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Comment on Jarlskog's conditions for CP invariance
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In a previous work we derived for the quark mass matrices in the standard model with any num-
ber of families, n, a set of basis-independent conditions, which are necessary and sufhcient for CP in-
variance. Very recently Jarlskog claimed to have reduced the number of these conditions for n ) 3
to —,'(n —1)(n —2) =the number of Kobayashi-Maskawa-type phases. We prove that in general her
conditions are insufhcient for CP-conservation.

Some time ago we derived' necessary and sufhcient
conditions for CP invariance, which the quark mass ma-
trices obey in the standard electroweak model with any
number of fermion families n. Our basis-independent
conditions consist of the reality of the traces of products
of powers of the up- and down-quark mass matrices. For
n ) 3 the number of these conditions is larger than
—,
' (n —1)(n —2 ) = the number of Kobayashi-Maskawa-
(KM-) type phases. Very recently Jarlskog readdressed
this question. She claimed to have found a subset of our
conditions, exactly —,'(n —1)(n —2) of them written in a
somewhat different form, which are sufhcient for CP in-
variance.

The purpose of this Comment is to prove that, in fact,
Jarlskog's conditions are not sufFicient for CP invariance.
We will present a counterexample to her conditions for
n =4. The weak link in her formulation will be pointed
out. We will be brief, since the details of the argument as
well as the complete set of sufhcient conditions were al-
ready presented in Ref. 1. To avoid any possible con-
fusion due to different notations, we will not use our own
notations of Ref. 1 but rather the ones used by Jarlskog
herself.

The claim made by Jarlskog [see Eq. (22b) in Ref. 3] is
that the —,'(n —1)(n —2) necessary and sufficient condi-
tions for CP invariance are

Im(K, )K kKki) =Im Tr(PiKPJKPkK)
=Im Tr(PiKP KPkK)

=0 (2»j»k»n) .

Here and from now on repeated indices are not summed
over. K = [S,S'] is the commutator of the Hermitian up-
and down-quark mass matrices S =mm, S'=m'm', re-
spectively. P are projection matrices for flavor j. P and
E are the matrices in an arbitrary basis, while P and K
are their forms in a basis in which S is diagonal. The
down-quark matrix will be denoted in this basis by S'.

A critical remark is in order. To obtain the projection
matrices PJ, which appear in Eq. (1), one must first calcu-

late all the eigenvalues of the n Xn matrix S. It is well
known, however, that there is no general formula in
terms of radicals for the eigenvalues of matrices of di-
mension n )4. Therefore the above conditions can in
general be applied only to n =3,4.

In the basis in which S is diagonal Eq. (1) reads [see
Eqs. (20) and (22) of Ref. 3]

Im(SIJS&'kSki ) =0 (2 j» k n ), (2)

S'=
x* b y 0
0 y* c z
0* 0 2

where it was assumed that the quark masses are nonde-
generate. Our example will have this property.

Equation (2) states that in the basis in which S is diago-
nal —,'(n —1)(n —2) cyclic products of order 3 in S' are
real. It was shown in Ref. 1 that for CP invariance the
cyclic products of all orders must be real. The reality of
cyclic products of higher order does not follow in general
from the reality of the three-cycles. As pointed out in
Ref. 1, this is the result of possible zeros in the mass ma-
trix S'. There is no a priori physical reason to assume
that S' has no oF-diagonal zero elements. As in Ref. 1,
we will not make such an assumption. Therefore, Eqs. (2)
or (1) are insufficient for CP invariance (unless one explic-
itly assumes that S' has no off-diagonal zero element).
Additional conditions, expressing the. reality of cychc
products of higher order, must be implemented to
guarantee the symmetry. Hence the overall number of
conditions is larger than —,'(n —1)(n —2) (Ref. 5).

Our counterexample in the case n =4, to which we al-
ready alluded in Ref. 1, will be based on the above argu-
ment. All the three-cycles of S' will be chosen to be real,
whereas some of its four-cycles will have a nonzero imag-
inary part. Recall that the other Hermitian mass matrix
S is diagonal in this basis. Its positive eigenvalues are ar-
bitrary.

Consider the Hermitian form
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The diagonal elements are real and arbitrary and some of
the off-diagonal elements are complex such that

Im(SIzS23S34S4, ) = Im(xyzu *)&0 . (4)

The matrix of Eq. (3) obeys all of Eq. (2) (Ref. 6). Yet in
this example CP is violated since some of the four-cycles
have a nonzero imaginary part. This proves that
Jarlskog's conditions (2) are not sufficient for CI' conser-
vation.

In conclusion, the number of basis-independent neces-
sary and sufficient conditions of CP invariance on quark
mass matrices in the standard model with n ) 3 families
is, in fact, larger than the corresponding number of KM-
type phases. There is no one-to-one correspondence be-
tween the CP invariance "measures" in the quark mass
matrix and the CP phases of the quark mixing matrix.
This is not surprising, since in terms of the quark mixing
matrix CP may be conserved not only when all the CP
phases vanish but also, for instance, when some of the
mixing angles are zero.

In Ref. 1 we obtained the basis-independent conditions
of CP invariance for n =4 (for which we found six condi-
tions) and n =5. The commutator K of the up- and
down-quark mass matrices plays no special role in these
conditions. The determinant of this commutator, first in-
troduced by Jarlskog for n =3, was shown to be re-
placed in the general case by traces of products of powers
of the quark mass matrices. For the special case n =3 a
simple identity relates DetK to Im Tr(S S'SS' ). Also
the projection matrices P, for which the eigenvalues
would have to be calculated first, do not appear in our
conditions of CP invariance.

When making an ad hoc assumption (for no sound
physical reason, except that zeros may seem "acciden-
tal") that S' has only nonzero elements, the number of
conditions may in general be reduced to —,'n (n —I )(n —2)
(Ref. I). Then in the special case n =4 the corresponding
four conditions may be further reduced by Jarlskog's

three conditions. This requires solving first the fourth-
order mass-eigenvalue equation. A similar reduction can-
not be obtained in general for a larger number of families.

Finally, we wish to make a critical and constructive
comment on the reason for the difference between
Jarlskog's results and ours. We have already stressed
that whereas our conditions are equivalent to requiring
that all the cyclic products of S' are real in the basis in
which S is diagonal, Jarlskog's reality conditions apply
only to some of the three-cycles. Our results were de-
rived from the general definition of CP invariance in the
multifamily standard model. Namely, CP symmetry is
defined by the existence of three unitary matrices
UL, U~, U~ such that the Lagrangian is invariant under
the following transformations of the quark fields:

uL ~ UL CuL, dL ~ UL CdL,

u~~U~Cu~, d~~U~Cd~ .

This means that, among the different equivalent weak-
eigenstate bases related to each other by the above three
kinds of unitary matrices, there exists a basis for which
the CP transformations of the fermion fields have the
usual textbook form (namely, without the above unitary
matrices). No equivalent definition was given in Ref. 3
and hence no adequate derivation of the CP invariance
conditions was presented. Although some remarks relat-
ed to particular algebraic consequences of CP invariance
were made in Secs. IV and V of this paper, a more precise
definition of the symmetry is required for obtaining the
actual conditions for CP conservation.
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