AQ, and their centers
are to be placed at each of the vertices of a tetra-
hedron centered on the Ps source.

The fraction of '$ - 4y decays into this configur-
ation is equal to the ratio of the probability for 4y
decays constrained to hit. the detectors to the total
probability for 4y decay. When the matrix ele-
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ment for this decay is taken to be constant, this
ratio of probabilities becomes simply the ratio
of the phase spaces available in each case. ' In
other words,

d kx d k2 d ks d k4
Dc C

p 0 kg (d2 (d3 COg

x 5 (P —k, —k, —k, —k~) . (Al)

APPENDIX B: ESTIMATES OF THE S ~ 47,
S~ 5y BRANCHING RATIOS

Let us consider the branching ratio

Rate('S - 4y)/Rate('S - 2y) .
Since Ps is neutral, each emission of a photon in-
volves E„„and gives a phase-space factor (k„a)'
for each photon in the rate, Here a = A.,=k/moc
and k„ is the average wave number of the decay
y's. For an n-photon process, k„=2/nX, so k„a
= 2/n. Thus the ratio of the matrix elements is
(n/v)(k, a)'/(K, a)', or"

ft('S - 4y) n '(k,a)'
ft('S - 2y) ~ (k,a)' (B1)

The integration is executed over the solid angle
and momentum range consistent with hitting all
four detectors. The constant C is the inverse of
the total available phase space for 4y decay, i.e.,

C
d'k, d'k, d'k, d k

5 (P —k, -k, —k, —k ) =1.
4~ CO& 602 (d3 M4

(A2)

The integral in (A2) is over all allowed solid an-
gles and momenta; it gives the result C =6/v'M'.
After numerically evaluating the integral in (Al),
Fnc turns out to be 4.4(aQ/4s)' for nQ/4v «1.

The approximation of taking constant matrix ele-
ments should give a conservative result here,
since it weights all decay configurations equally.
In fact, many such configurations are not allowed
if momentum and energy are conserved.

Similarly ft( S - 5y)/p( S- Sy) = 4 x 10

APPENDIX C: PROOF THAT S~ 4y IS FORBIDDEN
FOR A DECAY WITH TETRAHEDRAL SYMMETRY

We show here that the '9-4y decay is forbidden
for a final state in which the four photon momenta
come out towards the four corners of a tetrahe-
dron. The Ps is taken to be at the center of the
tetrahedron. Since 'S is completely rotationally
invariant, the four y's must be also. The photons
can be designated by their polarization. We will
designate the right-circularly polarized and left-
circularly polarized photons by R and L, respec-
tively. In Fig. 2 we show the plan of a tetrahedron.
The corners are labeled 1, 2, 3, and 4 and we
shall refer to the final state by the polarizations
of the various photons. Thus RRLR means that
the photons in counters 1, 2, and 4 are right-
circularly polarized and the photon in counter 3
is left-circularly polarized.

First consider the state RRRR. Take a line
joining the center of the tetrahedron and the corn-
er 1, and then rotate through 120'. This gives the
same configuration, but the state is multiplied by
|."'~', because of photon 1 (photon 2- 3-4-2).
The initial state, however, remains the same,
and hence such a configuration is forbidden. Ex-
actly the same argument can be applied to LRRR,
which under rotation picks up a factor of e '" '.
Thus we have accounted for RLRR, RRLR, and

RRRL. Lastly consider RRLL. Let lines join
counters 1 and 2 and counters 3 and 4. Take the
midpoints of these lines and draw a line connect-
ing them. Rotating through 90' about this axis,
and reflecting it about a plane perpendicular to
the axis, brings it back to the state RRLL. One
can show by explicitly performing these operations,
using a definite set of polarization vectors, that
the state goes into itself with a phase of +1. But
the initial state is of odd parity and changes sign.
Thus this state is not allowed. This result is an
extension of a theorem of Fumi and Wolfenstein. "
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Constructing potentials from the phase shifts at a given energy yields an infinity of equiv-
alent solutions. The deviations of these solutions from each other can, however, be ana-
lyzed according to a priori limitations on the derivatives and other features of 'acceptable"
potentials. A sketch of this analysis is given together with a numerical comparison of usual
potential forms with the equivalent potentials obtained through Newton's method. The ob-
served deviation gives an appraisal of the deviations from each other of all the equivalent
potentials with similar bounds on the derivatives. The deviation is small when there are
many phase shifts available, all of them definitely smaller than x/2. For a static potential
these conditions can be met for high energies.

We study the elastic scattering of a particle obey-
ing the Schrodinger equation with a spherically
symmetric potential, at an energy E=R'k'/2m, m
being the reduced mass and k being the linear mo-
mentum. The "inverse problem" deals with the
construction of the potential from the phase shifts.
We therefore assume that the phase shifts have
already been derived from the cross section —not
a trivial assumption. ' Once the phase shifts are
known, many theoretical papers give us formal
ways of obtaining the potential.

The seemingly simplest method is to use the
JWKB formula for the phase shift, which yields 6,
as a Riemann-Liouville transform of a function as-
sociated with the potential and therefore reduces
this step of the inverse problem to solving an Abel
integral equation. This situation has been encoun-
tered a long time ago in other inverse problems,
going from the Wiechert-Herglotz-Bateman method
in seismology' to well-known results in spectro-
metric measurements. ' In quantum mechanics it
has been used by several authors. ' However, some
steps of the method are questionable as regards
the problem studied in the present paper. Actually,
the interest of such a method does not really re-
side in solving the inverse problem, but in reduc-
ing the computing time for obtaining a potential
which fits the phase shifts; it does not give any in-
formation on how far from this potential may be

other potentials fitting the same set of phase shifts.
In short, it extracts from the phase shifts very
much biased information. So does the computer'
when, working by trial and error, it fits the phase
shifts by matching three parameters in a Woods-
Saxon potential.

However, the main interest of solving the inverse
problem by inverse methods (viz. , by methods
which are not trial and error ones), is to obtain an
evaluation of the amount of information contained
in the scattering amplitude. Now we know, from
the formal methods of Regge, ' Newton, ' Sabatier, '
and Loeffel, ' that an infinity of potentials corres-
ponds to a given set of phase shifts. The "Regge-
Loeffel" methods' are not suitable for computation,
nor is the Martin- Targonski method, ' which is of
physical interest because it deals with generalized
Yukawa potentials.

On the other hand, the so-called" Newton-Saba-
tier methods are easy to handle on a computer, but
one has first to answer the following fundamental
question: Let us take for granted that the "physical
properties" of the potential can be mathematically
expressed through bounds on the derivatives. Then,
if a potential is constructed from its phase shifts
by one of the above methods, how different can the
result be from the original potential?

There are two complementary ways of answering
this question. The first is to define for the problem


