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The generalized Veneziano model is used to describe the hypothetical reaction co— ppo.
The amplitude for this process is, in this model, the residue at the double spin-1 resonance
of the seven-point function. The density-matrix elements of the vector mesons produced are
calculated, and their variation with the momentum transfers is studied.

I. INTRODUCTION

Ever since the appearance of the Veneziano
model and its generalization to N-point functions,?
numerous attempts have been made to use it to fit
strong-interaction data.® In particular, great em-
phasis has been placed upon 2-particle - 3-parti-
cle processes, for which the function B, defined by
Bardakci and Ruegg? is used. This model is ap-
pealing to phenomenologists for many reasons. It
has most of the properties required by theory for
a scattering amplitude: analyticity, crossing
symmetry, resonances at positive integral values
of the trajectories with the right residues, single-
and double-Regge behavior, and duality between
direct-channel resonances and crossed-channel
Regge poles. Furthermore, using various argu-
ments of symmetry, exchange degeneracy, and the
absence of exotic resonances, the number of free
parameters can be reduced to a few constants;
there are no undetermined vertex functions as
there are in the case of the double-Regge model.
So far the fits to the invariant mass and momen-
tum-transfer distributions have been good.?'*

However, the model cannot accommodate all the
features of strong-interaction physics: (a) The
Pomeranchukon exchange, not dual to any reso-
nance, is not described by the model and has to be
included artificially (as done by Satz and Pokor-
ski,® for instance); (b) there is no satisfying way
to deal with baryon trajectories and to avoid parity

FIG. 1. Kinematics for the seven-particle reaction.
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doubling; (c) few attempts have been made to take
spin effects into account, although the model can
make definite predictions in this respect.

The inclusion of spin can be accomplished in two
different ways: (a) The amplitude is decomposed
into its'invariant amplitudes, which are then pa-
rametrized as a sum of appropriate N-point func-
tions®; (b) if a process like 00— op is to be de-
scribed, the amplitude is just the residue, at the
spin-1 resonance, of the five-point function asso-
ciated with the reaction 00— 000.” Thus when the
trajectories have been chosen, we are left with
only one (normalization) parameter. In other
words, the invariant amplitudes are completely
determined up to an over-all constant.

In the following we shall apply the second method
to the process oo - ppo, where o is the hypothetical
scalar, isoscalar particle of mass equal to that of
the pion, and calculate the density-matrix elements
of the vector mesons produced. We can thus gain
information on the residue functions, about which
no definite prediction is made in the double-Regge
model. This reaction is chosen for its simplicity;
furthermore, by factorization the results can be
used to describe mp- ppp if only the 7-A, trajec-
tory is included.

II. THE MODEL

We consider a scattering process involving sev-
en spinless particles. Such a reaction is de-
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FIG. 2. Kinematics for the production
process 00—+ppa.

1039



1040 P. AURENCHE 4

scribed by the seven-point function B, invariant
under cyclic and anticyclic permutations of the ex-
ternal momenta® (Fig. 1). The residue of B, at
simultaneous poles of spin 1 in the (71) and (23)

J

channels is just the amplitude for the reaction oo
- ppo (Fig. 2). The ordering of the particles is
important. After a lengthy calculation, we ob-
tain (see Appendix A for details)

A=a"ppec(ps=br) €pBs(=up, =Qpc, =Ccp, =0pg, =)

24 .
- a'®ppr€chs €p Bs(~ayp, =Qpc, =Ocp, ~Opg, —Qp, +1)

+[a?pp€cpp €p+a(pa—Pp) €c(Pa—Pg) €p+30"%€c" €p] By(~a gp, ~Ape +1, =Qcp, =Qpg, —0lp4)

+[a®(py—Dz) €cPa €p—a?py ec(py—bg)- €p]By(~ap, —0pc +1, Q¢ p, ~Qpp, gy +1)

24 . .
—a"?pyr€chyr €pBs(=a gp, =Qpc +1, =0cpy —0pg, =0, +2)

. .
+@"2(py=Pp) €chp €p Bs(=Qup, =Qpc +2, =Qcp, =Qpg, —~Apy)

+a"?p, €cpp €pBg(—Q g, =Qpe +2, =Qcp, = pg, —Aps +1). (2.1)

€c and €, are the polarization vectors of particles
C and D, B, is the five-point function of Bardakei

and Ruegg, and o’ is the common slope of the tra-
jectories.

Several comments must be made about this am-
plitude:

(a) The residue of B, at the simultaneous poles
is the amplitude for the production of the p mesons
together with all their daughters. In (2.1) we have
kept only the terms which are linear in each polar-
ization vector; these correspond to the production
of the two vector mesons alone.

(b) The model allows only trajectories of natur-
al parity with respect to the external particles.®
In particular, the particles lying on the trajecto-
ries apc and a4 will have parity (-1).

(c) The trajectories in every channel are ex-
change-degenerate. To allow for nonexchange
degeneracy in one channel, we have to add to the
amplitude other terms coming from a different
ordering of the external momenta in the initial B,
function and thus introduce a signature factor
which will eliminate every second resonance on the
leading trajectory. For simplicity this will not be
done here.

(d) Notice that we automatically get the invari-
ant amplitudes in terms of B, functions (this is a
general property of the B, functions) which give the
characteristic single- and double-Regge behavior
in the high-energy limit.°

(e) For simplicity we choose identical o trajec-
tories in all channels.” This choice will approxi-
mate the double 7 exchange in the real reaction
Tp— ppp. In order to get the proper Regge behav-
ior and to give nonzero widths to the resonances,
it is necessary to put some imaginary part in the
trajectories. Therefore, we write

Qi1 =QR(S1,141 -my?)
+ia;9(si,i+1'—4m02)(si,i+1 _4m02)1/2’

, (2.2)

i=A,B,C,D,E; m,=0.138 GeV;

agr=1GeV™? a;=0.1GeV™2.

This particular choice of the imaginary parts gives
equal width to the particles lying on the same tra-
jectory as is experimentally observed for meson
resonances.

(f) If we set a,5=0 or oz, =0, the amplitude
(2.1) reduces to that of the reactions go— pp or oo
- op obtained directly from the B4 and B, functions,
respectively (bootstrap consistency). If o, and
o pc vanish simultaneously, we get just the Feyn-
man amplitude.

We proceed, now, to calculate the density-
matrix elements of the mesons produced. To sim-
plify the algebra, this will be done in the double-
Regge limit —i.e., when the subenergies s, and
Spg are large compared to the masses or the mo-
mentum transfers, with the ratio sgcpspg/s.p kept
constant.?

III. THE DENSITY-MATRIX ELEMENTS.

We now have to define the frames in which we
measure the spins of the particles C and D.

For particle C, a convenient choice is the Gott-
fried-Jackson frame,’® denoted I, where in the
rest frame of particle C the z axis lies along the
incident momentum Py and the y axis along
®a-Dz)xDPp=DpXPs [Fig. 3(a)l. In the double-
Regge limit, if we keep only the terms of leading
order, the momenta of all particles lie in the xz
plane.

For particle D there are two possible choices of
a Gottfried-Jackson-type frame depending on
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which of (B - P.) or (B, —Dz) is considered to be 00— po, where ¢, is the momentum transfer

the “incident momentum.” We define frame II to squared; on the contrary, when ¢,z is small we

be the rest frame of particle D, where the z axis expect p"' to have the same behavior as p'.

is along (B~ P.) and the y axis along P, x Py [Fig. In frames II and II’ the kinematics is more com-
3(b)]; whereas in frame II’ the z axis is defined by plicated since, in general, the momenta of the par-
Ba-Pg)=—-Ds~Dc) and the y axis by pyxP. [Fig. ticles are not coplanar. Indeed the plane defined
3(c)]. Therefore, when ¢z is small p'! (the density by (D4, Dr) makes an angle w, the Toller angle,
matrix of particle D in frame II) will look like the with the plane (fg,Pc). In our approximation, we
density matrix of the p produced in the reaction have!!

J

1 1
cosw:-é‘—/—_t_——\/—_T_—I:(tBC +tAE‘mD2)+Z(tBCZ+tAE2 +mD“—ZtEctAE—ZthmDZ—2tAEmD"‘):|, (31)
“YAEVT!BC

where £=ScpSpa/Sup. The condition [cosw|<1 requires

(V=tyg=V=tgc P < E=m P < (W=t g +V=Igc S, (3.2)

which shows that if one momentum transfer is small, the other has to be large enough in order to satisfy
the second inequality. It is easy to get the following relation between p'' and p'!:

Plpup=(=1) 27k 0D mupwplL, | (3.3)

IV. PARITY TRANSFORMATION

The amplitude can be written in a condensed form as

3
Axerp= EAijpi'€>\cqj'€)\D, (4.1)
i,j=1

where p;, q; are any three independent external momenta. The quantity p;- €)c is calculated in I and g; €,
in IT or II’. The numbers A;; are functions of the five invariants (s 4z, Scp, Spg, acs tag) denoted (inv),
whereas the polarization products depend on (inv) and sing;, ¢; being the azimuthal angle of p; or g;.
Since the azimuthal angles are pseudoscalar, they can be expressed in terms of one of them, say sinw.
(This is true because there is only one independent pseudoscalar constructed out of the external momenta
of the problem, namely €®®Y%p, pyspcypps. The value of sinw is equal to this, up to some invariant fac-
tors.) Writing explicitly the arguments in the amplitude, we have

3
Ajxorplinv, sinw) = Z A;;(inv)p; - e,\c(inv, sinw)gq;* €, p(inv, sinw). (4.2)
i\7=1

Applying the parity operator, it becomes
Axc Xu(inv’ sinw) = T’AanannE(—l)sc-xc("l)SD— XDA-Xc-xD(inV: -sinw). (4.3)

The 7’s are the intrinsic parities of the particles.

(a) (b) (C) Py

FIG. 3. (a) Definition of frame I where the spin of particle C is measured. (b) Definition of frame II where the spin
of particle D is measured. (c) Definition of frame IT'.
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Since in frame I all the momenta are coplanar, p;: €, ' does not depend on sinw and, therefore, we get the

well-known relations

pIXc pc(inv) = (—l)xc—ucpl.)\c_uc(in‘/) .

For particle D we have (in both frame II and frame II’)

T . . - . .
PR, plinv, sinw) = (=1)*2=#Dp,  (inv, ~sinw).

V. RESULTS

We study, first, the variations of the density
matrices with ¢,; when ¢z is fixed. The matrix
elements of particle C are independent of {4 for
constant ¢, [Fig. 4 (a)]. This does not come as a
surprise since the amplitude factorizes and, there-
fore, the left vertex does not depend on the right
momentum transfer. Because we have the addi-
tional symmetry pI_11 = —plu, due to the fact that p!
does not depend on the Toller angle and that only
natural parity can be exchanged in the (BC) chan-
nel, we have plotted only Rep,, and p,,. In frame
II’ notice the change in Rep,,, when —{p. passes
through the value & -m %, for small values of —f,p
[Fig. 5 (b)].

If we fix now ¢,z and vary tzc, we get the curves
of Fig. 5. The density-matrix elements of parti-
cle C have the same behavior as those of the vector
meson produced in the reaction’ go— po (this is a
consequence of the bootstrap consistency of the

2} “tec=05 2 tge=05
i -
2} Repy 1 ~lag Al t} Rep, 1ty
: Rero
2
_ _ _ 2 “tae =.25<€-m
ol tgc=.25<€-mg PY- 0,
Py e |
11 \l:
Y -t
- AE L 1 AE
2t Rep, -2 iRep,,
Reeyg
toe* .55>€-m§ tge = 55>€-md
2F P 2r Au
u S —
| - e —1 -
' . 1 -tag ' 2 AE
2l 2 N
ReplO [l
Repin
.= .85 -t..=.85
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1
! 1 -t — 3 3
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(a) (b)

FIG. 4. (a) Variation of the density-matrix elements
of particle C in frame I at fixed momentum transfer fgc
when ¢, varies. (b) Variation of the density-matrix ele-
ments of particleD in frame II at fixed momentum trans-
fer tgc when £, varies.

(4.4)

(4.5)

model). The elements of p'! are similar to those
of p'", where t,5 and ¢» have been interchanged.
Note also that, as expected, for small ¢, Repll,
and p!! have the same variations as Rep}, and pl,,
which shows that the vertex functions are slowly
varying when the external masses are continued off
the mass shell.

The change which appears in Rep!} (Repll’) when
tgc (taz) goes through —(& —m p?) is due to kinemat-
ical effects. More precisely, the trouble arises
because, for certain values of the pair (-3¢,
-t,p), the frames II or II’ are not well defined.
Figure 6 shows, for fixed £, the range of varia-
tion of the momentum transfers for which the re-
action oo - ppo is kinematically allowed. In frame
II, when —t,5 goes through (& -m p?) and —t5. is
kept equal to its minimum value (which corre-
sponds to sinw =0), the momenta of the external
particles and therefore all the polarization prod-
ucts p - €, vary continuously, although cosw does
not: p'' has then a smooth variation [the products

“he =05 ol -tp =05
R Pil
. Repo 2f Reppg
2 2
2b g =25<¢-mp 2p  Thgm<Emp
/P” il
1 fge 1 -t
-2t ‘ POl 1Repyy Be
RePIO RePIO
-t = 55>E-m2 “tye =555€-m2
2t AE" - D il 21 AE b Py
1 -tge I o —1_-tg¢
ol 2 '/\Repl-l
Replo RePlo
“ty =85 -t =85
er % 2 ,;‘E_,/ A
1 -tge Al '}/ 1_tgc
-2 r './'—\
( Repio Repo
(a) (b)

FIG. 5. (a) The same as Fig. 4. (a) When ¢ 45 is fixed
and tgo varies. (b) Variation of the density-matrix ele-
ments of particle D in frame II' at fixed £z when fz¢
varies.
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ticles nonparallel to Oz to be discontinuous. Using
now (3.3) which states in particular

Repl} = —(cosw Rep,, +sinwImp'l,) (5.1)

and (4.5) which, for sinw =0, yields

Rep'!, = -Repl!, (5.2)
we get
Rep!!' =cosw Rep!] (for sinw=0 only). (5.3)

This explains the change of RepL‘,' seen in Fig.
5 (b).
The model described above is interesting be-
cause it contains a minimum number of param-
> eters, namely, the trajectories and an over-all

o] A/ € -mD2 /-t AE normalization constant, but it is limited in its ap-
plications by the fact that it allows only natural
FIG. 6. The physical region of scattering for fixed ¢, parity for the parent trajectories. Also the spin of

is the domain enclosed by the lines cosw = —1 and cosw

the nucleons is not properly taken into account.
= +1. Curves of constant cosw are also shown.

bp-€p are, of course, continuous, since they de- V1. ACKNOWLEDGMENT

pend only on (inv)]. But PgXxP. goes through zero I would like to thank Professor L. M. Jones for
and changes sign; in frame II’, where the y axis is help and encouragement during the course of this
along Py xPc, this causes the momenta of the par- work.

APPENDIX A

Consider a scattering process involving seven identical particles (Fig. 1). All momenta are taken to be
incoming. Define the invariant subenergies

si.i+1=(pi +pi+1)2 and Sj,j+1,j+2=(pj+Pj+1 +pj+2)2’ 4h,j=1,2,...,17.

Two types of channels exist in this reaction, namely, 2 particles - 5 particles and 3 particles - 4 parti-
cles. Consequently, we introduce seven trajectories associated with the two-body channels:

—— ;=
@01 =07 QS 4y, 0=1,2,00.,7
and seven trajectories associated with the three-body channels:
~ 0 -
Qjier,i42= Q51,042 T Q'S) jenge2y F=1, 2,00, T,

We define the amplitude for this process by?

Vel T o i _
—S 2 Y g%, i1t I 07 % de 000272 (A1)
UyUa¥y i=1 i=1

1 1
B7("ai,i+ v =% 1,i+2) =f T f du,du,dvedv,
0 ]

where the integration variables u; and v; satisfy the following relations (necessary to prevent the occur-
rence of coincident poles in the amplitude which do not correspond to Feynman graphs):

1 - v,05u,

uy =1 =wu,v5v. v, =
1 142UsV2 » 1 1 = Ugty0g0, °

11— _1-wuu,
uz_l—uzvz, vs_l_“zvzve’
1-0,)(1- 1- 1-
o= (1 =,)( uzvzve), vy= (1 = v,6)( uzu-,vzve), (A2)
(1 = 2,0, )(1 = v,06) (1 = 40,06 (1 = u;0,06)
_(L—vgd(l—upwpvg) L=
5 (1= vue)(1 = ugvg)’ % 1 =uu,05°
1- 1-
e = Uq , Up= UUaVs )
1-u,w, 1 = u,u,0,04
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The factor vgv,/ulv,v, is necessary to ensure the invariance of B, under cyclic and anticyclic permutations
of the external momenta. Written under this form, B, already displays poles at zero values of the trajec-
tories. We need now to continue the function to the region where the @’s are positive. For this purpose we
expand the integrand in powers of u, and u, and then integrate term by term in these two variables. It
comes out

2 — (_1)l+m+n+p (_1)1'+m'+n'+p

ZAPIDIDIDIPD z_ 2z I+m +n+p =gy U'+m' +0' +p = Qg

AL T Im A7/n AR AT AL AT m ’ ’ ’
X I om! n p] ' wm) n'l Bs(m+n+1)+n = Olggqy —0lys; "(156,”+P+m TN = Qg _a458)’

(A3)

where B; is the five-point function of Bardakci and Ruegg.

(@)y=ala=-1):--(a=-n+1),
(a)=1,
a==ag -1, a'=-04b-1, (Ad)

b =@+ 0y~ Qagsy b =05 +0g; — Osery

C=Ogy5+0yge— Olyg— Qlgpp, C'=0Qugq+Olggy— Qgg— Ogg,s

A =01y +Olyp3 = Olyp — Olggg -
This formula shows explicitly the pole structure of B, and allows the continuation of the initial integral
representation to positive values of the o’s, except for poles at positive integers.

We concentrate now on the residue at a,;=1and @, =1. It corresponds to the production and decay of two

spin-1 resonances together with their daughters. If we write the residue in terms of the external momenta
b;’s, the amplitude for the production and decay of the vector mesons will be made up of the terms which

are linear in both (p, - p,) and (p, - p,), where p, and p, are the momenta of the decay products in the (23)
channel and p, and p, those in the (71) channel. We make the following change of notation:

Dr+py==Pc, Qye=0Qcp,
Dr+P3==Pp, Q3 =0pp,
Dy==DPp  Qu=Qpy, (A5)
Ds=Ds, Q56=0yp,
Ps=Pp,  Qen=0pc,
and
bi=D1=€c, DPcr€c=0, €*<0, (A6)
bs=b,=€p, Dp€p=0, €5°<0.

We can interpret €, and €, as the polarization vectors of two spin-1 particles C and D produced in the
channels (23) and (71), respectively, and conclude that the production amplitude for these two vector me-
sons is made of the terms in the residue which are linear in both €, and €,. This is legitimate since the
amplitude for the decay of a vector meson into two scalar particles of momenta ¢ and ¢’ is unique and of
the form €+ (¢ —¢’). Using, now, the recursion relation
By(=04p, =@pcy =Qcp, =Apg+1, =0 54) =Bs(=0 45, =Cpc, =Qcpy =Cppy ~A pa)
= By(=0 45, =Qpc, =Qcp+1, =Qpg, =0 g +1), (AT)

we get amplitude (2.1).

APPENDIX B

The polarization vector €,, will be defined in the rest frame of particle ¢ by
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0 0
1 [+1 0
€t1=_ﬁ il €= 0
0 1
We denote

A(x, 9, 2)=x%+y? +2% = 2xy — 2yz — 22x .
The following results hold in the double-Regge limit only. In frame I we have

Pc =(’n05 0’ 0: 0),

Scp Scp . Scp
===, - sinf, 0, —==—cosf
Po <2mc’ 2mo o am g )’

SaB SaB . SaB
PE=Pa <2mc’ 2m ¢ S, ,2mccost9>,

1
_(mB®+mc® -t 0.0 A2 (mg?, mc, ty o)
pB_ »y Ve My ]
2mc ch
where
lpc tme®—mg?
TAL/2 2 2 ’
AY%(m g%, m?, tpe)

chth
Al/z(m Bz,mcza tBC) '

cosf=

siné =

In frame II
pD=(7nD: 0} o: 0)’

tac —tap+mp 0.0 AV3(tge, tAE:mD2)>
2m »m 2mp ’

PB'PC=<

’ _(scz,, ScpSinfzcosw S¢psinbgsinw scncos93>
B \2mp’ 2m ’ 2m, ’ 2mp, /’

SpE _sDEsinBA sDEcoseA>

pE””":(sz’ amy T 2m,

Y

In frame II’

pD=(mD, 0,0, 0),

ba —pE=<t"E _zt’;‘; e 0,0, Al/z(t"g’rfl’“@’ m”2)>,
D D
s =( Sep - sc,,sinGB’ , _sCDcose,B),
2mp 2mp 2mp
Dby Spe SppSinf, cosw spEsSind, sinw spzcosd,
5 p*‘“(zmp’ amp ' 2m,  2m, )’
where
COSBB=Aff2c _tAE+mD22 y Sinfp=—3 zsz‘/—__t; 2) )
(tscs tapsm p°) AY%(tpcy tapsmp°)
cosf, = lt,’;E_tBC+mD22 , sinf,=— 2mpl Lo
AY%(tpcy tapsm p°) A(tpcy tagymp?)’
1 1
cosw =_2—‘/?t::—‘[:t—: <tac +iyp=mp® + 'E'A(tac, tAE,mDZ)> »
£=SCDSDE'

SaB
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We study the constraints crossing symmetry imposes on fixed-variable dispersion relations
for 7 scattering. We show that the sum rules relating 2a(-5a%-18a}, a), and a} to the
total cross sections, which were derived by Wanders using the Mandelstam representation,
follow from twice-subtracted dispersion relations. These sum rules are good physical-re-
gion constraints to supplement the unphysical-region constraints of Martin and Roskies in
the study of models for low-energy nm scattering. Using a restriction on the absorptive
parts following from crossing symmetry, we transform Wanders’s sum rule for the I=0,
1=2 scattering length into a form which is manifestly positive. Keeping only the S- and P~
wave contributions, we obtain a lower bound for a}. If the p-trajectory intercept is less than
1, we show that lim_ _Re TI(s,0,4-s)/s is determined by the total cross sections. If, in
addition, the leading isospin-2 trajectory has intercept less than zero, then even without
imposing elastic unitarity, the I= 0 S wave is determined by the absorptive parts without

the freedom of adding an arbitrary constant.

I. INTRODUCTION

Martin! has derived rigorous inequality con-
straints on the 77 partial-wave amplitudes in the
unphysical region 0<s < 4m,?. Roskies® has found
sum rules involving integrals of the partial-wave
amplitudes over 0 <s < 4m,? which follow from
crossing symmetry. There have been recent at-
tempts®* to use these unphysical-region con-
straints to study the behavior of the nm amplitudes
above threshold. Within a given parametrization
of the partial waves, it has been possible to make
physical -region predictions.** However, Ulrich®
has found a new parametrization of the S and P
waves in which the unphysical-region constraints
hardly constrain the physical-region phase shifts.
He introduced the experimental p meson into the
P wave, and found that there existed a family of
S waves exactly satisfying the Martin and Roskies
constraints, which had drastically different phase
shifts above threshold.

In this note, we discuss several sum rules which
relate the 77 scattering lengths to integrals of the
absorptive parts over the physical region. We
show that these sum rules, which were originally
derived by Wanders® using the Mandelstam repre-
sentation, are direct consequences of twice-sub-
tracted dispersion relations. Since the integrands
behave like s~3 at large energies, these sum rules
are most sensitive to the energy region below 1
GeV. Therefore, these sum rules are good
physical-region constraints to supplement the un-
physical-region constraints of Martin and Roskies
in the study of low-energy nm models. They re-
late the tip of the unphysical region to the reso-
nance region. Also, the p and ¢ enter the sum
rule for 245 - 5aZ - 18a} with opposite signs,
making it very sensitive to the detailed form of
the S- and P-wave phase shifts.

In Sec. II, we discuss the constraints crossing
symmetry imposes upon the subtraction constants
appearing in fixed-variable dispersion relations.



