
SCALAR-CONFORMAL DERIVATIVES AND. . . 1193

duces the SCD prescription to the usual form.
In the breaking of the nonlinear realization of

chiral symmetry we have obtained the mass rela-
tion m„=-2am„where z is the normalization one
chooses for the chiral covariant derivative. A.s
long as the chiral-symmetry-breaking term trans-
forms as a (—,', —', ) representation of SU(2) xSU(2),
this mass relation is independent of the particular
nonlinear chiral variation of the m field. The mass

relation will depend only on the scale dimension of
the chira1-breaking term.
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SIf partial conservation of axial-vector current is used
on Eq. (42), as done by Isham et al ., one finds that e&(y)
=I' ~, where I'

~ is the pion decay constant. Not knowing
(p), then another relation is necessary to determine ez.
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We discuss a possible scheme of introducing electromagnetic currents in the dual-reso-
nance model in such a way as to maintain duality in many-photon amplitudes. It turns out
that the currents build up a pair of trajectories (Pomeranchukon-like and photon-like) with
intercept one. A more specific ansatz for the current vertex gives generalized p -dominance
form factors and a scaling behavior of the inelastic structure function v%2.

I. INTRODUCTION

The problem of electromagnetic interaction (and
other external perturbations) in the dual-resonance
model remains an unsolved theoretical question in
spite of numerous papers written on the subject. '
This is because several independent difficulties
stand in our way, as may be summarized as fol-
lows.

(a) Lack of factorization property for arbiter'ary
external momenta of a dual amplitude. The best
way to interpret the dynamical content of the Vene-
ziano model would be in terrors of the Lagrangian
formulation, which leads to a natural factorization
property. ' This method, however, has always had
trouble with the trajectory intercepts. The set of
four-dimensional harmonic oscillators ("rubber
string" or "rubber band") enables one to reproduce

self-dual amplitudes only when the intercept is 1.
Otherwise one is led to introduce extra scalar os-
cillators in an ad hoc and clumsy way. But even
this ceases to work when the external masses are
allowed to vary individually, as the coupling of the
scalar modes has a nonfactorizable mass depen-
dence.

(b) Problem of gauge incariance. The Lagran-
gian formulation again is the most convenient way
of discussing gauge invariance and current conser-
vation. Because the four-dimensional harmonic os-
cillators may be interpreted as the coordinates of
a rubber string, it is easy to write down a gauge
principle for them. But the scalar modes do not
admit such a natural treatment. In fact, their pres-
ence seems to be in general incompatible with
gauge invariance, the reason being that the current
vertex refuses to vanish even for a pure scalar
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mode excitation (0-0 transition) on the photon mass
shell.

(c) Eorm factors. The electromagnetic current
of a string is not uniquely defined, owing to the
freedom of arbitrarily distributing the charge over
it. But any reasonable distribution leads to a Gaus-
sian form factor typical of harmonic oscillators.
Such a form factor may be reasonable for a com-
plex system when the wavelength is not small com-
pared to the size of the system; but the actual
nucleon form factors are certainly not of this type.
Analytically it is undesirable and would be cata-
strophic in the timelike region. As an alternative,
the vector-meson-dominance type is generally
favored, but the problem of securing current con-
servation is not trivial.

The purpose of the present paper is to propose a
scheme which seems to resolve these difficulties
to a large extent. We will consider a hadron sys-
tem described by a specific Lagrangian with an
electromagnetic interaction only. Thus we are con-
sidering processes of the type

currents in the Lagrangian formulation of duality.
The dynamical variables are the Minkowski coordi-
nates Z "(g ) of the medium labeled by a pair of in-
ternal coordinates (t, f') = (v, $), where r plays
the role of an internal time. The free Lagrangian
of the system is'

The metric here is (+ ——-) and (+-) for the ex-
ternal and the internal space, respectively. As
usual, however, we work effectively in Euclidean
spaces for actual calculational purposes.

Let us assume that there is a conserved current
J"(g, Z(g)} in the internal 2-space:

sJ"/8 g
"=0 .

J"may or may not actually depend on Z". We can
then construct a conserved current j"(x) in the ex-
ternal 4-space':

hadron+ ny hadron+ n'y

going through the assumed hadronic states (input
trajectories). The y's may be virtual. The duality
will induce in the crossed channels,

hadron pair+ny- n'y,

new resonances (output trajectories) which are dif-
ferent from the input. The input trajectories are
the standard ones in the Veneziano model, having
an arbitrary leading intercept and a fixed slope (-I
GeV '}. But we find that the output trajectories
must have a leading intercept unity, though the
slope might be in general arbitrary. They are
naturally divided into two classes of exchange-de-
generate trajectories with opposite C (charge con-
jugation) properties. In particular, the parent tra-
jectory will consist of what we may call a photon-
like (odd C) trajectory and a Pomeranchukon-like
(even C) trajectory.

We still have a considerable degree of arbitrari-
ness in the choice of the current vertex. This en-
ables one to adopt, as an example, a vertex of the
vector-dominance type, which in addition satisfies
the scaling law for the structure function vW, in
the deep-inelastic region. Moreover, if the p (or
cu) meson (intercept=-, } couples to the vertex, the

slope of the output trajectories comes out to be —,'.
There remain some characteristic difficulties

and problems, such as the spurious poles and an
abnormal behavior of the function TV, .

II. CONSERVED CURRENTS

IN THE DUAL LAGRANGIAN

We begin by a general discussion of conserved

&"6„Z"54(Z-g)d'g.

Its divergence,

s~ j"(x)= s„(J"Z~)s„6'(Z-x)d'g

= —
I s. Iz "d(z-x)]d'g,

will be zero provided that the boundary integral is
zero, in particular, if

(4)

J'(~, (=0)= J'(v, )=m) =0

and

Z'(~ =+~, ])=+~.

There always exists a class of trivial solutions
for such J given by

X ~X
0

goal
t 1 gg0

(6)

L, (g)= J „A,(Z(g)}.

}((g}is an arbitrary field which has fixed values at
E = 0 and m. As a special case we have

~0= f(5),

We can now write down the electromagnetic inter-
action Lagrangian density as

L, (x)= j„(x)A"(x).

As can be seen by taking the action integral
JL;„,d'x, Eq. (8) corresponds to a Lagrangian
density in the internal space
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For this to have no effect for arbitrary A(z) it is
necessary that J have zero normal to the bound-
a,ry, which is in fact satisfied by the choice we
have made in Eqs. (5)-(7).

With the form of J'" given by Eqs. (6) and (7) we
find, respectively, ~

(11a,}

&. (&)=f(() „,A„(Z) (1lb)

Equation (lib) corresponds to a charge distribu-
tion over the string with a weight function f($).
The special case

f(&) = e,5(0)+e,5(v) (12)

is noteworthy because this is.the form of interac-
tion that one assumes for strong vertices, and
also it may be interpreted in terms of quarks lo-
cated at the ends of the string. Moreover, s6ch
an interaction is independent of the internal refer-
ence frame (hence conformally invariant) since the
action integral can be written as

X, = e, ' dz"(0)A„(Z(0)) + e, dz~(v) A„(z(w)) .
(13)

To test gauge invariance we make the replacement
A„(Z)=B„A(z), and obtain

8 8 "A)I Bz)( ~(Z)
8 ci ) (10)

There are a few generalizations one can make
beyond the above formulation, and we will utilize
them later on. First, in writing down the basic
formula (3) it is not necessary that the dynamical
variable Z" be the same as that appearing in Eq.
(1). We could replace it with'

Z"(g) = f D(g, r„')Z~(r')d'r' (14)

Here D(g, g') is a, smearing function invariant under
the time displacement v-~+a, 7'- v'+a. In all
subsequent equations the same replacement may
be made.

This would correspond to a nonlocal distribution
of charge in the internal space, which might arise,
for example, as a result of the radiative (higher-
order) correction to the electromagnetic vertex
due to strong interactions. The effect of such
smearing is different from that which is associa-
ted with the distributed charge over the string.

The third kind of smearing is the more familiar
one, which may be called external smearing. This
is obtained by the substitution

(„(x)-J((x-x)),(x )a x, (15)

where D(x) represents a form factor of the usual
variety.

Finally we will discuss the case where Jm itself
depends on Z". In general, an arbitrary function
J„will not be conserved. However, we dan still
define a conserved current by writing [in a Fourier
decomposition of A„(z)]

eZ" 8 q"
L,~(g) = g„(g,Z~ q') iJ-& —

2
e" A„(q)d''q

Bf 8$

gpssJ„g,— ",' e"' A' d q+ a divergence, (16)

provided that near q' = 0 we have the expansion

~.(k, Z, q') =~.(L) q+'&.'(K, Z)+", 5.~"(l)= o. (17}

Under the substitution A&(q)- q&A(q), Eq. (16) properly reduces to a complete divergence. The condition
(17) is necessary to eliminate the singularity as q'- 0. The q dependence in J'„may be understood to mean

82
Z ((Z, q ) J ((,Z, -„,

operating on A„(Z).
The discussion so far is based on the c-number theory. In going over to the q-number theory, care must

be taken with respect to the ordering of operators to maintain gauge invariance. This may also be done by
first going over to the Hamiltonian and invoking the gauge principle. The relation between Lagrangian and
Hamiltonian, and the corresponding forms of S-matrix expansion are all according to the standard theory,
and will not be elaborated on here.

III. CONSTRUCTION OF DUAL AMPLITUDES

We begin by considering an (%+2)-point dual amplitude A„ for scalar particles. As is well known, it can
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be written in the form

A„= I x 'i' 0 x, 'z' 0 (1—x ) 'i'2 oz(I —x ) 'z'3 ~ ~ ~ (1-h )-"» i'-»
dp

x(1—x,x, ) "i'~- 3(1—x,x,) "2'~ s ~ ~ (i-x„,x„,) "»-z'» 3 ~ ~ ~(1-x,x, ~ x„,) "i'»»dh, dh, ~ dh»,

(18)

corresponding to the multiperipheral configuration
(Fig.1). Here

sq=(p+qi+' ' '+q„})

C„=n„,(0) -2n„,(0)+n„(0), n) 2

n,(0) = 1, n, (0}= -m',
(19)

with

=p,'+ Q(4p„' +'n'x„')
n=1

=P'+ Q a ~„ai„' -=P'- M'+ m, ',
n=1

Z~(i) = gx„„t'osni,

x„„=(2/n)' '(a„q+a"„„),
~

p„„=i(kn)'/'(a„„—a t „), (n a 0).

The condition C„=O determines the intercepts
n„(0) once m' is fixed. In particular, if m' =0,
then

(22)

n„(0)= -n+ 1. (23)

Let us now vary the individual momenta q„..., q~
arbitrarily. Equation (19) must be generalized in

this case, but it can be seen that each vertex co'n-

tributes an extra factor
2

(1-x„,)(1-x„) '"
( )

1 gff 1gg
(24)

m' = q,
' = q,

' = q„'.

n„(0) (n) 2} is the intercept of the n-particle lead-
ing trajectory coupled to n momenta taken out of

(q„q„..., q„). The direct channels (with s»,
s»„...) are a.ssumed to have a different intercept
-~,' because we are going to regard q„..., q& as
external currents.

If all C„'s in Eqs. (19) are zero, A„can be con-
structed from the Lagrangian (1) and an interaction
vertex

&iq Z(K.= ).0 (20)

with the constraint for the free states'

(ff, —m, ')y(p) =(p'-M')y(p) = 0,
(21}1, BZp 8Z BZp BZ

II =— +
0 4+

in Eq. (18). Since this factor reduces to 1 for q

=0, it should be possible to write down a conserved
vector current, instead of a scalar vertex, accord-
ing to the prescription of Sec. I provided that we

can factorize the amplitude. It is indeed possible
to do so by introducing new scalar excitations. But
it looks rather artificial, and besides still seems
to run into trouble with gauge invariance. We will
therefore discuss it in Appendix A, and consider
here the following alternative.

The Hegge behavior of A„with respect to any of
the direct-channel energies s„--~ may be ob-
tained directly from the integrand of Eq. (18) by
setting the corresponding parameter'

x = s-'"-I-P
P„--1/s„.

(26)

I"(q)- I"(q),

(m(F(q)(n) = (m)I'(n) (m (V(n),

(m~ V~n) -(n+ m) (n or m or both -~),

(27)

where n and m stand for the level number.
There is the question whether the modified ver-

tex (27) will not only produce the correct Regge
asymptotic power behavior, but also correct poles
in the crossed channels. The answer is yes. To
see this we observe that these poles arise in Eq.

I

i

I

0 0 I

I

I
I

/
/

/

/
/

pl

FIG. 1. The Inultiperipheral diagram.
The broken lines are external currents.

Equation (24) then reduces to

0 2
~n

iI 2

5 ' ll+i
(26)

For the sake of obtaining the Regge behavior it is
then sufficient to modify the vertex (20) by a mul-
tiplication factor. We will thus postulate the mod-
ification



ELECTROMAGNETIC CURRENTS IN DUAL HADRODYNAMICS 1197

(19) from the divergence of the integral near the

upper end of the appropriate set of variables
fx ). But this is where the expansion (25) becomes
valid, and the singular factors in the integrand
have the correct form to yield poles in the Regge
variable n(t). As for the leading power behavior
of AN, however, the argument would be valid only
if a(t)&-1. For a(t)&1 the integral fails to di-
verge near the upper end, hence it cannot be esti-
mated in this way. In fact we should expect the

presence of terms -s„' corresponding to fixed
poles at ~ = -l, l = 1, 2, ..., in addition to the

moving poles. Some more details of this problem
will be given in Appendix B.

The intercepts of the output (crossed-channel)
trajectories satisfy Eq. (23). Their slopes are all
equal to that of the input hadron trajectory (= 1).
But actually this need not be the case. We could
modify the vertex f'(q) by the substitution

q- q=Wk q (28)

except for the factor which couples to the center-
of-mass motion. This would correspond to a spe-
cial case of the operation (14). The output trajec-
tories then would acquire a slope k.

The price we have to pay for the above-men-
tioned multiplicative modification scheme is that
the factorization property in the crossed channels
seems to get lost because we can no longer go back
to Eq. (18) except when q„'=0. We do not know
whether complete factorization is possible in prin-
ciple within the present framework.

IV. ELECTROMAGNETIC CURRENTS

We will now apply the results of Sec. III to elec-
tromagnetic vertices. The method developed in

Sec. II is applicable in order to secure gauge in-
variance. Consulting Eqs. (16), (20), and (27), we

find the current vertex to be

(mlr~(q)ln& = m:—,I'(q): n (mlU(q)ln&A„, ,
1 sZ"(0)

2
~Pe =8'jfp -CjIQ'ui 0 ~

er„(q)/i„(q) is to be interpreted as the electromag-
netic Lagrangian in the interaction representation.

We are concerned with the changes in the Regge
behavior of the amplitude A„resulting from the

vector character of the vertices. Since each cur-
rent carries spin+I or 0, the function n„(t) no

longer will represent the true leading Regge tra-
jectory coupled to n currents; the latter is given

by

n„(t) = n„(t) + n.

In view of Eq. (23), we then have

d„(0)=1 for all n

(30)

In other words there is a set of exchange-degener-
ate trajectories passing through 1. Even n and odd

n trajectories are even and odd under charge con-
jugation, respectively. It is not clear whether all
even (or odd) a„'s can be regarded a.s a single tra-
jectory, but we are tempted to call B„,„and o.Ddt,

respectively, a Pomeranchukon-like and a photon-
like traj ectory.

Beyond the condition (27), the scalar vertex fac-
tor I" is not uniquely determined at this stage yet.
We will next try to make it more specific. Accord-
ingly we consider the following ansatz:

( l )l &

I'(-,'( + )+p)r( —kq')
r( —,'(n+m)+ P —kq') I (y)

' (32)

the substitution (28) being understood in all other
factors too. Equation (32) has the properties: (a)
For large n+m it produces the required factor in

Eq. (27), (b) it has vector-meson poles in q' at

kq'= y, y+1, ... (33)

as well as zeros which depend on n+ m, (c) for
fixed n+m it has a form factor going like

(kq2) y- 8-{n+m) /2 (34)

and (d) the deep-inelastic electron-hadron cross
section exhibits a scaling behavior.

Only the last statement would require a demon-
stration. We accordingly compute the absorptive
part of the forward virtual Compton amplitude

F„,= g (olr„(-q)l~&(~lr„(q)lo&
mo N~=N

= -A~„W, +( /Im 0)2( AP)q(A P)~W„(35)
where lo) is the ground state of the hadron with mo-
mentum P„. The summation in (35) is over all
states with level number N=(p+ q)' —m, '. '

Using Eq. (29) we find

(38)
2m+&„-—k p (olr(-q)(K~- i+v 2n a~~)l&&(&l(K + ipse 2n a „t)r(q)lo&l(&lvlo&l A

NgN tt n

Kp = 2Pp+ qp.

r(q) only excites oscillators in the direction q. It is therefore clear that the tensors p„p„and g„„come,
respectively, only from K&K„and the contractions (a„„af„).



1198 YOICHIRO NAMBU

We find in this way

m w(N, q') = 2g (olr(-q)l» &&lr(e)lo&,

m w(N, q ) =kQn g (Olr(-q)I» (Air(q)io& &olv(-q)l» &~lv(q)lo&.

From Eqs. (18), (27), and (32) follows then

(37)

m 'w, = 2 g &olr(-q)l» (air(y)lo& (olv(-4f5)IN& (Nl v(q)lo) =
Sg-g I'(N+ 1)1(-2 q') ~I"( ',N+ p--kq')r(y) (38)

In the Regge region N- ~ and fixed q', Eq. (38) be-
haves as -N '-s '. To be more exact,

k N(N 2kq')-
2m -2k '(-2kq +1)

2N»», 2 [r(1 kq')/-r(1)]'
I"(-2kq')

In the "scaling" region we put as usual

-2P.q -2m v0 ~

(39)

(40)

W, (N, q'), (46)
0

as is shown in Appendix C. In the Regge limit
N - ~, q' fixed, W, properly goes like -N'W, -N.
As a special case take the photoabsorption cross
section. From Eqs. (37) and (46), we find in the
limit q'- 0

In this case we have
W, (N, O)=kÃ [W,(N, O)=26g o] (47)

from which the absorption cross section is found
to be

o =2we'm, W/N=8a'ak (o. =+»), (48)

1
4 ~ (42)

f(|45) will then approach C, ~, =0.54 as &u —~. With

this value of y, Eq. (33) gives the relation

N =—f( ), C =4' [ ()], ( )

which shows that N'~' 'f W2=(s-m, ')' ' 'fW2 is a
function of + only. If we demand that W2 behave
as -s ~'~f(cv), we have to choose

in units of the standard trajectory slope =10eV '.
This constant behavior is rather peculiar, but with
k= ~ we get 0 =110 p.b. The agreement with high-
energy y-P data" is interesting.

In the scaling region, on the other hand, we
seem to run into a problem. We get, from Eq.
(46),

(49)
k~' = —', (43)

between k and the mass of the first vector meson.
Taking the p (or u) meson, k is then = —,'. Further,

Put in other words, the

rations

of longitudinal to
transverse cross sections goes as

1.28-x/2 1 2/

f(w)= . (1—5—54=0.54 1 —— (44)
2kN&d

((o-I)'((o-I + 2k)
(50)

2/ -1
vS' -0.27

(d
(45)

This power law agrees with that given by Drell
and Yan. ' Applied formally to the e-P scattering,
Eq. (45) is in rough agreement with the experimen-
tal data. '

Let us now turn to the function 8',. From Eq.
(37) we can derive the following relation:

Here l is the asymptotic power [-(-q) '] of the
ela. stic form factor according to Eq. (34). Equa-
tion (44) implies that the usual function vW, becomes

Equations (49) and (50) are in contradiction with

the e-P data at least for small values of e (or
large -q').

It is to be emphasized that the last difficulty is
independent of the specific ansatz we have made

for t/'. In fact it is not hard to see the underlying
reason. The basic vertex I'(q) couples only to the

.modes parallel to q„. The transverse excitations
come only through the vector factor dZ„/dr. The
nature of r(q) is such that it enhances longitudinal
excitations for large -q'&0. It is therefore not

surprising that 8 should go to infinity in the scal-
ing region. If so, we must regard this result as
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a general property of the dual model. Introduc-
tion of quark spins, for example, would not help
the situation.

Deferring further discussion on this question, we

point out that our model can be generalized to a
charge distribution like Eq. (lib) or (12). The to-
tal current will be a sum of terms coming from
charges localized at different (. One sees easily
that the high-energy behavior is dominated only by
the diagonal terms, i.e. , products of vertices at
the same $. Consequently the W functions become
a sum

W-gs, 2W((, ). (51)

In the case of Eq. (12) (quarks localized at both
ends) we have W(S = 0) = W($ = v)."

V. DISCUSSION

We have described a possible scheme of dualiz-
ing electromagnetic amplitudes. It is well to re-
cognize that some of the results are of more gen-
eral validity than the others. First we note that
duality (and hence Regge behavior) for electromag-
netic processes requires the presence of C-even
and C-odd trajectories passing through one. That
they must coexist and be degenerate is understand-
able if we recall the infrared phenomena; they
would inevitably make the two trajectories indis-
tinguishable.

It is interesting to speculate that the Pomeran-
chukon-like trajectory we have might, in fact, be
the Pomeranchukon that appears in purely had-
ronic processes. Factorization (applied to the
leading trajectory) implies that both even and odd
trajectories can contribute to the latter. Their
coupling strengths to the hadron will be of order 1

instead of e, but they cannot be uniquely determined
from the electromagnetic amplitudes because only
the products of electromagnetic and strong coupling
constants enter there.

We will next turn to the various unsatisfactory
features that we have noted already.

(1} We have not achieved complete factorization
of amplitudes in all channels or configurations.
This arises from the presence of two multiplica-
tive factors V and Z& in the vertex. Thus we can
formulate electromagnetic interaction only in the
direct channels. Whether complete factorization
and gauge invariance are compatible or not is an
open question.

(2) The emergence of n(0) = 1 leading trajecto-
ries naturally invokes the specter of unwanted
poles at kt=0 (spin 1 and 0) and kt= -1 (spin 0}.
However, we first note that the promotion of the
trajectories a„ to n„occurs only through that
part of the vector factor Z& in the vertex I"&, which

belongs to the internal (nWO) modes. The part pro-
portional to the momentum P& does not modify the
internal matrix elements of I'. This means that in
the virtual Compton amplitude the dispersive part
associated with W, does not have those spurious
poles. In the dispersive part of W„on the other
hand, we expect in general spurious poles having
spin Q and even signature, of the form

a(q', q") b(q', q")
kt+1 kt (52)

On the photon mass shell q' = q" = 0, we find
a= -k, b =0. Thus Eq. (52) would not vanish iden-
tically. However, it might be suggested that spin-
0 elementary fields may be introduced in the t
channel to produce counterterms to eliminate these
poles. As we go to many-photon processes, we
will encounter more and more of this kind of prob-
lem. Certainly it is not clear that we can dispose
of them all in a similar way.

(3} As we have remarked already, the W, func-
tion in the scaling region does not behave in the
desirable fashion (i.e. , small R for all e), and
this seems to be a rather general property of the
dual-resonance model. On the other hand, it is by
no means a well established fact that W, does scale
in the e-P scattering. " Thus a more precise de-
termination of W, should be very important as a
crucial test of the present model.

(4) Unitarity and ghosts are a general problem
with the Veneziano model, but we address our-
selves here only to the question of positivity of the
W functions. These functions are constrained to
satisfy the well-known relation

W, 1—v'/q'
W, -Q, —'=, 8 -Q.

2 +

As can be seen from our result, especially Eqs.
(38) and (46), both W, and W, are positive for
-q' &0, and satisfy Eq. (53). On the other hand,
they oscillate in sign in the timelike region q'& Q.
The first time W, changes sign is when 2kq' =2,
beyond which then our result would be unphysical.

(5) Our willingness to take k e 1 creates the prob-
lem that the Compton amplitude grows exponen-
tially for fixed u and large t- -s& Q. Similar ef-
fects will also appear in n-point amplitudes. How-
ever, this could be remedied by suitably modifying
the current vertices.

It must be remarked that the various troubles
associated with dualizing electromagnetic ampli-
tudes may be avoided simply by dropping duality
while still maintaining our basic dynamic picture.
The origin of crossed-channel poles lies in the
singular nature of the vertices, i.e. , the fact they
are local in the internal space. Smearing out the
variable Z" as in Eq. (14) can cause a damping of
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vertices at high energy, and hence the elimination
of both the Regge behavior and the associated
crossed-channel poles. A fized-power behavior
lower than 1 is still possible, but such a solution
does not seem to be supported by the data on high-
energy electromagnetic processes. Qn the other
hand, it can provide a simple scaling function
which very well reproduces the data. '~ (See Appen-
dix C.) Thus the smearing effect may exist as a
correction to the Born approximation we are deal-
ing with.

The quantitative results we obtained in Sec. IV
are based on a rather arbitrary ansatz regarding
the vertex function. But it is conceivable that this
or a similar form might actually follow from a
more elementary physical picture of the dynamics
of electromagnetic interaction. Such a picture
would be necessary for understanding, for example,
the origin of the scaling behavior. A slightly dif-
ferent form of the vertex would not have led to
scaling. The suggestive analogy that exists be-
tween the parton model and the dual-resonance
model still remains to be clarified.

APPENDIX A. AN ALTERNATIVE SCHEME FOR

FACTORIZATION OFF THE MASS SHELL

to the vertex [cf. Eq. (27)], where

1-xy (A2)

One can check easily that the ansatz (Al), when

inserted at each vertex of an amplitude, gives the
desired factor provided that the initial and final
hadron states belong to (n, m} =(0,0). Equation
(A1) is not Hermitian, but it may be said to be
self-adjoint with respect to the operator P which
interchanges the two oscillators:

P~n, m) = ~m, n) . (A3)

A trouble with this scheme is that the peculiar fac-
tor (A1) does not reduce to a C number for q'=0,
in conflict with the gauge-invariance prescription
given by Eqs. (16) and (17).

This is a mathematical trick to produce the fac-
tor (24) and thereby factorize the amplitude (19)
for arbitrary q„'. We introduce a pair of scalar
harmonic oscillators such that a state labelled by
the occupation numbers n and m contributes a term
n+ m to the mass operator M' in Eq. (21), and a
multiplicative factor

(n, m~V~n', m') =C„ i(q') for all n' andm (A1)

1

A(s, t) = x ' '(I -x) ' '(tx
0

e 8 a(8)(t e- ()) - a(t) -1
dp

0

may be evaluated by the method of steepest de-
scent in the limit n(s) —~ .' The maximum of
the integrand occurs at

(Bl)

P, - if n(t)+1&0;n(t)+1
n s (B2a)

hence the Regge behavior
'

p
u(t-) (n(s)~ n(t) (B2b)

Now consider the Breit-Wigner expansion of Eq.
(B1),

where

P(P) 8.(s)dP
, n(s)-N (B3)

&(p)=(I-s ') ""' '=g e "'C (t) (B4)
x=o

E(P) is thus the Laplace transform, or the thermo-
dynamic function to use a more physical term, as-
sociated with the absorptive part of A. For small
P, we have

&(p) p
""' ' (B5)

which produces a leading pole of A at n(t) =0. If
n(t)+1 &O, E(P) diverges at P =0, so that we can
conclude from Eqs. (B4) and (B5) that

~n(t)
( ) p( (t) 1) PP (B6)

without knowing the exact form of F(P). This is
consistent with Eq. (B2).

Suppose we modify C„(t) so that

C~(t) —C„(t)-C„(t)N'.

Obviously we get
l

p(p) - ——&(p) p"""-'
()p

(B7)

(B8)

The amplitude A will then behave like ~n(&)
~

(')"'.
and its leading pole will shift to n(t)= -l. In this
way we can change the Regge behavior by a multi-
plicative modification of the Breit-Wigner residues
as long as that power is & -1.

On the other hand, if n(t) & -1 E(p) converges at

P = 0, so we cannot make an estimate of C„(t) from
P(P). This also means that the real part of the
amplitude goes as

A -P(P = 0)n(s) -', n(s) - -~, (B9)
APPENDIX B. HIGH-ENERGY LIMITS

OF AN AMPLITUDE

The typical 4-point Veneziano amplitude

indicating the presence of fixed poles if E(0)g0.
The same phenomenon will occur as we further
cross negative integers.
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The above analysis can be applied to multi-Regge
limits of an n-point amplitude. The ansatz (27) for
the vertices is seen to have satisfactory properties.
%e also remark that the method of the thermody-
namic average (84) gives an elegant way of refor-
mulating finite-energy sum rules.

APPENDIX C. COMPTON AMPLITUDE

FOR VIRTUAL PHOTONS

First we will derive a relation between 8, and
W, from Eg. (3V). We note that

~,(~, q') = g «II (-e)l» (~ll'(e)10&

(I/2m, )W, (X, q')
[{~l~(e)l0&l'

is the coefficient of x" in (1-x) ' . Then

M,(N, q') =P tv, (K-n, q')
n"-1

(mme)W,
[{XIV(j)(0&]'

is the coefficient of x ln

Q nx"(I -x)'"' = x(1-x)"'

In other words

m, (fi, q') = ce,(N-I, q'-I/O),

(C3)

—=x, ig v 2n—(a„a„)f„. -
n=l

As in Appendix B, we construct the transforms
&,(p), F,(p) of the corresponding e, and su, . We

from which follows Eq. (45). As N- ~, -q'- ~,
we have naturally co,/m, = 2m, ' W,/WP = 0(1).

To see the generality of such a relation we will
consider a vertex I'{q) of the form

exp[iq Z(0)] = exp[iq x, + iq.Q (2/n)'~'(a„+ at)f„],

(C5)

with an arbitrary set of smearing parameters f„
The corresponding dZ/d7 is then

easily find that

F,(p) = exp[-2q'g e "'f„'/n] -=exp[-q'a(P)],

F,(C) =(Z2«-"'f. 'P'. (6) =I "(V)F,(C).

(Cv)

Suppose h(P) has a leading logarithmic behavior
for small P, h(P)-c in{1/iI). Then

F.(P) P"-, Fg(P) (Ca)

From Eq. {86)we see that

I'{-cq'+1) ' ' I"(-cq'+3)

or

u, /u, -{x/q')' - (o',

in agreement with the previous results.
If, on the other hand, h(P) is less singular than

lnP, the normal Regge behavior will be lost. For
example, a form h(P) = c,P+ c,P"', 1 & e & 0, would
make

m, -q'N ' 'ex p[q' A(P)]- qN
' ' exp(Xq'/N+ ~ )~ ~

(C10)
w, -fi 'exp(Xq'/N+ ~ ~ ~ ).

n tv ~ P 80

for real photons. This diverges as f„-1.
ever, it is a subtraction term in the dispersion
relation, and may be fixed by means of the low-
energy theorem.

They have a fixed-power behavior which is lower
than would correspond to the Pomeranchukon dom-
inance, although the leading residue function,
exp(Xq /N) = exp(-A/(0-1), has a nice scaling form.
The rather ad Roc formula W, -CN 'exp(-X/+-I),
which one could obtain by assuming the relation
C„-PE(P), P - I/N [see Eq. (86)] to hold in general,
can fit the 5; data for protons very well in the
range 1.5&+~ 5 with the choice C =0.7, X =1.5. '4

Finally, a word about the contact term in the
Compton amplitude. With the vertex (C5) it is
given by
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The so-calledÃ-matrix method for unitarizing Veneziano amplitudes is analyzed and shown

to consist of proposing models for the differences between inverses of physical partial-wave
amplitudes and the inverses of Veneziano partial-wave amplitudes. A precise formulation

of the method is given, and a detailed analysis is made of the implications of analyticity,
elastic and inelastic unitarity, crossing symmetry, Pomeranchukon exchange, and Regge:
asymptotic behavior. The difficulty of avoiding ghosts within such a framework is discussed,
and the positions and residues of several ghosts present in a unitary model proposed earlier
by Lovelace are given. It is argued that ghosts are likely to be present in a substantial

number of the models for hadronic scattering amplitudes which exist in the literature. From
our detailed discussion of the aforementioned topics, we are led to propose a set of equations

for inverse partial-wave amplitudes whose solutions may afford an accurate description of
rm elastic scattering for center-of-mass energies up to 1 GeV or more. A nuxnerical pI'o-

- cedure for obtaining approximate solutions to the equations is proposed, but the actual compu-

tation of solutions is deferred to a later work.

I. INTRODUCTION

Although formulas of the type proposed by Vene-
ziano' have many features of scattering amplitudes,
they fail to satisfy the relations between real and

imaginary parts of amplitudes implied by unitarity.
As Lovelace2 has pointed out, one way to obtain
unitary amplitudes from the Veneziano formula is

to interpret Veneziano amplitudes as elements of
a K matrix. ' However, a strict E-matrix interpre-
tation of Veneriano amplitudes is not tenable, and

the loose interpretation proposed by Lovelace was
acknowledged' to be inconsistent with crossing
symmetry.

Several authors4 have attempted to improve
agreement between crossing symmetry and unitar-


