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Self-dual fields and causality
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Causality aspects of two-dimensional self-dual fields are considered. %'e prove that there is no
causal propagation for dimensionless self-dual fields whose Lagrangian does not contain dimension-
al parameters. It is shown that causal self-dual bosons are possible in the chiral Schwinger model
which contains a dimensional charge.

The quantization of self-dual fields has aroused some
interest, ' particularly due to its relevance to the
heterotic string. More basically, self-dual fields are the
building blocks in terms of which the usual fields can be
constructed. However, the quantization of these funda-
mental objects is beset with notorious difFiculties and up
to now no covariant Lagrangian describing scalar self-
dual fields is known. More recently, some understand-
ing of the problem has been achieved by Floreanini and
Jackiw who have proposed the following alternatives: (i)
a nonlocal Lagrangian in terms of a local field; (ii) a local
Lagrangian in terms of a nonlocal field; and (iii) a local
Lagrangian in terms of a local field. These alternatives
are just different descriptions of the same theory. The
formulations (i) and (ii) which exhibit second-class con-
straints ' turn out to be invariant under contracted Poin-
care transformations, while the fermionic formulation (iii)
is manifestly Poincare invariant. Furthermore, the
Becchi-Rouet-Stora-Tyutin (BRST) quantization of
Siegel's Lagrangian has been presented in Ref. 1. It has
been claimed that Siegel's model is equivalent to (ii) (Ref.
9).

Besides Poincare symmetry a consistent quantum field
theory must verify further axioms. In this paper we start
by showing that not all the proposals in Ref. 5 satisfy the
physical requirement of causality. We then argue that
the absence of dimensional parameters in the Lagrangian
signals the violation of causality for theories involving
only dimensionless self-dual fields. This seems to be the
case in Siegel's theory. We conclude this work by using
the chiral Schwinger model to exemplify the occurrence
of causal dimensionless self-dual bosons in a theory con-
taining a dimensional coupling constant.

The formulation (i) is described by the nonlocal La-
grangian density [unless otherwise stated, from now on
x —=(x,x')]

X"(x)= —,
' f d yy( )xe(

'x—y ')g(y) —
—,'g (x),

where y labels the coordinate pair (x,y'). We shall al-
ways be using the metric given by g"=—g11=1,gP =0

y(x) =i I dk
0 2% [ ik(x +x )

ik(x +—x ) (k)]

with [a(k), a (k')]=5(k —k'). Then, one readily ob-
tains

[y( )x, y(0)]=i5'( x+x') . (3)

Since the right-hand side of (3) is nonvanishing only in
the light-cone branch defined by x +x ' =0, the quantum
theory arising from (1) is compatible with causality.
From (3), notice that the dimension of y, and therefore its
spin, is one.

The formulation (ii) is described by the local Lagrang-
ian density

(4)

where the subscript l (left) indicates that P( is a self-dual
field obeying the equation (Bo—B) )i)) i =0. The canonical
quantization of (4) is straightforward ' and one finds that

&oly (x)y, (0)lo)

[e
—ik(x +x ) g( e

—C k)]2~ 0 k

l 0 1 1= ——e(x'+x ') — ln( Ix'+x 'l p),4 2'
where C is the Euler constant and p is an infrared regula-
tor with mass dimension. Although the Lagrangian (4)
does not contain dimensional parameters, the theory only
acquires a well-defined meaning after the introduction of
a dimensional infrared regulator. However, it follows
from (5) that the full commutator

[$((x),$((0)]=——e(x +x')
2

if)M&v.
The solution for the quantum field operator y(x) has

been found to be
1/2
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&'„"'=—,'(&yb„)(&,P„)+—,'(B,P„)(&,(()„)

obeying (()o+()i)$„=0. Indeed,

(7)

is entirely independent of p. Moreover, the commutator
(6) does not vanish outside the light cone. Therefore, the
quantum field P( is not a causal field. As a consequence,
the chronologically ordered product T[(t)&(x)(t)&(0)] is not
a Lorentz-invariant operator. Notice that, this time, the
basic commutator (6) is dimensionless, in agreement with
the fact that P& is a dimensionless field.

One arrives at a similar conclusion for the r (right)
field:

r /4~

u (x)= p
r 277

:exp[ i—y(t)((x )]: (19)

[u~(x), u~(0)]~=[u (x),ut(0)]+=0,
1 )) /2vr —1

[u (x), u (0)] =2 6()' ~ ')( o+ '),
(y /2' 1)!—

(20)

which have dimension=spin=y /4~. For general values
of the spin such fields have nonlocal field-dependent
(anti)commutation relations. Nevertheless, if the spin is
either a nonzero integer or half-integer, the correspond-
ing field is local and satisfies

[P„(x),P„(0)]=——e(x —x') . (8) (21)

In spite of these causality problems, the ordinary scalar
field

P(x) =P((x)+P„(x),
with [P&(x),P, (0)]=0, is causal. In fact, it satisfies

[P(x ),$(0)]= i 9(x —)e(x )

(9)

(10)

u(x)= f dx[e'"'" +" 'b (k)
&2ir

+e —ik(x +x ) (k)] (12)

u (x)= f dx[e'"' + 'a (k)
V2ir o

—ik(x +x )b (k)] (13)

which, of course, vanishes outside the light cone (x (0).
The formulation (iii),

X'"'=iu (Bou —B)u),

describes a Weyl fermion obeying (()o—B, )u =0. The
canonical quantization of (11) leads to

where the subscript + indicates either commutator or an-
ticommutator. For spin —,

' and 1 we reobtain the previ-
ously written (anti)commutation relations.

The examples above support the conclusion that the
theory of a single dimensionless self-dual field cp& neces-
sarily violates causality. In fact, since' the fields only de-
pend on x through the combination x +x', translation
invariance dictates that the vacuum expectation value of
the field commutator (or anticommutator), ( 0~ [(p&(x ),
p&(y)]~0), must be of the form f (x y+x'—
—y'), where f is some function. Thus, for f to vanish
outside the light cone it must be of the form

f (x y+x ' —y ')—=P(B()5(x —y +x ' —y '), (22)

where P is some polynomial. Since, by assumption the
Lagrangian does not contain dimensional parameters
which might compensate for the dimensions of the right-
hand side of (22), the field commutators cannot be of the
form (22) and, as a consequence, causality is violated (we
recall that the infrared regulator does not enter in the
commutation relation). This is exactly the case of Siegel's
theory (() =9/()x —,V'2x —=x +x'):

where &s= —,'(& P)(&+/) ——(& P)'
2

(23)

[a (k), a (k') J
= [b (k), b (k') j =5(k —k'), (14)

while all other anticommutators vanish. One then ob-
tains

[u(x), u(0)]=[u (x), u (0)]=0,
[u(x), ut(0)] =t)(x +x'), (16)

1/2

:exp[ i (2ir)' P—,(x)]:, (17)

u'(x) =
2m

1/2

:exp[i (2ir)' P((x)]: . (18)

which are all compatible with causality. To the same re-
sults one arrives using the bosonization formulas '

in the gauge A, =-O.

We conclude this work by exemplifying the occurrence
of a dimensionless self-dual field in a theory containing a
dimensional coupling constant. What we have in mind is
the gauge-noninvariant version of the chiral Schwinger
model, which describes the dynamics of fermions chirally
coupled to a vector field A" in a (1+1)-dimensional
space-time. After bosonization the effective Lagrangian
X turns out to be X =X( A",P, e, a) where P is the boson-
izing field, e is a dimensional coupling constant, and a is a
real parameter reAecting the ambiguity in the computa-
tion of the fermionic determinant. ' The only physically
meaningful regions are a ) 1 and a =1. The theory has
been canonically quantized in both of these regions. " In
particular, for a =1 one finds that P is a free massless
scalar field and that 3" is a dimensionless self-dual field
given by" (3"=e"B„e"= —e ", e '=1)

In Ref. 7 a whole class of self-dual soliton fields de-
pending on a real parameter was introduced. They are
described by the fields which in turn implies that

(24)
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(25)
in agreement with causality. Notice that the presence of
e makes the right-hand side of (26) dimensionless.

From (10) and (25) one finds

[A'(x), A'(0)]= 5'(x +x')
2 (26)
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