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The formal structure of current commutators near the light cone (currents separated by
nearly lightlike distances) is studied for quark models with interactions mediated by
SU(3)x SU(3) singlet vector or scalar mesons. The idea in the end is to abstract the general
structure features, and thereafter to discard the specifics of the underlying model. The
approach adopted here is formal, in the sense that all manipulations are based on caronical
equal-time commutation relations and on the corresponding canonical equations of motion.
The light-cone commutator is expressed in terms of certain bilocal operators and has a

definite tensor and SU(3)x SU(3) structure that forms the heart of the abstraction. The
analysis is greatly facilitated by a theorem which shows that the gluons can be treated in the
external-field approximation for purposes of determining the leading light-cone singularities.
It is an important result that the tensor and SU(3)x SU(3) structure of the light-cone commu-
tator turns out to be the same for the gluon models as for the free-quark model. The
practical implications of this structure, already discussed by Gell-Mann, are therefore
preserved in the gluon model. We review the applications. Some of the delicate points
connected with current conservation are discussed, and it is shown how to write the commu-
tator in a form where current conservation is manifest. We also discuss the structure of
the vacuum matrix elements of the commutator. Finally, we investigate the commutation
relations among the bilocal operators and show that the algebra closes for bilocals defined

on a single lightlike ray. In an Appendix our various results are compared with those ob-
tained by canonical light-cone quantization procedures.

1. INTRODUCTION

Theoretical interest in the properties of current
commutators near the light cone has been greatly
stimulated recently by the striking results of the
SLAC-MIT experiments on deep-inelastic electron
scattering.! In the Bjorken scaling limit the ampli-
tude is controlled by the structure of the electro-
magnetic current commutators near the light cone;
and similarly for deep-inelastic neutrino process-
es, where the weak semileptonic currents come
into play. In varying degrees, parton models and

more abstract considerations based on the algebra
of equal-time current commutators all bear on
this problem of light-cone structure. The current-
algebra®~* and parton-model®*® arguments lead to
certain sum rules on the structure functions of
inelastic lepton-hadron scattering. In the most
popular version, one identifies the partons with
quarks; and for the analysis based on current
algebra, one often adopts the naive equal-time
commutators (ETC) of the gluon-quark model (cur-
rents bilinear in quark fields, strong quark inter-
actions mediated by SU(3)-singlet vector “gluons”).
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To a certain extent the two approaches have led
to identical results; and in no case has any con-
flict arisen. But until now the parton model has
been the more predictive. For example, in the

parton model one obtains the relation®

12[ F?(w) - FT(w)] =[ F{*(0) - F§'(w)],

whereas in the current-algebra approach the cor-
responding equality has so far been established
only for the zeroth moments (integrals over w) of
the above structure functions.’

An inclusive framework for the discussion of
light-cone structure is provided by Wilson’s ideas
on operator-product expansions,® when these are
extended to the light cone.® In particular, Gell-
Mann'® has recently pointed out that all of the
parton-model sum rules can be gotten by abstract-
ing from the free-quark model its tensor and SU(3)
X 8U(3) structure near the light cone. This abstrac-
tion is motivated by the indications from the SLAC-
MIT experiments that the operators appearing in
the light-cone expansion have canonical “dimen-
sions,” i.e., physical dimensions; also by the indi-
cation that 0,/0, may be vanishing in the Bjorken
scale limit. These things are consequences of the
light-cone structure of the free-quark model. On
the othér hand they are known to be incorrect, in
perturbation theory, when nonsuper renormaliza-
ble interactions are switched on.* In this sense,
to quote Gell-Mann, it appears that Nature “reads
the free-field theory books.”

In this paper we consider whether the light-cone
structure of the free-quark model is formally pre-
served when interactions of the neutral vector
gluon sort are switched on. The qualification
“formal” means that, in analyzing the light-cone
structure, we make use of the canonical equal-
time commutation relations and of the formal equa-
tions of motion. As already said, these formal
manipulations are falsified in a renormalized per-
turbation treatment of the light-cone structure.
That is, although the formal results would obtain
in a cutoff theory, they would be altered beyond
recognition when the cutoff is removed and renor-
malization carried out. Our idea, however, is to
abstract from the gluon model its formal light-
cone structure, after which we discard the model.
We shall find on the light cone that the tensor and
SU(3)xSU(3) structure of the free-quark model is
preserved in the gluon model; and for the latter
model we shall determine the operators that ap-
pear in the light-cone expansion. These formal
procedures are motivated by the SLAC-MIT re-
sults, which suggest that Nature, whatever else
she does, may not pay too much attention to per-
turbation theory.

In Sec. II we review some general matters per-

taining to the short-distance and light-cone expan-
sion of current commutators. The explicit light-
cone structure of the free-quark model is then ex-
hibited in Sec. III. The problem of preserving
current conservation in the presence of interac-
tions is raised here, in connection with the idea
that the model be discarded, but its abstract light-
cone structure retained for the real world. The
slight modifications that have to be made are dis-
cussed. In Sec. IV we turn to the gluon model.

We show that it is sufficient to treat the gluon as
a c-number field for purposes of determining the
formal light-cone structure. We are thus led to
consider, near the light cone, the Green’s func-
tion for a quark field interacting with an external
gluon field. This problem is solved in closed
form, to all orders in the coupling constant. The
resulting light-cone structure of the current com-
mutators is discussed in Sec. V, along with some
of the implications which follow from this struc-
ture. Finally, in Sec. VI we discuss the light-
cone commutators of the “bilocal” operators that
have appeared in the preceding section.

II. OPERATOR-PRODUCT EXPANSION AT
SHORT AND LIGHTLIKE DISTANCES

A convenient framework for describing the short-
distance behavior of local-operator pairs has been
introduced by Wilson.? The idea is to express the
product (or commutator, say) of the local opera-
tors as an expansion in local operators, with
singular c-number functions as coefficients. Thus,
the commutator of two scalar operators has the
short-distance expansion

[A(x), B(y)] =§) Cu(x = y)(x=—p)H e« (x = y)tin
X6y, G +9)), (1)

where e;:.’ cepgpisa local tensor operator of rank
J,. The singularity of the commutator is contained
in the c-number functions C,(x —y). Wilson sup-
poses that the degree of singularity is determined
by the “dimensions” of the operators A, B, and 6™,
as if scale invariance were a good symmetry.
Operationally this means that for each operator

one can assign a dimension in such a way that C,

is a homogeneous function of (x — y), of degree
-d(C,), i.e.,

C () = (6 = dexy) 4O/ _ (a2 4 ex,) =4 Cn) /2
and
d(cn)=dA+dB —d(e(”)) +Jn . (2)

(Note that we measure dimension in units of mass.)
In a free-field theory, or in an interacting theory
with cutoff, the dimension of an operator is equal
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to its physical dimension, so that, for example,
dlpyl=3, d[$s,p] =4, etc. Since our discussion of
interacting theories is to be formal, we take all
dimensions to be physical.'?

The commutator at short distances receives
dominant contributions only from operators 6"
with dimension d, <d, +ds. Operators with larger
dimension are relevant for the short-distance be-
havior of derivatives of the commutator. In parti-
cular, it is evident that the short-distance expan-
sion is fully specified by the full set of equal-time
commutators

o* = >
(3746 0,5G,0], k=0,1,2,...,

and conversely. For the kth derivative it is the
operators 6™ with d,<d+dp +k that contribute.
We now want to turn to the structure of the com-
mutator near the light cone,® (x — y)®~0. Since
here it is no longer true that all four components
of (x —y) are small, the dominant contributions
will come from operators with d,~J,<d, +dp.
We understand here that J, is the maximum spin
of the operator 6(,,"1). celgpt Evidently it is no long-
er the dimension alone that determines the impor-
tance of an operator near the light cone, but rather
the difference between dimension and spin. We
shall call this quantity the “twist” (7) of an opera-
tor:

Tp=d,—=d,.

Thus, for example, a quark current $ypzp has twist
7=2, as does the operator ¥ (x)y,d,,***3,¥ (x).

J

It is convenient to sum all local operators of equal
twist into a bilocal operator. Thus, with

A=3(x-y), X=3(x+y),
we write the bilocal operator

e(r)(X’A)zzn)Am...A#Jne;’l'znu“(x), (3)

where the sum is over all the local operators e

with common twist 7. In this way we expand the
commutator as a sum over bilocal operators of
different twist

[A(x), B(y)] = T CM(A)67(X, A) . (4)

T

The most singular contributions near the light cone
come-from the bilocal operators with smallest
twist 7, with C‘"(a) ~(a?)~@a*ds=1 /2 Of course
the bilocal operator of lowest twist does not con-
tain the equal-time commutator of A(x) and all its
derivatives with B(y). Only the highest-spin com-
ponent of each of the equal-time commutators is
contained in the most singular term on the light
cone. Conversely, the highest-spin components
of the equal-time commutators completely deter-
mine the lowest-twist operators and, therefore,
the leading light-cone singularity.!* In the follow-
ing discussion we will make much use of this equi
valence between the light-cone structure and the
formal properties of equal-time commutators.

It is instructive to recall what the SLAC-MIT
experiments indicate for the light-cone commuta-
tor structure of electromagnetic currents. What
is measured is the diagonal nucleon matrix ele-
ment of the commutator

Jaxete s (pILasm 3), 5= 20 =20 LB Wi, g )+ . (5)

The evidence! appears to support Bjorken’s scaling hypothe‘sis, according to which g -p W, approaches a
nontrivial limit as —g? -, gq:p -, with w=-¢?/2¢ p fixed; i.e.,

q pWy~mFy(w). (6)
This implies that, near the light cone, the matrix element has the structure'®:!*
2i !
PILTE(3x), JE(~3x] [ p) = ——;e(xo)é(xz)%sl'f dwcos[wx *p] Fy(w) +-++ . (M
0

In turn, this suggests that the commutator has a light-cone expansion dominated by a twist-2 bilocal opera-

tor ©,,(X, A), whose matrix element is

1
(116,00, ) [p)=pyby| dwcos[wx p]Fy(w)++--.
0

(8)

The local operators ©,, 4. . .«,, (0) appearing in the short-distance expansion of the bilocal 6, (0, x) have

matrix elements given by

(B1Ouar. - - cgm O10)= D ububay ** By, o

(Zm)!j‘:ldwwszz(w)‘*'“ . (9)

We may immediately remark that the free-quark model has such a family of twist-2 operators
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O e + o (1) = P (N, By, -+ +8, 9(x) .

I

With respect to isospin, the experiments indicate that the leading light-cone operators have both isoscalar.
and isovector parts. Finally, the experiments are compatible with the vanishing of ¢,/0, in the scaling
limit. This accords with the light-cone tensor structure of the free-quark model.

III. LIGHT-CONE STRUCTURE IN THE FREE-QUARK MODEL

The commutator of two local operators can of course be calculated exactly in a free-field theory. In the

free-quark model, let us define the currents

J4r; %) =P ()L +ryedy, 2 9(x), r=#1, a=0,1,..

., 8, (10)

and abstract the SU(3)xSU(3) and tensor structure of current commutators near the light cone, following
Gell-Mann. In carrying out the computation we encounter the anticommutator {(x), $(y)}=-iS(x —y). Since
the quark mass terms do not affect the leading light-cone singularity, we take

) o
~iS(x=y)~y, 5, D(x-1),
p

D(x) =§1;e(x0)6(x2) .

Then
(7405 ), J50r s 9)] =0, r#r’

and

[T, %), T50r; ] =i fapc 1T, S5 X, A)g o +d5 (0, S5 X, A)g o =I5, S5 X, Mg,y — i€, 55 (r, A; X, A)}

+dop IS0, A; X, D)8, o+ I (7, A; X, A)E o= IS (r, A; X, A)g - we)sJs(r, S; X, A)}

(11)

(12)

1 98
8 a4,

1 9
884,

D(A)

D(A).

(13)

We have defined here the symmetric Hermitian J(S) and antisymmetric anti-Hermitian J(4) bilocal opera-

tors of twist 2:

s B B .
T3{r, 3 %08 ) = AT GIL+77Jy, 2 90) £ TONL 477 2090, (19)
and we have defined X=%(x+y), A=%(x~-19). In terms of local-operator expansions it is evident, for exam-
ple, that
T, SX,A)= D et SOOI (Lo, - T %), (15)
m=0,2,4,...

where 3, 550, -3,.

The idea now is to abstract from the model the
SU(3)x SU(3) and tensor structure in Eq. (13),

relinquishing the specific form of the bilocal opera-

tors given in Eq. (14) and relinquishing also any
use of the free-quark equations of motion. The
temptdtion, that is, is to take the light-cone struc-
ture embodied in Eq. (13) as applying to the real
world, with interactions. Although we cannot then
claim to know the matrix elements of the bilocal
operators appearing in this equation, the tensor
and SU(3)xSU(3) structure is nevertheless pre-
dictive. It allows one to derive all those results
of the (quark) parton model which are independent
of detailed assumptions on the distributions of the

partons in a hadron. We shall enumerate these
results later on, after we have shown that the
light-cone structure of Eq. (13) also obtains in
models with interactions switched on.

However, there is one minor complication that
has to be dealt with before this light-cone struc-
ture can be adopted. One has to ensure that the
leading light-cone behavior is consistent with cur-
rent conservation. In the real world, of course,
all of the SU(3)xXSU(3) currents are in fact not
conserved. But where the symmetry breaking is
due to mass terms in the Lagrangian, as in the
quark-gluon model, one can treat all currents as
conserved insofar as the leading light-cone singu-
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larity is at issue. This is because, formally, the
symmetry breaking will give rise to terms explicit-
ly proportional to the quark-mass matrix, and
these will necessarily have larger twist than the
SU(3)x SU(3)-symmetric operators. Indeed, if we
are going to abstract the SU(3)xSU(3) light-cone
structure of the free-quark model, we must insist
that all the currents be conserved to leading order
on the light cone.

In the (literally) free-quark model, Eq. (13) is
indeed consistent with current conservation, al-
though not manifestly so. To confirm the conserva-
tion properties, we have to make use of the speci-
fics of Eq. (14) and of the equations of motion for
free quarks. To see how this goes, let us write
Eq. (13) in the more compact form

[J40r, ), 5, (r, 9)] = © (X, A)2°D(A), (16)

where the structure of © ;}”w can be inferred from

Eq. (13). Without making any use of equations of

motion, or use of Eq. (14), we can directly verify
that

O, 943°D(a)=©7,88°D(A)=0. %))

To verify current conservation, it is only neces-
sary then to show that
9
— e __~_ad _
ax S 5y, O =0. (18)
Here we make use of Eq. (14) and of the quark

field equation of motion. It is then easy to show
that

s s
aqu‘L< 7, 5% A> aA,,Jg,( 7, 0% A) 0, (19)

2 s S A
aXﬂJa(r A) 8X”Ja ("’A) ~irey aA"Ja<7’s>’

8 (. S\ & [ S 3 A
aA“J"<7’A> aA"J <7’A> zreu,,aX,,J“<r,s>.

(20)

J

9 9
[J'L('r;x),JZ(r;y)]A?> 316(gu”,D, pyor 8x“>( ot Oy =

9 9

- lﬁ(g""' %x " Ox ~ 5T TP

Equation (18) follows readily from Egs. (19) and
(20). But these latter will no longer remain true
when we abstract the light-cone structure to a non-
trivial interacting theory. Indeed, if (8/0X")J,(X, A)
=0 were true, this would imply the existence of

an infinite number of local conserved operators,
with arbitrarily large spins. But this is possible
only in a trivial theory, without interactions.

We propose to overcome this difficulty in the
following way. We stick with the (literally) free-
quark model a while longer, using its equation of
motion to re-express the leading light-cone struc-
ture in a form where current conservation is mani-
fest, without further reference to the equations of
motion. To this end, let us rewrite Eq. (16) in the
form

LTG5 %), % (r; 9)]
"gyp’DAgvu' DADA-Z[eu v'a aD(A)] ’
(21)
where
L
AT oAk o4,

Now define a new bilocal operator © % uvas Such that

Ox [e;;:',aa“D(A)] ©.3°D(A), (22)
where
0,28%D(A) =3°D(A),
(23)

D(a)=(1/6471)e(a,)A%0(A%) .

Since © 1, (X, A) is a power series in A, with local
operators at X as coefficients, this defines é,‘}ﬁa
to be a bilocal operator of the same nature. Using

0, =16[0, 0, - (8, - 8,)(8, +8,)] + 300, — 20,0,

(24)
we can replace Eq. (21) by
LI
ayY By”'
3 3 p'vto
uw =0y Oy~ 5w 57) (O 8 D(A) . (25)

We have added terms which are identically zero in the free-quark model [Eq. (19)] and terms which are
less singular on the light cone than the leading terms. In the free-quark model, therefore, Eq. (25) is
equivalent on the light cone to Eq. (13); but it is manifestly consistent with current conservation and can
therefore be abstracted as a' model for the light-cone commutator in the real world.

It would be p0551b1e by use of Eqs. (22) and (23), to derive explicit expressions for the bilocal operators
appearing in 6% uves but there is little merit in this. The net effect of the projection operators in Eq. (25)
is easily taken into account in momentum space. One simply multiplies the Fourier transforms of the

right-hand side of Eq. (16),
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fdxdyeiql.x—iqz-yeﬁza(X’A)aotD(A)’

by the projection operator
(gyu’qlz_ql,pql,p’)(gyu’qzz—qz,yqz,v’)(Qz)-2+(gyp'q1'T_qul,p')(guy'qz.T_quz,y')(Qz)-Z, (26)

where

Q=%(‘I1+‘Iz): T=q,-¢.

IV. FORMAL LIGHT-CONE STRUCTURE OF
INTERACTING QUARK MODELS

We turn now to the light-cone structure of cur-
rent commutators in the presence of interactions;
and in particular, we take up the gluon-quark
model, Here the currents are exactly as in the
free-quark model. But the quark fields now couple
to a neutral [SU(3) singlet] vector-boson field B,
according to the interaction

Line®) =89 (x)y ,(x)B (%) . (27

It is important for our purposes to define the mod-
el in such a way that the gluon-field components
and their first time derivatives have scale invari-
ant equal-time commutators, i.e., in such a way
that the gluon mass does not appear in these com-
mutators. How this is achieved is spelled out in
Appendix A. Although we focus on the gluon model,
it will be evident that our results will apply to the
more general case in which the quarks couple to
SU(3) singlet scalar and pseudoscalar fields:

L =8pd VP +8sPyo . (28)

As emphasized in the Introduction, our manipula-
tions on the model are deliberately formal in char-
acter, based on the naive equations of motion and
the canonical equal-time commutation relations.
These manipulations are valid in a cutoff version
of the model, but they are not justified in a per-
turbation treatment with infinite renormalization.

Just as in the free-quark model, discussion of
the light-cone structure of the current commuta-
tors begins with the problem of finding the leading
light-cone singularities of the quark-field anti-
commutator

{9(x), P()}=-iS(x, y). (29)

In the expansion of S(x, y) in terms of bilocal opera-
tors, the most singular terms can be reconstruct-
ed from the equal-time anticommutators of the
quark fields and their time derivatives. This fol-
lows from the general discussion in Sec. II. In
fact, the local operators appearing in the expan-
sion of these dominant bilocal operators are just
the lowest-twist components of the equal-time
anticommutators of the quark fields and their time
derivatives. We shall use this fact to prove the

r
following theorem. In ovder fo constvuct the lead-
ing light-cone singularity of S(x,v), it is suffi-
cient to treat the gluon as an extevnal c-number
field. Namely, for the equal-time anticommutator

", —
W‘p(x) 0), ) (0) +=0 ’

we assert that the form of the lowest-twist opera-
tor is the same whether B, is treated as a quant-
ized field or as a given c-number field. In evaluat-
ing this anticommutator, we make use of the equa-
tions of motion to reduce everything to canonical
equal-time commutators and anticommutators
(involving zeroth-time derivatives of the quark
fields and zeroth and first derivatives of the gluon
field). To see how this goes, let us consider the
equal-time anticommutator

&, 0,T(0) , (30)
=0 *

Using the quark-field equations of motion, we ex-

press this as a sum of terms of which only the

following one involves anything higher than a first

time derivative of B, and, therefore, depends on

the quantized nature of the gluon field:

glvorap(®, 0 220, «p(0>§ . (31)

=0

In turn we can decompose this into two pieces,
> N 3°B,
glverad(, 0, § (O 2o — £ &, 0)

o, 0 BED 5o)|

(32)
The first term does not involve the quantized na-
ture of the gluon field. The second term does.
For it we use the equation of motion

(C+mp*)B,=ghv,d, (33)

and therefore, in computing the commutator in
the second term of Eq. (32), we replace 8,2B, by
g0 vy,P. Both of course have the same physical
dimension, 3; but whereas the former operator
has maximum spin 3 (hence twist 0), the latter
has spin 1 (hence twist 2). That is, the lowest-
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twist part of Eq. (30) comes from terms which do
not contain any equal-time commutators involving
the gluon field, i.e., do not involve the quantized
nature of the gluon field. Evidently this is a gen-
eral feature of any of the equal-time anticommuta-
tors of Eq. (29). Thus, insofar as we are inter-
ested only in the lowest-twist operators that dom-
inate the light-cone behavior of S(x, y), we can
treat B, as an external field.

In this approximation the anticommutator S(x, y)
is a c-number function and its leading light-cone
singularity is rather easily discussed. For con-
venience it will be simplest to determine the light-
cone structure in the first instance for the causal
propagator

Sp(x, ¥) = =T @)D (), ‘ (34)

where the symbol T denotes Wick time ordeéring;
the corresponding result for the anticommutator
function S(x, y) will be evident. In the presence of
the external field, S satisfies the equations

Yy <1. 5% -gB“(x)>SF(x, y)=06%x - )

)
=Sp(%, ) [157 +gB“(y)} Yy

(35)

n n
sP0,8) =t [ a'Qap T atg,a(@ - 13 et rarer®

i=1

where

B“(q) =a}5z fd“x ei“ o Bu(x) .

In the numerator of Eq. (39) we encounter the product

y*Py+By+P=2P+By+P —y*BP?,

(To leading order on the light cone, we are entitled
to neglect the quark masses.) Expanding Sz(x, y)
as a power series in the coupling constant g, we
have for the nth-order term

s =g day e+ daSP -2y Blay)
XSP(z, = 25) +* + v * B(2,)Sp(2, - ),
(39)

where S{’(x - y) is the free-field propagator func-
tion:

SP(x—y)=diy 8D p(x —y)

(4P v-p

- =ip e (x=y)
(2m)* p®+ie € : (37)

Regarding S{ as a function of X=%(x+y) and A
=3(x—y), we Fourier-transform Eq. (36), writing

S, )= [ P aig e F a1 DSEP, Q).

(38)

We then observe that the leading light-cone singu-
larity is determined by the behavior of SE (P, Q)
in the limit Py~ | P|~. To leading order on the
light cone (A% ~0), we therefore have

v'Py-B(q)y-Py-B(g,) - "y Blg)y-P |
[P*+2P -QI[P*+2P - (@ - )]+ [ P*-2P - Q]

(39)

-

and we observe that for probing the leading light-cone singularity (P,~ | P|~P?~«), we can neglect the

second term on the right-hand side. Thus

n
y*Py-B(q) - v Blq,)yP~y-P2" ] P-Blq;) .
i=1

We now express the denominator in Eq. (39) in Feynman parametric form, and after some further algebra
obtain the following expression for the leading light-cone behavior:

S(x,9) = 2ig)"SP(x -9) [ d'g, -+ d',F(q) -+ Flg)

n

deaodot, e eda, 6(1 —%} a,)exp{—i T ~[X+A(1 —iji)ﬂaj)]}‘, (40)

where

F(g)=A+B(q).

i=1

(41)

On suitably redefining the Feynman parameters, we find that this can be writteh
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59203 =L 53 —y)| [ dar (o (1 -200)]

where we have used

Flz)= f dtqe=it *F(q).

(42)

(43)

All of this is for the causal propagator. For the anticommutator S(x,y), we merely replace S by S©),
the free anticommutator function. Summing over all orders of g, we finally obtain

S(x,y) ey exp( 2igfoldaA“Bu(X+(1 - 2a)A)>S‘°’(x-—y) =e@(—@£xdz“3u(z)>s‘°’(x -y, (44)

where the integral in the second expression is tak-
en along a straight lightlike path from v to x.

The question arises how Eq. (44) is to be inter-
preted for the actual gluon model, where B,isa
quantized field which does not commute with itself
at lightlike distances. In this case the exponential
seems to be ambiguous with respect to ordering
of factors in a power-series expansion. Accord-
ing to our previous arguments, however, this
ordering should not matter. The resolution of
this apparent paradox is contained in the statement
that

[(x = y)'B,(x), (x = 3)"B,(3)] =0, (x-3)*~0.
(45)

This is established in Appendix A. We may also
remark here that the light-cone structure of Eq.
(44) continues to hold if one switches on added
interactions with scalar or pseudoscalar gluons,
in the manner of Eq. (28). From Eq. (39) we can
see that the singularity is reduced by a factor AZ
if one replaces gy * B(q) by gpvs$(q) +g50(q). Al-
ternatively, with the vector-gluon coupling
switched off, the only twist-2 local operator of
spin # that can appear in the short-distance ex-
pinsion of current commutators is J(x)y“la,12 s
X9, P(x) and this is independent of the fields ¢
and 0. We conclude that Eq. (44) is formally valid
for all renormalizable quark models which involve
SU(3)x8U(3) singlet gluon fields.

It must be emphasized that Eq. (44) does not rep-
resent an exact result even in the case of an ex-
ternal gluon field. It expresses only the most
singular terms on the light cone, i.e., those that
behave like 6’(A%) as A?2~0 [or for Sg, terms that
behave like (A%)-2]. In fact if we apply Eq. (35) to
our approximate solution S, we find

Yu [z %ﬁ —gB,,(J%)]SF(x, y) =84 (x~y)

1
= —2igf daay*A'F, (X +(1-2a)A)S®(x - y),
0
(46)
Only in the trivial case

where F, =9,B, —9,B,.

where B, is curl-less does our approximate solu-
tion satisfy the equation of motion. Indeed, the
right-hand side of Eq. (46) is again of order (A2)-2,
even though S, has been determined correctly up
to (but not including) terms of order (A%)~!, This
is because the (A%)"! corrections to Sy will con-
tribute additional (A%)~? terms to the right-hand
side of Eq. (46). It will be useful for later pur-
poses to add these corrections to Sy, in order that
Eq. (35) shall be satisfied to order (A%)™'., We will
want this when we come to write the light-cone
current commutators in a way where current con-
servation is manifest. We can get the correction
terms by retaining the next leading terms in the
Born series for Sy; or equivalently by adding to
the leading approximation a correction which guar-
antees the validity of Eqs. (35) up to order (a2)"?,
In this way, for the anticommutator function, we
find

S(x, y)= exp <—igfy T de “Bp(Z)>S‘°’(x -9)

+T(x: y)D(xy y)"’"'y (47)

where

1
T(xy)= —igf daf (2a - )y *A” - 3y* A ,y]
o
XF (X +(1 - 2a)8) exp <—ig f ¥ dz“Bu> .
y

(48)

The correction term explicitly indicated here be-
haves like 6(A%) as A% -0 [or for S, behaves like
(a%)"']; but when one applies the operator y,(3/8x")
from the left, or y,(8/0y,) from the right, it gen-
erates terms which behave like 6’(a2) [or for Sp,
like (A2%)~2] and which cancel the right-hand side

of Eq. (46). There are additional terms of order
6(A?) for S(x, y), not indicated in Eq. (47). Some
of these already occur in the external-field prob-
lem, e.g.,

gfdaa(l —a)y *AA*OB, (X +(1 —2a)A)D(x - y);
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and some arise from the quantized nature of the B
field and are operators, such as

[y - a9pOF (X)y -AlD(x - ).

However, these additional terms do not contribute
to 6’(A?%) singularities in Eqs. (35).

V. LIGHT-CONE CURRENT COMMUTATOR

Having derived the leading terms in the quark-
field anticommutator S(x, y), it is now easy for us
to write down the leading light-cone commutator
terms in the vector-gluon model. In deriving the
leading light-cone singularity, we can treat y(x)
and y(y) as anticommuting operators. The terms
which receive contributions from their anticom-
mutator will necessarily be less singular on the
light cone, since they will arise only if the equa-
tion of motion for B, is used at least once. From
the fact that S(x, y) is proportional to the free-
quark-model anticommutator S°)(x, y), with a co-
efficient function that is a scalar and an SU(3)
XSU(3) singlet, we immediately see that the tensor

That is, Eq. (13) continues to hold for the gluon
model, to leading order on the light cone, where
now

J?,(r;j; X, A) =3P ()1 +7Ys)y,z\°

xexp (~ig a2 B,0) £ ().
(49)

It is instructive to cast this bilocal operator into

a form which exhibits explicitly the local opera-
tors that appear in a power-series expansion in A.
To this end we make the replacements

P(y)=e 2 Txp(x),
P =P (x)es o,
The shift operators may now be combined with the

exponential in Eq. (49) by use of the Hausdorff-
Baker theorem and the identity

fxdz“B“(z)=f1d)\A *B(X +2A)
X 0

and SU(3)xSU(3) structure of the light-cone com- - (eA' Ox - 1>A -B(X)
mutator is exactly as in the free-quark model. Ay ’
We then have
J71<”’Z;X"A> =1 +7’7’5)7’u%7\a el By +igd« BX) g=ide Bx +ig A+ BOX) X)) £ (A~=-A). (50)

This form allows us to identify the local operators of twist 2 that appear in the shoxjt-distance expansion of
the light-cone commutator (or equivalently, the highest-spin components of the relevant equal-time com-

mutators):

even i=0
n (odd
where

->

d,=

->

9 .
_E)Tﬁ"'ZgBu(X) )

- 9 .
d, =é3(—“+lgB"(X) .

>d°‘1.'. daidai.u_'.' danlp(X)’ (51)

(52)

It may be noted here that the bilocal as well as the local operators are explicitly invariant under gauge

transformations of the second kind.

At this point it is incumbent upon us to specify what we mean by the products, at a single space-time point
X, of field operators that appear in the above expansion of the bilocal operator. These products are them-
selves singular. But again we take refuge in the fact that we are formally dealing with a cutoff field theory.
In this case the only singularities are contained in vacuum matrix elements of the local operators. The

“connected matrix elements, that is, we shall suppose to be finite; so for the purposes of computing con-
nected matrix elements, we can discard the c-number part of the bilocal operator JuX, A). However, this
vacuum expectation value part is of interest in its own right, since it is this part that is probed experimen-
tally in electron-positron annihilation experiments. In a cutoff version of the gluon model, the vacuum
matrix element of J4(X, A) is given by the free-field-theoretic expression

((r. 2% ) = E@ Gy, 4D T 9(Ds

=460, [ DO (x = ) £D O (x - y)] .

(53)
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We therefore abstract for the vacuum matrix element of the light-cone commutator
(I, x), I5 (r, ¥)])o = const 6,5[8,D,(4)3,D(A) +3,D,(A)0,D(A) - g, 8, D,(A)*D(A)], (54)

where
D,(a) =z_11FP(A_12>'

This structure leads to SU(3)x SU(3)-symmetric,
quadratically divergent, c-number Schwinger
terms in the space-time equal-time commutators;
and therefore to the prediction that the electron-
positron annihilation cross section scales'®:

c(s)s—__; const/s .

The Weinberg sum rules,'® generalized to SU(3)
XSU(3),'" emerge as an additional consequence of
our formal analysis. This is because the only bi-
local operators which have nonvanishing vacuum
expectation values and which are not invariant
under SU(3)x SU(3) must be of twist 6, or higher,
i.e., must involve four or more quark fields in an
SU(3)xSU(3) singlet combination. For the local
currents, therefore, the vacuum expectation val-
ues of the equal-time commutators [J2,J%] and
[6,%,J%] are invariant under SU(3)xSU(3); sym-
metry breaking arises only for equal-time com-
mutators involving third and higher time deriva-
tives.

Returning to the light-cone commutator struc-
ture of Eq. (13), we still face the task of casting
it into a form where current conservation is mani-
fest, This is necessary for applications, where
we have no theoretical knowledge concerning the
matrix elements of the bilocal operators. For the
free-quark model, recall, we made use of the
equations of motion to extract projection operators
that served to ensure current conservation. For
the gluon model we follow what is essentially the
same procedure. Suppressing all but Lorentz
indices, let us again write

[J 4(2), 7, (9)] =0 0 (X, 2)°D(A) (55)

as in Eq. (16), where ©,,, is defined by Egs. (13)
and (50). For the gluon model we no longer have
the conservation equations

9 9
—axue,‘,,ﬁ@;eu,,ﬁo.

—2111_-[ dx e’ > (p|[d,20r; 52), 3 5 =53] | )

r

Although strict conservation cannot be achieved
by our approximation method, we can ensure con-
servation to leading order on the light cone by in-
corporating the correction term in Eq. (47). That
is, we now take

[Jp(x); Jy (y)] = [e yy)\(Xy A)a)\ + euu (X; A)]D(A) H
(56)

where

Oy =9 (x)y, T(X, Ay, $(9) £ (W=, x=3y)  (57)

[see Eq. (48) and recall that we are suppressing
all but Lorentz indices]. To leading order of
singularities on the light cone, we then have

Sl KW= 51,00, 4, )]~ 0. (58)

We can now follow the procedure outlined in Sec,
III to rewrite Eq. (56) in a manifestly current-con-
serving form, by adding to the commutator non-
leading terms [of order 8(a%)]. We find

[Jp(x)’ Jv (3’)] = Ppu’:uu’{[é u'v ,)\3)‘ + ép'v']ﬁ(A)}' )
(59)

where P, .., is the projection operator appear-
ing within the curly brackets of Eq. (25) and D is
defined by Eq. (23).

Notice that the 6, term in Eq. (59), although it
is less singular on the light cone than the other
term appearing with it, cannot be ignored, since
both terms give equally singular contributions
when they are acted on by the projection operator.

As the remaining item in this section, let us
examine some of the results that follow from the
structure of Eq. (13), when this is applied to deep-
inelastic lepton-hadron scattering. Let p be the
momentum of the hadron and consider the spin-
averaged matrix element

=Luby pedry; g.p,p?) —g;n‘ﬂFf“'“(r; qp,p*)F iy Sore n 2",,‘,’,5‘.’;* FED0q b0+,

mq-p

(60)
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where we suppress terms proportional to ¢, or gq,.
In dealing with these diagonal matrix elements, we
can work directly with Eq. (13) and need not re-
sort to Eq. (59). Passing to the Bjorken limit
—g2~o, g p=o, w==q"/2(q p) fixed, one finds
from Egs. (13) and (60)

%uF 30, W) =i fa G§r; ) +dap, GE(r; W), (61a)
2wF @0 (r; w) =F{*(r; w), (61b)

FE0(r; w) =i fe GS r; ) +d g GS(r; )], (61c)

where we have defined the matrix element of the
bilocal operators to be

o).,
1, 550.8)19

G§(r; w)
Gilr; w)

=Pyt g erivr o

m J-y

FR

(62)
The functions Gg and G, are, respectively, sym-
metric and antisymmetric in w, and real. From
the above equations we can easily derive various
sum rules. For example, the standard current-
algebra results based on equal-time commutators
are recovered by passing to the limit A =0, where
the bilocal operator J(0, A =0) reduces to the
local current operator, and where the right-hand
side of Eq. (62) reduces to an integral over the
structure functions. In this way we obtain the
Adler? sum rule and the Gross—Llewellyn-Smith*
sum rule. Moreover, the very structure of Eq.
(13) guarantees that 0,/0 -0 in the scaling limit,?
as we see directly from Eq. (61b). Finally, we
recover a number of the relations which follow
from the parton model by noting that for deep-
inelastic scattering of photons, neutrinos, and anti-
neutrinos on neutrons and protons there are six
independent structure functions (for the neutrino
cases, we consider only AS=0 transitions), where-
as these are expressed in terms of only five bilo~
cal operators, J%", J%7, J%V, J%7, J%7 {we de-
fine J*V =3[ J°(r =1)+J°(r = -1)]}. This leads to
the relation®

12[F’{’(w) ~-FT (w)] =F¥(w) - FM(w). (63)

K=1

n
— - - n - - - -> -
‘l’(X)dal o 'dai[E<K>du1 credydyge,, e 'dﬂnjl dg, ***

Moreover, from the positivity of F{® + F{®*® we -
can establish from Eqgs. (61a) and (61Db) the in-
equality®

FP(w) +F7(w) 2> F[FP(0) +F"(w)]. (64)

VI. THE BILOCAL LIGHT-CONE
COMMUTATORS

In our discussion of the light-cone commutator
of local currents, we have encountered certain
bilocal operators. It seems natural, following
Gell-Mann,'° to investigate the commutation rela-
tions among the bilocal operators themselves. In
the free-quark model this is easily done. For
example [ suppressing SU(3) matrices], we have
that

[P (X, (), § @] =§ (%)Y, Yo %, P(1)0* Dy — 2)
—{b—(z )ququ(p(y)aaD(x -1).
(85)

On the basis of such relations one easily verifies
that the commutator of J?,(r,i; X, A} with another
bilocal operator closes on the same set of bilocal
operators. However, it is not clear what features
of this algebra can be safely extracted beyond the
free-quark model. One is examining the struc-
ture of

(Lo, B, [5G, 40]) (66)

initially for (x - v)?~0, (z —¢#?~0. But should
one abstract from a model those features which
hold wherever any other pair of coordinates has

a lightlike separation [say (y —z)?~0]; or wher-
ever all separations are lightlike; or wherever

X, 9, 2, t are collinear points on a lightlike ray? In
the free-quark model, the algebra closes under
all these conditions so far as leading singularities
are concerned. But this is no longer the case
when interactions are switched on, as in the gluon
model. In general the commutators of the original
bilocal operators generate new bilocal operators
of twist 2; and in their short-distance expansion
these generate new local operators of twist 2, of
the form, e.g.,

dpd(X). (67)

The only situation in which the algebra of our bilocal operators closes is when all four points in Eq. (66)
are collinear on a lightlike ray. For this case we can again treat the gluon as an external field. We are
concerned with the commutator

[«r(xm exp (—ig il "du"B“m))zp(y), B a)y, exp (—zgj 'dv"B,,(v))wm] , (68)

and our theorem applies when x, y, 2, t are collinear because the integrands appearing in the line integrals
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|

then commute with each other. Employing Eq. (44) we then find for this collinear situation

[[720r; %), 72 G5 ), [55.05 2), S5 )]

TN AN Y,y %y, v (1 +77g)y By eXD (—z‘g[ * B, (u )>zp(t)8°‘D(x — 9)®D(z - VD (z - y)

=~ 5P (AN ATy, %y, Y (L+7ys)yyy Byyexp (—ig f: ’ dﬂt"Bp(u)) P(£)* Dx — ¥)2B(z — )& D (z - x)

=[Xn, 21, cd]. (69)

The right-hand side of Eq. (69) can be reduced to a sum of terms involving the original bilocal operators,
but we will not bother here to carry out the reduction. The important point, formally, is that the algebra
of the bilocal operators closes in the gluon model for collinear points. The requirement of collinearity is
very restrictive. No doubt the commutators of our bilocal operators have interesting singularities in other
regions of configuration space, but we are unable to say anything about these other regions. Even so, the
structure described in Eq. (69) for the collinear situation has observable consequences. We shall return

to these matters in a future publication.

APPENDIX A

In this Appendix we shall prove an assertion
made in Sec. IV, namely, that

(% =) "(x - )"[B,(x), B,(»)]=0, (x-y)*=0.
(A1)

Before doing so, however, we give a more precise
specification of our gluon model in such a way that
the canonical equal-time commutators of the gluon
field are scale-invariant, This can be achieved if
we perform a Stueckelberg-like transformation

on the traditional gluon model. Let us introduce
into the Lagrangian a free, negative-metric scalar
field ¢, of mass mp; and let us redefine the gluon
and quark fields by

B,~B,-(1/M),¢,
b~ el(:/M)tblp .

(A2)

In terms of the transformed fields, the Lagrangian
is given by :

£==1F,,F" + 3my*B, B — kmp(B,0* ¢ +9*$B,)
- imp?p? +P[-3y B +gy-B-MJp.  (A3)

The canonical variables are § and 7, =9%, B; and
9,B;, ¢ and ;=M B,. The equations of motion are

(v -o+iM)p=igy By,
9“B,=M ¢,

_ (A4)
(D "'mEz)Bp= —gz[) szp s
(O+mg*)p=0.
The canonical equal-time commutators of the
gluon field are now scale-invariant:
[B,&,0),B,(0)]=0,
we (A5)

[8,B,(Z, 0), B, (0)] = ig,, 8°(X) .

In the absence of interactions (g=0), we would
have for arbitrary times

[B,(x), B, (¥)] =g 4y D(x = y;m5), (A6)

and Eq. (A1) would hold trivially., We now ask, in
the presence of interaction, whether Eq. (A6) is
modified by terms which violate Eq. (A1). As be-
fore, we are discussing the formal structure of
the commutator; and we can therefore resolve
the issue by examining the equal-time commuta-
tors involving time derivatives of the gluon field.
The first equal-time commutator in which the
interaction of B, with the SU(3) singlet current J,
figures is

[8°B,(%, 0),9,2B,(0)] =¢°J ,(%, 0)J, (¥,0)] .

This implies that the correction to Eq. (A6) arises
from a twist-2 operator, which contributes a term
of the form

[E X, A)A, +E,(X,A)A , +Fo (X, A)Ng
+ epvaXGo(X’ A)AX]G(AO)G(AZ) .

(AT)
But such a correction does not affect the validity
of Eq. (Al). Additional corrections to Eq. (A6) will
necessarily be proportional to A% and will there-
fore vanish on the light cone. i

APPENDIX B

In a recent paper Kogut and Soper'® have dis-
cussed an interesting new procedure for quantizing
field theories in an infinite-momentum frame,
They have identified the independent canonical
fields and their canonical commutation relations
in the case of spinor electrodynamics; and they
show that the resulting theory is formally identi-
cal with the usual theory, boosted to the infinite-
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momentum frame. These methods have been uti-
lized by Cornwall and Jackiw'® to derive canonical
light-cone commutators for the electromagnetic
currents in spinor electrodynamics. The relation
between the approach adopted in this paper and

that of Kogut and Soper’s canronical light-cone com-
mutators is much the same as the relation between
Wilson’s short-distance expansion and equal-time
commutation relations. Consider, for example,
the anticommutator {§(x),  (y)}. The light-cone
expansion gives a manifestly covariant expression
for the leading term when (x —y)*~ 0, and it deter-
mines the lowest-twist operators appearing in the
short-distance expansion. The “infinite momentum”
methods, on the other hand, yield frame-dependent

expressions for the anticommutators of canonically
independent spinor fields at lightlike separations.
These anticommutators contain information on
higher-twist operators.

It is amusing to see how the canonical anticom-
mutator of Kogut and Soper emerges, as it does,
from our leading light-cone expression for S(x, y).
Their independent, canonical spinor field variables
on the light cone are y, and its adjoint y*, where

Yy =P =30 =)’ +* W, (B1)
and the canonical anticommutator is
{6 (%), PO} 8(x"+5%) = P, 6(a° + x°)6(x° — 2°)6%(X, ) .
(B2)

We can recover this result immediately from our leading light-cone expression for S(x, 0) = {y(x), $ (0)} by
applying the projection P, to S(x, 0)y° and evaluating at x° +x*=0. We have

9

4 (0), WO} 000+ 2) =003 +x7) exp | -ig " azB, 2) | Py (s - oz ) SP)

=P,5(x° + )5(x° - ) 5(X, ) .

We have used

Py*%°=-P,, P,y*°P,=0,

Consider now the current J¢ =J3 +J;. From Eq.

(B2) we immediately determine the light-cone
commutator'®

[75(x), 75(0)]6(x° + #°)
= apo I3 (0)8(x° +2°)5(x° — °)8*(X, ) .

(B4)
It is easy to see that the same result emerges
from our Eqs. (13) and (49).
For the case of electrodynamics (where B, is
the electromagnetic field) Cornwall and Jackiw!®
have recently discussed also the commutator

9
9 27

(B3)

[72(x), 72(0)](x° +4°)
where
Ji=dJdg ~-J3 .

This now involves the equations of motion. Corn-
wall and Jackiw'® choose a particular gauge, B°
+B%=0, as they can do in electrodynamics. We
remark that the same results emerge from the
methods of the present paper, provided that we
include the correction term T(x, y) in Eqs. (47)
and (48). We shall not go through the details. The
interesting point, however, is that our methods
can be applied with equal ease for any choice of
gauge and are applicable to massive gluon fields.
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Gradient Terms in the Scalar-Density—Charge-Density Commutator*

A. Zepedaf
The Rockefeller University, New York, New York 10021
(Received 17 March 1971)

We compute, in the perturbative model of Johnson and Low, the one-meson-to-vacuum
matrix element of the equal-time commutator of the charge density of a vector current and
a scalar density. A gradient term is found. Consequences of this result for the dimension-
ality of the current components are discussed.

I. INTRODUCTION A(x) =P(X)y A (%),

B(y) =9(n)ng(),
where Ay and A4 are the usual SU(3) generators
and y(x) is a spin-3 field of three different quarks,
with possibly three different masses (4x3 compo-

(3

Recently Bég et al.’ showed that the necessary
and sufficient conditions for the hadronic vector
currents Jg to have scale dimension independent of
the Minkowski index p, imply the absence of gra-

dient terms in the commutator? nents).
The naive ETC, obtained by straightforward ap-
73, 0), 6(7, 0)], (1) plication of the canonical commutation relations,
is simply

where O is the trace of the “new improved energy-
momentum tensor.”® In the model of current alge- [A&, ), BF, ] =) Xy, 2g] 9(x)5(X - 7). (4)
bra with underlying quark structure, the currents
Jy are bilinear in Fermi fields, and © is expected
to be a sum of mass terms of the form

As is well known, the manipulations which lead
to this equation are in general not valid and the
ETC must be defined in a proper way. One solu-
§°+5° = €,P) + €PAgY. (2) tion to the problem is to split the spatial depen-

In this paper we compute, in the perturbative
model of Johnson and Low,* the one-meson-to- K
vacuum matrix element of the equal-time commu-
tator (ETC) of the fourth component J§ of a quark
vector current and a quark scalar density S8, Our
results [Eq. (52)] show that for an unconserved
current, gradient terms are present, contrary to
the naive expectation.® Thus, while it may be pos-
sible for the components of a conserved current to
have a unique scale dimension, “anomalies” will,
in general, prevent the spatial and temporal com-
ponents of an uncoiserved current from having the
same dimension.

A
II. COMMUTATOR BY NAIVE METHODS P
FIG. 1. Graphs contributing to the matrix element
In this section and in Sec. IIIl we will consider of the time-ordered product in Eq. (8), to first order

the following two densities: ing.



