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For the propagation of electromagnetic fields within a medium (e.g., a plasma or a heat bath at
finite temperature), we write down the most general expression for the vacuum-polarization tensor
that is consistent with gauge and Lorentz invariance in four dimensions. The expression contains a
term which signals parity and CP violation either in the Lagrangian, or in the background, or both.
The effect of this term is to split the otherwise degenerate transverse degrees of polarization of the
photon. The physical implications of this term are discussed.

I. INTRODUCTION

A quantum-field-theoretical study of the propagation
of the electromagnetic field within a medium is important
for a variety of physical reasons. It is relevant, for exam-
ple, in discussing photon propagation within a plas-
ma,'~? which has been used* to calculate cross sections
for particle interactions within a star. Another impor-
tant application is in discussing finite-temperature field
theory,s’6 where the medium acts as a heat bath at a
specific temperature.

Despite its importance, attempts at a covariant formu-
lation>~* of the propagation of electromagnetic fields
within a medium are quite recent and by no means com-
plete. It has been demonstrated, using field-theoretic
methods, that within a medium the photon develops a
longitudinal degree of freedom in addition to the two
transverse degrees present in the vacuum. Moreover, all
these modes exhibit some effective mass,>”*’ which ex-
plains why electromagnetic information travels slower
within a medium compared to in a vacuum. The result-
ing dielectric constant and permeability, however, have
been calculated only in the simplest situations.>*

In this paper, we want to formulate an important as-
pect of the propagation of photons within a medium. We
write down the most general expression of the vacuum-
polarization tensor for four space-time dimensions that is
consistent with electromagnetic gauge invariance and
Bose-Einstein symmetry. The expression contains a
term, proportional to the antisymmetric tensor €,,,g
whose effects have never been discussed before, at least in
the context of a covariant formulation. Such a term
arises due to the virtual effects of weak interaction in-
volving the particles constituting the medium and breaks
some discrete symmetries of the Lorentz group. There-
fore, the presence of this term affects, in an important
way, the description of photon propagation in a medium.
For example, as we show later, the two transverse states
of polarization travel with different speeds, that is to say
with different dielectric constants, within a medium.?
The Feynman rules for calculating diagrams involving
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photons are also affected, as shown later.

The paper is organized as follows. In Sec. II we discuss
the symmetry properties of the vacuum-polarization ten-
sor 7, and the most general form of ,, dictated by
them. In Sec. III we show that the general form obtained
in Sec. II violates discrete symmetries such as parity and
CP. The photon propagator and the dispersion relations
in the presence of these terms have been derived in Sec.
IV. While the propagator is useful for internal photon
lines in a Feynman diagram, the corresponding Feynman
rules for an external photon line is discussed in Sec. V.
In Sec. VI we make contact between the formalism and
the macroscopic formulation of electrodynamics within a
medium, thereby obtaining expressions for macroscopic
properties such as the dielectric constant. Section VII
presents some discussions.

II. PHOTON SELF-ENERGY
WITHIN A MEDIUM

In the vacuum, the photon self-energy 7, is a tensor
constructed out of the virtual-photon momentum k#* and
the metric g,,,. As such, it turns out to be symmetric un-
der the interchange p<>v and, separately, under kK — —k.
This property of 7, is not dictated by any principle, but
follows from the fact that m,, depends only on k* and
that space-time is four dimensional. The condition that
follows from Bose-Einstein statistics and crossing symme-
try is that 7, must be symmetric under the simultaneous

interchange u<>v and k — —k, i.e.,
T —k,s)=m,(k,s), .1

where we have indicated explicitly the dependence on the

variable
s=k%+ie. (2.2)

In addition, electromagnetic gauge invariance implies
that

kb, (k)y=k"m, (k)=0, (2.3)
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so that we obtain
T =T(S)8 (2.4)

for an arbitrary number of dimensions of space-time,g
where

k,k,

kK*
With this form, =,
the conditions

8w =8 (2.5)

satisfies not only Eq. (2.1), but also

T, —k,s)=m,(k,s)=m,(k,s), (2.6)

which, we stress, do not follow from any principle in con-
trast with Eq. (2.1).

Finally, Hermiticity of the interaction Lagrangian im-
plies that

my (ks *)=m, (k,s) . 2.7

This can easily be derived diagrammatically. Taking the
complex conjugate of any diagram that contributes to m,,
reverses the direction of the internal and external
momentum lines and therefore gives a diagram that con-
tributes to m,,; but it also changes the i€ in the internal
propagators to —ie. Changing s to s* takes this effect
into account, and summing all the diagrams yields Eq.
(2.7). It can also be derived by considering m,, as the ex-
pectation value of the time-ordered product of two
currents. The complex-conjugation operation reverses
the order of the two currents and changes the time-
ordered product to an antitime-ordered product, which
also has the effect of replacing the ie by —ie in the prop-
agators, so that we again obtain Eq. (2.7). The upshot of
this equation for the invariant function =(s) defined in
Eq. (2.5) is that

(2.8)

In other words, the dispersive part of (s) is real and if
the absorptive part is zero, then 7(s) is real.

Let us now discuss the situation in a medium. The
effects of the medium will introduce an additional depen-
dence of m,, on the velocity four-vector u* of the back-
ground. In any space-time dimensions, one can now form
two tensors?~*7 which are orthogonal to both k* and k":

u.u,

Qp,v— :;2 ’ Ryv :gpv_QpV 4 (29)
where
u,=g,,u". (2.10)

However, we want to point out that for the particular
case of four-dimensional space-time, one can have anoth-
er tensor which has the same property:'°

i
Py = €unapk ub 2.11)
where k is a Lorentz-invariant quantity defined by
k=(0?*—k)'"?, o=k-u . (2.12)

The most general form of ,, consistent with gauge in-

variance [Eq. (2.3)] in four dimensions is therefore given
by

T K,0)=7rR,, +7,0,, +7pP (2.13)

uv pv o

where we have explicitly indicated the dependence on the
scalar variables k and o defined in Eq. (2.12). In fact, 7,
7, and 7p are also functions of these variables. We will
write this dependence explicitly whenever we need it.

For future convenience, let us note the following prop-
erties of the tensors R ,,, Q,,,, and P, :

R,,R*¥=R,’, R,0"=0,

0,0%=0,,. 0Q,P"=0, (2.14)
P, P¥Y=R,, P, R¥=P/F.

Also, from the definition, it follows that
R, (k)=R,,(k)=R,(—k),
Q,,(k)=0,,(k)=0Q,,(—k), (2.15)

P, (k)=—P,,(k)=—P,(—k) .

The condition from Bose-Einstein statistics and cross-
ing symmetry is, as before, that T, be symmetric under
the simultaneous interchange of u<»v and kK — —k. This
means that the part of m,, that contains even (odd)
powers of kK must be symmetric (antisymmetric) in y,v.

In terms of the variables defined in Eq. (2.12), it implies

Tyl —@)=m, (K o) . (2.16)
Using Eq. (2.15), this gives
WT,L’P(K, _Cl)):’)TT’L’P(K,CO) . (2.17)

The same arguments that lead to Eq. (2.7) can be applied
here to show that if the interaction Lagrangian is Hermi-
tian, then

v:#(x,a)-—ie)=7rw(x,w+ie) , (2.18)
which in turn implies
L p(K,0—i€)=mr; plk,0+i€) . (2.19)

Therefore, the imaginary parts of 7 p, if any, must
come only from the absorptive part.

Thus, m,, can contain terms that are antisymmetric
under pu<>v, provided they are odd under kK — —k. Such
terms are allowed by Bose-Einstein statistics and, in gen-
eral, the term with the structure tensor P,, exists in a
medium. Our primary interest in what follows is to eluci-
date the interpretation and physical origin of that term.

III. DISCRETE SYMMETRIES
AND THE 7, TERM

The presence of a term proportional to the antisym-
metric € tensor is well known and widely discussed in the
context of vacuum electrodynamics in three space-time
dimensions.’ It has been pointed out ‘that such a term
signifies a violation of discrete symmetries such as parity.

In the four-dimensional case, we similarly ask the ques-
tion of what symmetries are broken by P,,; e.g., parity
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(P), charge conjugation (C), and CP. In other words, we
would like to answer under what conditions the P,, term
exists and under what conditions it is zero.

Here again, as in the three-dimensional case, we are
tempted to conclude immediately that the presence of the
P,, term must somehow involve the breaking of P and
CP. While this is true, its precise implications have to be
discussed with great care. The reason is that the back-
ground that defines the medium, with respect to which all
averages and expectation values are taken, may or may
not be symmetric under the symmetries we are concerned
with. To make the statements more precise, given a con-
served quantity 6, so that

(6,L£1=0, 3.1)
we will say that the background is 6 symmetric if
(6)=0, 3.2)

where ( ) stands for the averages in the medium, i.e., the
same that is used to define, for example, the propagators.
Another way to express Eq. (3.2) is to say that the chemi-
cal potentials associated with 6 are zero.

The generating function that embodies the effect of the
background is.

Z=exp [—BH+ Y a,0,], (3.3)
4

where the quantities 0 4, form a complete set of conserved
charges.

All our conclusions regarding the implications of the
discrete symmetries P, C, and CP on the presence of the
P, term will be easily understood in terms of the follow-
ing example. Suppose we are to calculate the expectation
value of an operator O which is parity odd, i.e.,

P710P=-0 . (3.4)
By definition
~ ' —1\A

trZ trZ ’

where we have used the cyclic property of the trace. In
this form, any statement now reduces to a statement
about the behavior of Z under P. If the Lagrangian (and
therefore the Hamiltonian) is invariant under P, and if
the chemical potentials of charges that are P odd are
zero, then

pPZP =27 (3.6)
and so
(0)=0. (3.7)

However if some of the chemical potentials of parity-odd
charges are nonzero, then (O ) is not necessarily zero,
even if the Lagrangian conserves parity. We will refer to
a background for which Eq. (3.6) holds as a parity-
symmetric background. Thus, we can summarize these
results by saying that (O ) is zero if the Lagrangian is in-
variant under parity and the background is parity sym-
metric.

We can now return to discuss the implications of the
discrete symmetries P, C, and CP on m,,. The situation,
though not identical, is similar to what was discussed
above. If the Lagrangian is invariant under P and the
background is parity symmetric, then 7, satisfies

(3.8)

Tpy™= ‘Trﬂv ,

where 7, is defined as ,, with the sign of the € term re-

versed. So, Eq. (3.8) implies
(3.9)

if the two conditions hold. Therefore, mp can be nonzero
only if parity is broken either by the Lagrangian or the
background, or both. However, this is not sufficient to
guarantee the presence of the 7p term, as we will see in a
moment.

The product of two electromagnetic currents is C even
and therefore we do not obtain any restriction on w,,
even if the Lagrangian preserves C and/or the back-
ground is C symmetric. But CP has important implica-
tion. As before, if CP is conserved by the Lagrangian and
the background is CP symmetric, then again w,, must
satisfy Eq. (3.8). Therefore, in order for 7p to be
nonzero, not only P has to be broken by either .L or the
background, or both, but also CP must be broken by one
or the other, or both.

For example, suppose that £ breaks P but CP is con-
served, which is a good approximation in practice. If the
background consists, for example, of a nonrelativistic,
nondegenerate gas of electrons then mp will receive a
nonzero contribution at some order in weak interactions.
In this case the background is P symmetric but C and CP
asymmetric. The situation resembles the one in the
atomic-physics parity-violating experiments. In fact,
those experiments can be interpreted and discussed in
this formalism.

As a second example, suppose the background is a gas
of massless, left-handed neutrinos and their antiparticles.
If the lepton number of the gas is zero, then the back-
ground is C and P asymmetric but CP symmetric and 7p
should be zero if, as before, we assume that CP is con-
served by the Lagrangian. However, if the lepton num-
ber is not zero, the background becomes CP asymmetric
and so mp would receive contributions at some order in
the weak interactions. In the Appendix we give some de-
tails of how these conclusions are realized in a specific
model.

1TP=0

IV. PHOTON PROPAGATOR
AND DISPERSION RELATIONS

In the presence of an external current j£,, the La-
grangian of the electromagnetic field in the vacuum is
given by

“Lvacuum:%A,u(A_l)lWAv_A,l,jgxt 5 4.1)

where A, is the tree propagator. The matter effects in-
troduce a nontrivial vacuum polarization, so that in the
medium we obtain the Lagrangian

’Lmedium:%A,u[(Akl)'uV""’fT‘uv]Av—A#j'gxt . 4.2)
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The equation of motion of the electromagnetic field is

therefore given by
(AT +7]4, =]k, . 4.3)

One now identifies the complete propagator D, by the
relation

—1 —p-1

A, +m,,=D,, 4.4)
so that the equation of motion becomes

(D714, =jk, . 4.5)

Using Eq. (2.13) and the definition in Eq. (4.4), we can
write down the inverse propagator of the photon to be

D} =(—k*+mr)R,, +(—k*+7,)Q,, +7pP,, , (4.6)
where we have discarded possible gauge terms propor-
tional to k,k, since these decouple by gauge invariance.
The dispersion relations are found by setting the deter-
minant of D ;Vl to zero, or equivalently, by solving the
equations D ;vl AY=0, or still another way by the poles of
D,,.
!il"he subject of photon propagation and dispersion rela-
tions in absence of the tensor P has been addressed be-
fore.* There, it was shown that the tensors R and Q
govern the propagation of the transverse and longitudinal
modes, respectively.

To extend that analysis to include the effects of Puv’ we
first observe that P, relates to the transverse modes.
One way to see this is to note, from Eq. (2.14), that P is
orthogonal to Q. Alternatively, one can go to the rest
frame of the medium where

ut=(1,0) . 4.7)
In this frame, k, and |k| reduce to the invariants w and
K, respectively, as can be seen from Eq. (2.12). We will
use the symbols k, and |k| whenever our discussion per-
tains to the rest frame of the medium. The various com-
ponents of the tensors R, Q, and P in this frame are as
follows:

: kik;
Ryp=Ry=0, R;=—8;+ ek
__ k[ _ _ koki __ kg kik;
Qoo = k2’ 0i k2 > i k2 |k|2 ’
. (4.8)
i
Py =Py; =0, P-ijzl_kl—eijkkk .

Obviously, in this frame, the spatial components of the

tensors R and P satisfy
k'R;=k'P;=0, (4.9)

which identifies them as describing the transverse degrees
of freedom. On the other hand, the spatial components

of Q satisfy
(8 —k;k; /|k[)@%*=0, (4.10)

so that we identify Q to be the projector of the longitudi-

dinal degree of freedom.

To proceed, we introduce two vectors whose com-
ponents in the rest frame of the medium are (0,e;) and
(0,e,). The spatial components €, and e, have unit length
and are orthogonal to the direction of propagation k (see

Fig. 1). They satisfy the relations
e1=e2><’12, e2=—e1></12, /l;-(el><e2)=1 . (4.11)

Using the expression of P;; from Eq. (4.8), we can easily
generalize Eq. (4.11) to an arbitrary frame:

e\, =iP,e5, ey =—iP,el, P,efe;=i. (4.12)
It is also useful to define
- ut
el ——‘/—.:_E_z— . (4.13)

Note that the square root in the denominator is necessari-
ly real because, by definition, # 2=1—w?/k?<0, since
k2=w?—k*<w?. The set of vectors k", e}, e¥, and e}
form an orthogonal basis in the four-dimensional space-
time and is a convenient one to use. Because of the
orthogonality, we can use the vectors e* as the polariza-
tion vectors. Obviously, e% and e} describe transverse-
polarization states since their spatial components are
transverse to k in the rest frame of the medium, as com-
mented earlier. Similarly, e4 has spatial components
parallel to k in the same frame and therefore describes
the longitudinal polarization state. Some useful relations
are

R/,Lv= _(el/,zelv_'_eZ‘ueZv) ’

P, ,=ile,e;,—eyey,), 4.14)

Q,uv= _93;1631' .

In fact, the second one of this set of equations can be de-
rived from the first one with the use of Egs. (2.14) and
(4.12). The third one follows from Eq. (4.13).

If 7, =0, one can carry out the analysis in terms of the
linear polarization vectors: e for the longitudinal mode
and e , for the transverse modes. In Ref. 4 it was shown
that the longitudinal mode has a dispersion relation

k*—7m, =0, (4.15)

€

FIG. 1. The mutual orientation of the uni}t\ vectors e; and e,
with respect to the direction of propagation k. Equation (4.11)
summarizes the relations between the three vectors.
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while the transverse modes satisfy

k*—mr=0. (4.16)

In the presence of 7p the physics can be best under-
stood by introducing the tensors

Ay =4R,,+P,), B R, —P

wW=HR,,—P,). (417

1
2

Note that these tensors and Q,,, satisfy the following re-
lations: '

A, AP=4,°, B,0"=0,
B,,B=B,, Q,,A"=0,
Q‘LWQVP=Q#P’ A,,B*=0.

In other words, A4, B, and Q act like projection operators.
We will presently see that in fact they project out
different polarization states of the photon.

Equation (4.6) can now be written as

(4.18)

D) =(—k*+mr+mp)A,,+(—k*+mr—mp)B

uv uv
H(—k*+m.)Q,, -

(4.19)

Using Eq. (4.18), the propagator can easily be written as

D = A,uv By,v _ Qy.v

w T
k 7TT+7TP

. (4.20)

k2—amp—mp k*—m,

Looking at the poles of this expression, we see that the
dispersion relation for the longitudinal photon remains
unaffected by the 7p term. But the two transverse modes
are no more degenerate. Rather, they have the dispersion
relation

k2—mp=+7p . 4.21)

In fact, the polarization vectors can no longer be taken to
be ef and e¥ since they get mixed up by the P, term, as
expressed in Eq. (4.12). Rather, the appropriate basis to
describe the eigenmodes is provided by the circular polar-
ization vectors

el = ey tiey,) 4.22)
Using Eqgs. (4.14) and (4.17), it is now easy to see that
e\t =—B,, e telI=—4,, . 423
Therefore,
e =l

This form clearly shows the polarization vectors and the
dispersion relations. We now use this form to determine
the wave-function renormalization constants that must be
used for photons in external fields.

V. PHOTONS IN EXTERNAL LINES

For photons in internal lines of a Feynman diagram,
the propagator that should be used in order to take into
account the effects of the medium is given by Eq. (4.20).
For external photons, the wave functions are proportion-

al to the polarization vectors e (where A=+, —,3) with
a normalization factor N;,. To determine them, we take
advantage of the fact that the N, are Lorentz-invariant
quantities, so that we can determine them in the rest
frame of the medium. In this frame, we denote by w;,
the solution to the dispersion relations in Egs. (4.15) and
(4.21). The corresponding polarization vectors are denot-
ed by e,(kA), thus making explicit their momentum
dependence.
Writing the wave function in the form

(0] AM(x)|kAY=1'Ner(kr)e ** (5.1)

we determine N, by looking at the residue of D, at the
poles, which are given by the dispersion relations.

Following a standard analysis'' and using the
definition

d*k
(2m)*

(0T[4, 4,(m1l0)=i [ e~ kx=Yp (k),

(5.2)

we calculate the one-photon contribution to D, (k), with
the result

Dyv(k)llphotonz E Nk)»e;t(k}")ev(k}‘)

A=+,-,3
1
—_—_ . (5.3)
k% - CL)%()L +ie
Therefore, in the limit ky—w;,, the photon propagator
behaves like

1 Nia

D, (k =
y,v( )’1 photon ko_wkk 2ka

e, (kMe(kA) . (5.4)

Starting from Eq. (4.24) and taking the limit ky—wy;, we
then obtain

20
Nkkz kA for }\_zi N
O (k3 —mp+hmp]
akO ko=,
: (5.5)
W3
Ny3= 5
——(k%—m;)
ok - Lozﬂ’ks

In calculating cross sections or decay probabilities, a nor-
malization factor N, must be included for each external
photon in the process, in addition to the standard factors.
In the limit 7, —0, Egs. (5.5) reduce to the familiar re-
sults,* as can be shown easily by using Eq. (6.24) derived
later. In the limit 77, p—0, all Ny, becomes equal to
unity, which is the appropriate result in the vacuum.

VI. EQUATIONS OF MACROSCOPIC
ELECTRODYNAMICS

The formalism described above is very useful for carry-
ing out practical calculations in the covariant formula-
tion of field theory in a medium, which includes finite-
temperature field theory and the relativistic plasma.
While, as we have seen, the effect of the 7p term on the
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propagation of photons can be simply deduced within
that formalism also, a complete picture of the physical
situation is obtained by making contact with the macro-
scopic formulation of electrodynamics. Notice that
maintaining explicit covariance is very useful in the field-
theoretic calculation of w,,; but it is not needed for mak-
ing contact with the macroscopic formulation after
mr 1 p are calculated. Therefore, the entire discussion of
this section is carried out in the rest frame of the medium
defined in Eq. (4.7).
Maxwell’s equations in momentum space are

ik-E=p, ikXB=j—ik,E,
k-B=0, kXE=k,B .

(6.1)

Here, p and j contain, in addition to any external sources,
the induced sources of the medium, which are the ones
calculated in field theory through w,, [see Eq. (6.22)
below]. The standard procedure is to make a separation
between the two kinds of sources by writing

pzpext+pind? j:jext+jind ’ (62)

and then to parametrize the induced sources in the form

pind= _ik'P, jind= —ik0P+ikXM . (6.3)
Now, expressing P and M as

P=(c—1E, M= |1—- B, 6.4)

u

the equations become

ik-D=p. ikXH=j,,—ikoD, 6.5)

k-B=0, kXE=kL,B,
in terms of the vectors

. (6.6)

D=E-+P=¢E, HEB~M=L—B .

Thus, the effects of the medium of the propagation of
photons are parametrized by € and u. We can calculate
them if we know how to calculate P and M, or
equivalently j;.4, from first principles.

A better way to proceed is as follows. We can elimi-
nate B from the equations of motion from the beginning.
The two homogeneous equations in Eq. (6.1) give

1

=—kXE.
ko

(6.7)
Thus, B is already solved for. We therefore need to con-
sider only the inhomogeneous equations in Eq. (6.1).

Instead of writing p;.4 and j;,q as in Eq. (6.3) with Eq.
(6.4), we can use Eq. (6.7) to eliminate B, obtaining

ik-E=p, kikx<k><E)=j—ikoE. (6.8)
0

Since kX(kXE)=(k-E)k— |k|’E, the upshot of the
second equation in Eq. (6.8) is that j contains a term pro-
portional to E and another component in the direction of
k. Introducing the notations

E,=k(k-E), E,=E—E, (6.9)

for the components of E parallel and perpendicular to k
in the plane containing the two vectors, we can rewrite
Eq. (6.8) as

|k|>
kg

1_.

ilk||E,|=p, iky |E,+ E, |=j. (6.10

Needless to say, this equation gives the total charge and
current densities. As mentioned in Eq. (6.2), some parts
of them come from external sources and some parts are
induced by the medium. We parametrize the induced
charge and current densities by

Pina=i(1—¢))|k||E;l,
Jina=iko[(1—¢,)E;+(1—¢,)E,] .

(6.11)

Putting these expressions back in Eq. (6.8), we obtain

k- D=pey, k#OkX(kXE)=jm—ik0D . (6.12)
where

D;=¢,E; - (6.13)
with

e;=kKke,+(5;,—kk)ke, . (6.14)

Thus, the independent dynamical variable is taken to be
E, whereas €,;, merely parametrize the effects of the
medium. Explicitly, the equation for E is

2

ik, |g,E; + 8,—';7 E, | =jext » (6.15)
0

from which the dispersion relations are determined.

In this way of formulating the problem, it is almost ob-
vious that Eq. (6.14) is not the most general form of ¢;;.
In general, one can write down the following general
form consistent with the rotational symmetry of space in
the rest frame of the medium:

ey =KK;e,+(8; —k/k,)e, +ie ke, . (6.16)
Equivalently, one can say that the expression for j;,4 in
Eq. (6.11) is not general, since a three-vector cannot in
general be written as a superposition of two basis vectors
E; and E,. There might be a component of j;,4 perpen-
dicular to the plane of k and E, so that in general we
should write

jina=iko[(1—¢,)E;+(1—¢,)E,—ie,kXE] . (6.17)
There are two things to notice at this point. First, one
cannot add any more terms, since we have already
spanned the three-dimensional space. Second, the P and
CP properties of the new term in j;,4 is different from
that of the other terms on the right-hand side of Eq.
(6.17). Thus, the presence of this term requires P- or CP-
odd effects in the Lagrangian or in the system, or maybe
in both. As we will now demonstrate, it is connected to

the 7p term in 7,,.
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The dispersion relations are obtained as the poles of

D Through Eq. (4.5), they should coincide with the

uv
zeros of j£ .. Notice that Egs. (6.10) and (6.17) imply
.. k|2 LB
Jext=1ko |, E;+ a,——;(-z— E,+ige,kXE| . (6.18)
0

Existence of solutions of the homogeneous equation ob-
tained by putting j.,=O0 requires the vanishing of the
determinant of the matrix containing the coefficients of
different components of E. In order to simply read the
solutions directly, we introduce

E.=L(E,+ikXE) (6.19)
to rewrite Eq. (6.18) as
. . k|2
Jexi=1ky |, B;+ s,+sp——|k—|2— E,
0
k 2
+ |g, E”—ll;lz,_ E_ (6.20)

Thus, the dispersion relations are obtained as the solu-
tions of the equations

€;=0, longitudinal mode ,

k|2 (6.21)
— =¢,tg,, transverse modes .

k3

To show that these dispersion relations are the same as
the ones obtained in Sec. IV, we recall Eq. (4.3) once
again. An alternative meaning of this equation other
than the one given in Eq. (4.5) is obtained by identifying
the vacuum-polarization term as the source term due to
induced currents:

Jha=—m"4,, (6.22)
so that the equation of motion reads
(AT A4, =k it - (6.23)

Using Eq. (2.13) and comparing Egs. (6.17) and (6.22),
one can obtain the following relations written in a
Lorentz-invariant way:

l—g,=nmr/0% l—g=m,/k% e,=mp/a*®. (6.24)

As an example of how these relations are derived, consid-
er the equation for the time component of j{,; from Eq.
(6.22). Using Eq. (4.8), we see that only the components
of Q,,, contributes to this equation. Thus, we obtain

w m
pi,,d=—k%(|k|2A°—kok-A)=k—§ik-E , (6.25)

using, in the last step, the momentum-space relation

E=—i(A°k—k°A) . (6.26)
Comparing Eq. (6.25) with Eq. (6.11), the second equa-
tion in Eq. (6.24) follows. The other two equations are
obtained similarly by considering j;,4 in Eq. (6.22). Using
Eq. (6.24), we can see that the dispersion relations ob-

tained in Eq. (6.21) are the same as the ones given in Eq.
(4.15) and Eq. (4.21), as they should be.

VII. CONCLUSIONS

In summary, we have discussed in detail the general
formulas for the propagation of electromagnetic field
within a medium. We have also discussed the relation be-
tween the microscopically calculated quantity ,, and
the macroscopic equations of electrodynamics. The con-
nection between these two approaches is very useful, be-
cause while the calculation of 7p is most conveniently
and consistently done in quantum field theory, the macro-
scopic consequences are best elucidated in the more intui-
tive and familiar setting of macroscopic electrodynamics.

In particular, our attention was directed to the effects
of a possible term in the vacuum-polarization tensor pro-
portional to the antisymmetric tensor €,,,5. The pres-
ence of the term requires P or CP-odd effects in the La-
grangian or in the medium. The effect of this term is to
split the otherwise degenerate right- and left-handed cir-
cular polarization modes of the photon. Thus, the two
modes propagate with different speeds within the medi-
um. This phenomenon, known as optical activity, is
known to occur in anisotropic systems. Our arguments
in this paper show that it can take place in isotropic sys-
tems as well if P- or CP-odd effects are present.
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APPENDIX: ANILLUSTRATIVE EXAMPLE

In this appendix, we present an example of how the 7p
term of Eq. (2.13) actually arises in a specific model and
thereby corroborate the statements, made at the end of
Sec. III, about the necessity of both P and CP asymmetry
in the Lagrangian and/or in the background for the ap-
pearance of such a term. '

We consider the standard model in a background of
neutrinos and antineutrinos. For simplicity, we consider
the Lagrangian with just one fermion family, so that it
automatically conserves CP while violating P. Also, we
choose to work in the rest frame of the neutrino bath,
defined in Eq. (4.7). The neutrino propagator should now
be written as’

i
p2
=iSAp)+Sp(p) .

iSp(p)=¢ —278(p*)np(p°)

(A1)

Here, we have used the real-time formalism which is con-
venient for us. The symbol ny(p°) denotes the Fermi-
Dirac distribution function

0(p°)
PP’ 4

0(—p°
e PPOmm 4

np(p®)= (A2)

The two-loop diagrams which involve the internal neutri-
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no lines and contribute to 7,, have been given in Ref. 7.
There, it has been pointed out that the background con-
tribution to the vacuum-polarization tensor 7/, is given
by

4
w k)= [ T%T%tr[S}(p)Tw(p,k)] : (A3)

to the power of p in the terms, we can show that only T
is relevant for calculating m,,, to O(1/M 2,). Bose sym-
metry for the photons and the chirality of neutrino in-
teractions then dictate the form

T =Te,,q.k v’(1—75) . (A4)

Turning back to Eq. (A3), we see that the only contribu-

where  #(p)T,,(p,k)u(p) is the neutrino-photon tion to ,,, to this order is
forward-scattering amplitude, u (p) being the neutrino
spinor at momentum p. To calculate T,,, we can use all . « 2 AS
zero-temperature propagators since at the lowest loop Ty = "1 €pvapk Tf (27 )4 8(pInp(pO)tr(py”) (A3
level, there are no internal neutrino lines for this process.
Writing 7,,,(p,k)=3,, T(”)( p,k) where the index n refers  To perform the remaining p integration, note that
J
_P_ 2 0)pB=1y 1 _ 1 =1(n.—n_)ub
f -8(pHnp(pO)p s[4 (277 Tt el Rt UL (A6)

where n, and n_ are the number density of neutrinos and
antineutrinos. Combining Egs. (AS5) and (A6), we see that
7p is proportional to n,—n, or the lepton number, as
indicated in the discussion of Sec. III. Thus, since we
have P violation in the Lagrangian but no CP violation,

[

we need a net lepton number of the medium so that the
background can provide the CP asymmetry necessary for
the 7p term in Eq. (2.14). The details of the evaluation of
7p in this and other cases will be presented in a future
publication.
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