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A field-theory formalism based on a free superspin field, which has an internal degree of infinite

spin, is developed using perturbation theory.

Interaction Lagrangians are¢ constructed and

ultraviolet-finite theories are obtained in four-dimensional spacetime. The finite property of the
graphs, unitarity of the S matrix, and microscopic causality are demonstrated for a g&* model for
the interaction Lagrangian. A definition of locality of the fields is given that extends the concept of
the local commutativity of strictly localizable fields and a formalism for massless superspin particles

is presented.

I. INTRODUCTION

The problem of finding a consistent quantum theory of
gravitation has been a long-standing problem. The at-
tempt to obtain a renormalizable theory of gravitation
based on supergravity failed, because the infinities in the
loop graphs in the third order of approximation did not
cancel. The supergravity formalism was based on point
particles and strictly localizable fields.! There appears to
be no general gauge symmetry beyond that of supersym-
metry that can achieve a renormalizable theory of gravi-
tation based on point particles. There has been a recent
surge of interest in string theories? and, since the strings
are extended objects that interact locally, there is good
reason to believe that they lead to a finite theory of gravi-
tation. However, the superstring theories are only well
defined in a ten-dimensional spacetime and it is necessary
to compactify the ten-dimensional theory to four dimen-
sions. There seems at present to be no unique way to
achieve this and, indeed, it has been demonstrated that
the compactification of the heterotic string models to
four dimensions leads to a very large number of possible
string theories.® Since string theory does not initially
take the form of a conventional field theory, attempts
have been made to construct a field theory of strings with
limited success.* Such field theories are nonlocal and
they do not fit into the standard framework of axiomatic
field theory, based on point particles and strictly localiz-
able fields.’ " '! It is difficult to perform calculations in
these theories due to the complicated structure of the
string graphs.

It has recently been shown that the bosonic string
model has a divergent perturbation series and is not Borel
summable.!? There are strong indications that the same
holds true for the superstring model, although there is, as
yet, no rigorous proof that this is true. These infinities
correspond to perturbative instabilities of the flat-space
vacuum. Thus, string theory does not appear to possess a
perturbation-theory solution, putting it at present beyond
the reach of experimental verification. These problems
may well be caused by the fact that the basic mass scale is
the Planck mass ~ 10" GeV.

Although it is not clear how serious these difficulties
are for the future of string theory, it does show that prob-
lems exist when specific assumptions are made about the
topological structure of the extended object that de-
scribes the basic building block of matter. Recent at-
tempts have been made to construct a theory using mem-
branes.!* Such theories suffer from the lack of a confor-
mal invariance that is possessed by string theories. The
basic equations of motion of the membranes are non-
linear and are difficult to solve. There appears at present
to be no guiding principle that tells us which kind of ex-
tended object to use to describe nature.

The renormalization program has enjoyed success in
its application to gauge theories. Renormalizable gauge
theories form the basis of our present understanding of
strong, weak, and electromagnetic interactions. Compu-
tations in renormalizable field theories are normally ac-
companied by the presence of infinite quantities. The
coefficients of a power series in a small coupling constant
are typically infinite and are, therefore, meaningless. The
renormalization theory allows one to extract physically
correct results from these seemingly meaningless compu-
tations. The theory is regulated in some manner so that
when a regularization parameter approaches infinity, the
basic quantities in the theory diverge. These divergent
quantities are removed by absorbing them into the pa-
rameters that define the initial unquantized theory. The
renormalization program is only successful if a finite
number of parameters is needed to absorb the infinite
quantities to all orders in perturbation theory. Gravita-
tion cannot be renormalized in this program, because an
infinite number of parameters that cannot be determined
experimentally is needed to define the theory after quanti-
zation. The renormalization program would appear to be
only a makeshift method that will be replaced by a finite,
consistent field theory.

Two essential physical features of the string theories
are (1) particles are described as extended objects and not
as structureless points and (2) the string vibrations give
rise to infinite levels of masses for all spins. Is it possible
to construct a consistent quantum field theory based on
infinite-component (spin) fields that leads to a unitary S
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matrix and that describes a finite quantum theory of
gravity? Recently a program for constructing such a
theory has been published.!* In the following, we shall
give the detailed formalism for this theory in which field
theories of spins 0, 1, and 2 are constructed in four-
dimensional spacetime which are finite, unitary, and
satisfy a principle of microscopic causality. We shall in-
troduce the idea of the “superspin field,” which for spin-
0, -1, and -2 particles possesses an “internal” infinite-spin
degree of freedom. The particles are described by nonlo-
cal extended objects that we call “‘superspin” particles.

Krasnikov!® has recently suggested using infinite-
component fields to remove the problem of ultraviolet
infinities in field theory, but he did not offer any physical
explanation for the underlying nature of the infinite-
component structure of the fields.

The new degree of freedom associated with the infinite
spin leads to propagators for the free fields that fall off
sufficiently rapidly with increasing momentum to guaran-
tee the ultraviolet finiteness of the perturbation theory to
all orders for a given Lagrangian. The superspin fields
are constructed to be free of ghost poles; they do not pos-
sess any ‘““wrong” spin components. To overcome the
problem of unphysical modes occurring for interacting
spins-0, -1, and -2 superspin fields, we introduce the idea
of infinite-spin gauge invariance. The superspin field
propagators are described by entire functions of order
21 that do not possess any singularities in the finite
complex momentum plane and do not violate the unitari-
ty of the S matrix.

Since the superspin fields are associated with nonlocal
objects, we must implement some features of nonlocal
field theory. Consistent nonlocal extensions of the stan-
dard strictly local field-theory formalism have been
developed'®~2! that can lead to a generalized microscopic
causality for a suitable choice of the entire analytic func-
tions generated by the superspin fields. Although the
superspin fields are not strictly localizable, we can associ-
ate them with a definition of locality that leads to micro-
scopic causality.

It is important to recognize that the physical mecha-
nism that leads to a finite quantum field theory is the
internal degree of infinite spin associated with particles.
There is no need to implement supersymmetry as with
finite-spin point-particle theory, although the formalism
could be extended to include supersymmetry. We know
from experiment that the leading Regge-pole trajectories
appear to be linearly rising up to the highest detected
spins,?? which suggests that particles do form infinite-spin
towers. In the nonsymmetric gravitation theory (NGT),
the local gauge structure in the tangent bundle is
GL(4,R) (Ref. 23). The latter group and its double cover
only possess infinite-dimensional spinor representations.?*
Thus, NGT departs radically from general relativity
(GR) in that fermions must have an infinite-spin degree of
freedom associated with them. In GR, the local gauge
group SO(3,1) contains finite-component spinor represen-
tations of the homogeneous Lorentz group corresponding
to point particles; but this theory is unrenormalizable and
the perturbation theory diverges at every order.

One of the problems of string theories is their lack of
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physical predictions that can be used to test the theories.
This is, of course, in part due to the complexities associ-
ated with the required compactification of these theories
to four dimensions and the necessity to break supersym-
metry. Beyond the obvious aesthetic appeal of finite
theories, how can we be sure that our scheme yields a
physically superior theory when compared to the stan-
dard renormalization theory? There may, indeed, exist
several alternative ways to construct a finite theory of
gravity. How do we know that we have obtained the
“correct” quantum gravity theory? The construction of a
successful theory would necessarily have a serious
influence on the formulation of the field theories of the -
other forces of nature. In the generalized electroweak
theory, finite electroweak interactions would predict
first-order perturbation theory results in agreement with
experiment given the known values of the Glashow-
Weinberg angle sin’0, and the intermediate vector boson
W and Z° masses. The electroweak cutoff M, is a physi-
cal parameter in the superspin field theory, since the
Feynman graph loop integrals damp off exponentially fast
above the value of M. The Higgs gauge hierarchy prob-
lem no longer exists and the Higgs sector becomes a non-
trivial theory, because there does not exist any Landau
singularity. Thus, the generalized electroweak theory be-
comes a fundamental field theory with a physical Higgs
particle. The Higgs radiative corrections obtained from
our finite superspin theory of electroweak interactions
differ from their counterparts in the standard Weinberg-
Salam-Glashow theory, and thus lead to different physi-
cal predictions that could be tested using high-energy ac-
celerators.

No attempt is made here to construct a unified field
theory including gravitation. The field theory is formu-
lated in four-dimensional spacetime. It could be general-
ized to higher dimensions, opening the door to a Kaluza-
Klein type of unification, but this would introduce an
unacceptable degree of arbitrariness into the scheme.
Some new guiding principle must be discovered to unify
the fields that does not bring with it the arbitrariness as-
sociated with Kaluza-Klein compactification schemes.

II. PARTICLE AND FIELD INTERPRETATION
FOR ARBITRARY SPIN

The physical states of particles are described by the
Wigner basis states |p,m,jo ) for a unitary irreducible
representation of the inhomogeneous Lorentz group
(Poincaré group)® with p?=p2—p?>=m? The spin j
corresponds to the eigenvalues J*=j(j+1) and J;=0
(0=j,j—1,...,—j). These states form the Hilbert
space of the theory and they can be obtained from the
rest states |m, jo ) by a unitary transformation

Ip,m,jo)=[m/o(p)]"?U[L(p)llm,jo) , .1

where U[(p)] is a unitary operator associated with the
pure Lorentz “boost” that takes [0,m] into [p,p°] and is
given by

Lj(p)=38;+p;p,(cosh6—1) ,

Li(p)=L2p)="p;sinh6 ,

(2.2a)
(2.2b)
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L3(p)=coshf . (2.2¢)

Here P is the unit vector p/|pl|, sinh@=|p|/m, and
cosh@=w/m =(p>+m?)!”2/m. Our normalization con-

vention is
(p,0|p',0’>=63(p—p’)8w' . (2.3)

An arbitrary Lorentz transformation A¥,, performed
on these one-particle states, gives

Alp,o)=(m/w)"/*3 U[L(Ap)]lo")
X{o'|U[L "YAp)AL

=[w(Ap)/w(p)]'/?
X > |Ap,a" )DL, [L Y (Ap)AL (p)] ,

(p)lla)

(2.4)
where the coefficients 2/, are
DI(R)=(c'|UR)|o) .

Here, R is the pure Wigner rotation L ~!(Ap)AL (p), s
that D/(R) is the familiar (2j+ 1)-dimensional unltary
matrix representation of the rotational group. We have
not assumed that there exists an explicit dependence of
the mass m on the spin j. However, an extension of the
formalism could be made to incorporate this feature of
the mass spectrum.
We write for free fields

(2.5)

¢0(X)=057(x)+¢i,(x) (2.6)
where
(:)(x 277') 3/2f 1/2 ZZ)ja,j’a’[L(p)]
XE‘*(p’jra_l)eip-x ,
(2.7a)

$jo (x)=(2m) 3/2.[ )1/2 21)‘!” —jyolL(p)]

Xa(p,—j'o'e P*,

(2.7b)
and ¢( ) is the annihilation part for the particles.?®?’
The @[L ( p)] is the representation matrix of SO(3,1) [or
its double covering SL(2,C)] for a boost along p. The a*
and a are creation and annihilation operators operating
on the vacuum state |0) with |p,m,jo)=a*(p,jo)|0).
Moreover the antiparticle operator is defined by

=3, [(C’)—l]wb (o'), where C is a (2j+1)X(2j

+ 1) matrix with C*C =(—)¥ and C'C=1. Cis used to
define the ordinary complex conjugate of the finite
Lorentz representation: D/ (R)*=CD/(R)C~!. The a’s
and b’s satisfy the standard free-particle Bose-Fermi com-
mutation (anticommutation) relations
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[a(p,jo),a*(p',j'0)].=8p—p)8;8,, .  (2.8)
Ji

The field operators ¢;,(x) satisfy the correct statistics
and crossing symmetry.?® We have

[6)00x) $lo]e=100? "8,8, -8, Alx—y),
(2.9)

where A is the standard free-particle causal function

3
f d_B(e*ip%x V) —gip(x—y))

Alx —y)=
x (27)3
3 e > Vsinp,(xo—yo)
)
I 4 22y —ip-(x—y)
-—(27)3fdp6(p0)8(p m2)e P x|
(2.10)
where  €(py)=0(py) —60(—py)=po/Ipol. ~ Moreover,

Byt .
‘ ’ is a symmetric, traceless tensor.

The (2j+ 1)-component fields will have left-handed and
right-handed contributions with the helicity A= —; and
+j corresponding to the representations (7,0) and (0,j),
respectively. The correspondmg (2j+1)-component an-
nihilation fields are ¢N (x) and ¢,a '(x) and

t,

‘E‘o( )=Q2m 3/2f (20 )1/2 Zﬁja»/"v'[[‘(p)]

a (p,j'a')e_ip'x .
(2.11)

The 2/(A) and 2Y(A) are the finite, nonunitary
(2j +1) X(2j+ 1)-dimensional matrices corresponding to
A in the (,0) and (0,j) representations, respectively.

In the standard way, we can construct finite-
dimensional fields transforming under the Lorentz group
as irreducible representations. The three rotation genera-
tors J and the three Lorentz-boost generators K satisfy
the usual commutation relations

[Ja"]b]:ieabc']c’ [
[Ka’Kb 1= —i€gu K,

Ja ’Kb ] :ieachc ’
(2.12)

We can decouple these commutation relations by defining
the two anti-Hermitian operators A=1(J+iK) and
=2(J—iK) that satisfy the commutation relations

AXA=iA, BXB=iB, [4,,B;]=0. (2.13)
Then, a finite nonunitary, irreducible representation (a, b)
is labeled by a and b defined by the eigenvalue equations
A’=a(a+1) and B>=b(b+1);a,b =0,1,1,3,... . The
components of an irreducible tensor are given by a;,b; of
A3,B3orbyjando.

A calculation of the covariant propagator gives
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DI (x —y)=(0|T[¢;,(x)¢],(»)110)
=0(x —){0l¢;5(x)$,(»)]0) +(—1)¥6(y —x)(0l$],(»)d;,(x)[0)
=¢hvr 9,09, -9, Alx—y), (2.14)
2j
[
where A€ is Feynman’s propagator and we have neglected K*(p)=CK(p)C~ ', (2.18)
contact terms. By performing a Fourier transformation
to momentum space, we get where
. . iy
' Ki,.(p) —Jy*=Ccyc~'. (2.19)
Di(p)= [d*x e P*DE (x)=+ —— 2w P _
i —pl+m?—ie (d) The K and K are further related by
The functions K and K have the following properties.?® For p in the forward light cone,
(a) They are scalars, since they satisfy ) )
. K (p)=(p>)¥exp[ —20(p)p-¥], (2.21a)
J J = _ . .
?.(A)Ii(p)?(m* IE(AP) , (2.16a) B(p)=(p Z)ZJexp[ze(p)ﬁ.JJ] , (2.21b)
d : . An explicit calculatlon has been given by Weinberg?®
(b) K and K are related by inversion for the functions K (p) using the fact that
K(—p,p)=K(p). 2.17) DL (p)]=exp(—p-30),, - (2.22)
(c) The K and K are related by the transformation For integer j the result is, for arbitrary p,
|
p? (p2y ' 2 2 2 2 0
Ki(p Y+ 2 TIETQp-J)[(Zp-J) —2p)2(2p-3)2—(4p)?] - - - [(2p-3)?>—(2np)*][2p-T—(2n +2)p°] .
n=0
(2.23)
For half-integer j, we have, for all p,
. j—12 (P )j—n—l/z
Kip)y=(p*Y '2(p°=2p- D)+ 3 S on e 12—p*l[(2p- 32— (3p)*] - -
n=1
X{(2p-JP?—[(2n —Dp*}[(2n +1)p°—2p-J] . (2.24)
The fields ¢;,(x) satisfy the Klein-Gordon equation
(O+m?)¢,,(x)=0 . (2.25)

All the “wrong-spin” subsidiary conditions are automatically satisfied by the free fields ¢,,(x

) for the (,0) and (0,j) rep-

resentations. Thus, the free fields ¢;,(x) do not have any unphysical ghost states. If we take the limit m —O0 for the

massless particles, then this limit only exists for the helicity choice A=B — 4 for the (;,0) and (0,

In the massless case, the fields satisfy

Jj) representations.?®

O¢;,(x)= (2.26)
We shall also introduce the field ¢;,(x) given by
172
¢j0(x):(27)_3/2fd3p ?T; S Dy ol L(P)b(p,j o hw(ple ™ #™
jo
+H(DC N, o [L(p)1d*(p,j'o’ v (ple?™] 2.27)
where w and v are Dirac spinors. The free field ;,(x) satisfies the Dirac equation

(—iyH,+m)y;,(x)=0 (2.28)

and the b’s and d’s satisfy the standard commutation and anticommutation rules. A calculation of the covariant propa-

gator yields the result
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Jje —
ST (x

Fourier transforming this result to momentum space gives

1 Kip)

— d4 —ip-x jc
rp)= f x e ST (x)= zm—py—ze’

where we have used the notation p -y =p*y,,.

)= (Ol T, (x)¢],(»)]]0) =(iy#d,+m)t,b?
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8,8y, By, Ax =) . (2.29)

(2.30)

It is often preferable to use tensor suffix notation to do calculations with massless fields. For massless particles, the

helicity must satisfy B — 4 ==+j. For the representations (0,j) and (},0)

F!flvl] [M]VJ]

)=i/ [ d*p(2lp))~12[p"1e ! (p)

X - X[pMeY (p)—p et (p)lla(p, £jle

The polarization tensors e satisfy
(2.32a)
(2.32b)

Puet(p)=0, ey, (plet(p)=0,

€"p e, (p)=Fi[ptei(p)—pTel (p)],

where €7 is the totally antisymmetric tensor with
€"1?2*=1 and we have e =0. The F tensors satisfy the
following conditions.?¢

(1) Fo(x) are antisymmetric under the interchanges
p,<>v, within any one index pair:

F[i,—tlv‘]“. -_—-__F[l:’l'ul]”' (2'33)
(2) F4(x) are symmetric under the interchange of any
two index pairs [pu,v, ][, v, ].
(3) F,(x) and F_(x) are, respectively, self-dual or
anti-self-dual with respect to each index pair [u,v,]:

6/»”’.“1"1F[.u2"2] o [pv]l l‘z"z]

Ly =FouF!

(2.34)

(4) The F tensors are traceless. The complete con-
traction of any pair of suffixes [u,v, ],[u,v,] gives zero:

(v pyvyl
n,ul,uznv vy ,_l e '“0 . (2.35)
Moreover, any single trace vanishes:
[#1"1][["2.“2] St
My, B+ =0. (2.36)

Here 7,, is the Minkowski-space metric 7,,= Diag(l,
—1,—1,—1). Because of the four conditions listed
above, the F tensors each have at most 2j+ 1 indepen-
dent components.

The F_(x) are tensors under Lorentz transformations

[I”] 1] [,U/'Vj]( )

U(A,a)F U(A,a)™!

=ApAy A AT (Ax 40y 2.37)

The irreducible fields are determined uniquely by the rep-
resentation ( 4, B) under which they transform

&B(x):(z,rr)*3/2fd3p(zlp| )A +B—1/2
XDgl- 4[R (DD 5[R ()]
X[a(p,tjle P~

+b*(p, Fjle?], (2.38)

Vi, H1

—p ey

, the fields ¢, (x) are written as?®
v (p)]

TP p*(p, F jleP*] . (2.31)

where the indices a and b run by unit steps from — 4 to
+ A and —B to +B, respectively. When the particles
are their own antiparticles, we set the operators a equal
to b. The F. transform according to some irreducible or
reducible representation of the homogeneous Lorentz
group SL(2,C) with dimensionality 2j+ 1. Of the irreduc-
ible representations ( 4, B) that satisfy the massless condi-
tion B — A ==, the ones with the smallest dimensionali-
ty are the (2j+ 1)-dimensional representations (j,0) for
helicity — j, and (0,j) for helicity +j. Thus, F_ and F
transform according to the (;,0) and (0,j) representations,
which are just the 2j+1 component fields obtained from
(2.38) by setting B=0 or 4=0, respectively.

The F . tensors are gauge-invariant quantities and they
correspond to the Maxwell field strengths for j=1 and
satisfy Maxwell’s equations. In general, the F (x) satisfy
the field equations

3, Fi™ " =0 (2.39)
The five independent components of the tensor FIlro]
can be identified with the left- or right-handed parts of
the Riemann-Christoffel curvature tensor. The F.(x)

tensors can be written as curls of potentials Ail CH(x).
The latter satisfy the free-field equations

3,4y =0 (2.40)
and

o4’} M=o (2.41)

The A.’s can be written as
(277.)*3/2
X [d*p2lp) 1% (p) - - - €'Y (p)
X[a(p,tjle 7=
+(—=Vb*(p, Fjle?] .

A M x)=

(2.42)

In contrast with the F’s, the 4, ’s are not Lorentz ten-
sors, since their timelike components vanish. The nonco-
variance of the A4, ’s manifests itself in the appearance of
gradient terms in the Lorentz transformation law of the
A’s, which disappear when we take the curls to form
the F tensors.?®
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A crucial difference between the F, tensors and the
A 4 potentials is that the propagator calculated from the
F.’s, which corresponds to the one obtained previously
from the ¢,;,(x) fields, has a quite different behavior as a
function of the momentum p as p— o . Indeed, whereas
the propagator D’“(p), in Eq. (2.14), behaves like (p2)/ !
as p— oo, the covariant part of the propagator obtained
from the potentials 4, (x) will have a constant behavior
as p— . For point particles, this difference is closely
related to the long-range behavior of electromagnetic and
gravitational forces and the existence of infrared diver-
gences in the limit p —0. It will play an important role
in the development of the superspin field theory.

IIVI. CONSTRUCTION OF THE SUPERSPIN FIELDS

We shall construct fields depending on the spacetime
coordinates x as well as four complex variables z,,w,
and z,,w, arranged into two two-component spinors
0,=(z;,w;) (i=1,2). The 0 will form our spin-coordinate
basis space that replaces the conventional tensor suffix
basis space. This kind of basis space was introduced by
Bargmann?®® and used by Abarbanel?® and Rivers® to an-
alyze Regge-pole scattering amplitudes. The superspin
field is given by

D(6,x)= i (3.1)

*; M+,

jo(0)6,,(6,x)

j

where ¢ j(,(9,x) contains a 6 spinor space dependence
through the creation and annihilation operators
a*(p,jo,0) and a(p,jo,0). Now the commutation rela-
tion for the creation and annihilation operators (2.8) con-
tains a 8(60—m) on the right-hand side. The coefficients
c; are growth dampeners and the u,,, (6) are orthonormal
spin basis functions for angular momentum [/ and projec-
tion m:

Zl+mw1—m

[ +m))] —m)
We can also exhibit the superspin field in terms of the

diagonalized A4; and Bj, rather than the j and o eigen-
values:

Uy (6)= (3.2)

!]1/2 :

o0 +a +b _
@(91,02;x): 2 Cab 2 uaﬂa(el) 2 ubb3(92)
a,b=0 a;=-—a by=—b
xaiepo

(3.3)
where it is understood that ¢ e ") x) contains a 6, and 6,

dependence. We shall deﬁne a representation of the
Lorentz covering group SL(2,C) on the spinors Ugq (61)

and uy, (8,) and an operation Z 4:

ZA uaa3(91 )ubb3(§2):u003( A w191)1»41)173( Zflgz)

= 2 uaa;(el)ubbg(ez)
azb;

XD 4 o JAAT,

b3,113b3

(3.4)
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where A( A) is the Lorentz transformation corresponding
to A. The superspin field then has the Lorentz transfor-
mation law

U(A)D(6,,0;x)U(A) '=D(A460,,40;Ax) . (3.5

We can project out the (@,0) component of the super-
spin field (3.3) by noting that u,,,(8) is orthonormal with
the measure?®

d?*z d*w
2

du()= exp(—|z|?—|wl|?) (3.6)

so that
(aO) fdli

We can now define the Lorentz-scalar superspin field by

= [du(0)®(6,x) (3.8)

where du(0)=(d?z d*w /m)exp(—16-60). We must treat
&d(x) as an operator, since the definition (3.8) is only
meaningful within a matrix element in which the measure
integration acts on a spin-space-dependent property of a
state vector | 4 ). We can also construct a superspin field
from the field operator £Y/%//2)(x) for the representations
with (a,0)=(j/2,j/2):

§)<I>(9,x) . (3.7

EO,mx)=F T bjuy (Ouy (MESFI P (x) (3.9)
j=0ay, by .
and
E(x)= [du(0)du(n)Z(6,7;x) . (3.10)

Let us now calculate the commutation relations for the
superspin field ®(x). We have

o lc;|? .
[@(x),®'(»] = 3T —ZL-Pi@)Ax—y), (.11
=o 2

where P{(3) is the spin-projection operator. The T prod-
uct of two superspin fields leads to the following expres-
sion for the causal superspin propagator D;:

Di(x —y)={0|T[®(x)D'(»)]]0)
© |2

le
= PI@)A“x —y)
]20 2 Y

(3.12)

where we have neglected contact terms. In momentum

space, this becomes

_ I(p)
Dg( d*x e PIDi(x)= ————F—— | (3.13)
)= f xe T —p2+m —ie
where
(p)=3 |d;[’K{(p) (3.14)

j=o

and the constant j dependence has been put into a con-
stant denoted by d;. The function K{(p) contains within
it an integration over the spin basis space spinors.

We shall also have need for a spin-i superspin field
constructed from the ¥;,(x) in (2.27):
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© +j

;o (0))(x) (3.15)

j=0 o=-—j
The SL(2,C)-invariant spin-J superspin field is then given
by

V(x)= [ du(0)(6,x) . (3.16)

The spinor superspin field propagator in momentum
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shall take it as given that this somewhat weak condition
is satisfied.

Let us now construct massless spin-1 and spin-2
superspin fields. Since the photon and graviton are both
massless and neutral, we shall restrict ourselves to the
case of massless particles that are identical to their an-
tiparticles. It is convenient to define phases so that

—(—
space is b(p,A\)=(—VYa(p,A) . (3.18)
We observe that (e )* =e*, so we have
sip =Ll (3.17) I V]f BN
bmTpry e Fm Y s Y (3.19)
where I1(p) is defined by (3.14). '
By using the explicit Weinberg formulas for K/(p), in Therefore, we can define fields H (x) as
Egs. (2.23)_and (2.24), we find that a .suﬂ‘icient. conditio.n H(x)=H,(x)+H_(x) . (3.20)
for II(p) given by (3.14) to be an entire function of p is
that, for large j, |d;| falls off as j //* with a>0. We Let us begin by defining the field
J
U =i [ aPp(2w) 3 [p"elt(p)—p et (p)]
X -+ X[pHiel (p)—p il (p))la,(p, £ie P +ag(p, Fie? ], (.21
f
where we shall only consider massless integer-spin parti- tegration
cles. Then, the spin-1 superspin field is defined b
o e SPin-T supersp y A ()= [ dp(0)A,(8,%) . (3.23)

o j
A, 2 ¢; /<I~I—1 30, 0)
[yl pv;]
Xh, T (x), (3.22)
where o, ., =(i/2)(c —o0,0,). The Lorentz-

covariant spin-1 field is obtamed by using the measure in-
J

The superspin field strength for the massless ‘“photon”
field is

Fuy=0,A,—03,A, .

Continuing this method of construction, consider now
the tensor

(3.24)

R;[fi'vll"'[#jvj](X):fjfd3P(2“’)VI/2§[P#‘e:,-’(P)—p el (p)]1X -+ X[p"eld (p)—p e (p)]
X[a,,(p,Tjle " *+a* (p, ¥ jle?*] . (3.25)
[
We now obtain the spin-2 superspin field the superspin spin-1 fields satisfy the commutation rela-
) tions
- L= leyvy ] luyv;d
5,(0,x)= 3 ¢; | TI (6,0,, 0) R, T (x)
: = P S [2,(p.).60),a%(p',j",m)]-=8(p—p)8O—1)8 ;m,, »
(3.26) (3.29)
and the Lorentz-covariant spin-2 field while those for the superspin spin-2 fields obey
Sun(x)= [ du(6)s,,(6,x) . (3.27)

The spin-2 field s, (x) satisfies the wave equation

Os v

The free fields A ,(x) and s,,(x) contain no unphysical
ghost states. The creatlon and annihilation operators for

(x)=0. (3.28)

la,,(p,),0),a3,(p", ", m]-
283(p —'P, )8(6— n )Sjj’( nyknvp+ nypnvk_nuvn}\p) .

(3.30)

The propagator for the superspin photon is given by
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D&, (x —p)= (0| T[A (x)A,(p)

suv

110)

© d3 .
= 3 14,1 [ S PKIp)
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In momentum space, the propagator becomes

1 I(p)

=0 S#V(p)_——Tnl“’ . (3.32)
X[0(x —y)e ~P*
+6(y —x)e?*]. (3.31) For the superspin “graviton” the propagator is
J
Dscluv}»p(x y <0|T[S Shp(y ]IO> nyknvp_i_nypnvk_nyvnlp)
) d3 . . .
x 3 ld;* [ —2—wRKSf(p)[0(x —p)e TP E4Q(y —x)e?¥] (3.33)
j=0

and in momentum space this becomes
I(p)
—pz—i €
(3.34)

1
scuv}»p (P )= 7 ( nulnvp + nppnvl. - n‘uvn).p )

IV. INTERACTION DENSITIES
AND PERTURBATION THEORY

We shall use perturbation theory and assume that the S
matrix can be calculated from Dyson’s formula:3!3?

o _1) d4 cood®%, T[L(x)) - Ly(x,)],
=2

(4.1)

where in the interaction representation, the Lagrangian is
described by

L=Lo+ L, 4.2)

and

L(x)=expliLgt)Lexp(—iLyt) . (4.3)

We shall construct .£L by using our superspin fields.
Let us consider first the massive superspin scalar field
phlI(x) given by (3.1) and (3.8). Later, we shall use mass-
less superspin gauge fields to construct the interaction
Lagrangians. The free-field-Lagrangian is given by

Lo=—Lp(x)T(x): , (4.4)

where ¢(x) is the point-particle free field. An invariant
coupling is

Li(x)=g:D(x)"
= [du6,)du(8,) - -
X :D(0,,x)P(0,,x) * - -
XT(6,X6,,6,X65,...),

du(6,)
d(6,,x):
(4.5)

where [ is the coupling function of all (n/2) determinants
(6,X6,),(0,X0;),.... We can construct Feynman

I

rules and define a Wick normal ordering in terms of N
products. We can replace I( ) in (4.5) by the identity
times g, which we are free to do because any Lorentz-
invariant I ( ) is acceptable. Then we only perform the 6
integrations in Wick contractions. The only modification
of perturbation theory is the two-point propagator.

{zet us assume that the superspin field ®(x) is given
by

®(x)= [ dy B(x —p)$(y)=B (3, )¢(x) 4.6)

where B (3) is some operator that depends on 3, and ¢(x)
is the standard free field solution of the Klein-Gordon
equation

(O+m?)p(x)= 4.7
which is given by

o(x)=(2m)” 3/2f TS_/E(“ e "+a*e”J ). (4.8)
This solution obeys the commutation relations

] = —3p e PF

[¢(x),a,]_=(2m) )72 (4.9a)

la,,¢(x)]_=(2m)" MW : (4.9b)
For the superspin Dirac field ¥(x), we assume that

W(x)= [dy B(x —y)Y(»)=B (@, )(x) , (4.10)

where 1¥(x) is the free-particle solution of the Dirac equa-
tion

(—iy*d,+m)P(x)= 4.11)
which is given by
B m 172
Yx)=2m) 2 [d’p )
><[bpw(p)e_ip"‘+d;v(p)ei""‘] .
(4.12)

We shall define the N products according to the Wick
theorem by using the ““‘chronological’” contraction:
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Di(x —y)=® (x)® (y)=B(9,)B(3,)¢ (x)¢"(y) , (4.13) the antiparticle field operator.

The infinite-spin degree of freedom in the function

or I1(p) will act as a regulator of the form factors in the per-

D&(x "J’):B(ax )B (3,)A%(x —y) turbation series. As we shall show in the following sec-

2 tp-lx—p) tions, the integrals will be convergent and all the physical

f dp[B(p*))e (4.14)  conditions required for the S matrix will be satisfied.
—pit+m?—ie The infinite towers of particles that make up the

Similarly, for the superspin Dirac field W(x), we have the
chronological contraction

Si(x —p)=W(x)W'(y)=B(9,)B (3¢ (x)¥"(y) , (4.15)
or
Si(x —y)=B(9,)B(3,)S(x —y)
_ dp[B 2)]2 ip-(x —y)
po— i mpy—ie - @10

This is the form of our postulated “Wick T product” or
T* operation. In nonlocal field theory, the T* operation
cannot be defined in the same meaningful sense as is done
in strictly local field theories. But this does not prevent
us from postulating the rules (4.13) and (4.15) as a
method of constructing our perturbation theory. As we
shall see, by employing well-defined regularization tech-
niques, all the physical requirements of a consistent field
theory can be satisfied. We now use the usual methods of
quantum field theory, leading to the standard perturba-
tion series, except that our causal function will be of the
form (4 14) and (4.16), and the operator B (d) is such that
[B(p?)]*=1I(p), where II(p) is given in Eq. (3.14).

Let us cite the Feynman rules for our superspin scalar

field ®(x) given by (3.1) and (3.8) and for a g:®(x)* cou-
pling.
(a) For each vertex include a factor ( —i) times
1(6,X6,,0,X05,...). (4.17)

(b) For each internal line running from a vertex x to a
vertex y include a superspin propagator

1 d4p II(p)ei[r(x —y)
D(x —y)= .
Xy (277')4z'f

—p*+m?—ie
(c) For every external line corresponding to a superspin
particle, include a wave function

© +j
S 3 u,0)6,(x)
j=0 j

(4.18)

(superspin particle destroyed) ,

(4.19)
ul (0)¢4H)(x)

JoO

M*.

H
|
.,

(superspin particle created) .

(d) Integrate over all the measure integration variables
6,,0,, . .., and over all vertex positions x,y, etc.

These Feynman rules could easily be stated in momen-
tum space. We have assumed that the scalar superspin
particle ®(x) is equal to its own antiparticle. If this is
not true, then the rules are readily extended to include

superspin fields cannot be excited into observable particle
states in interactions. The superspin field is an infinite,
linear combination of spin-space scalars, so that super-
spin particles remain spin-space scalars in collision pro-
cesses. Therefore, in superspin field theory the interac-
tions do not produce unphysical ghost poles as in the
standard couplings of higher-spin fields. The superspin
field contains a confined, hidden degree of infinite spin
that defines a nonlocal field operator.

V. GENERALIZED FUNCTIONS AND CLASSES
OF ENTIRE FUNCTIONS

In the framework of axiomatic field theory,”!! the fol-
lowing basic requirements are made of relativistic field
theory: (a) a Hilbert space of states, (b) the fields are co-
variant under the Poincaré group of transformations, (c)
the fields satisfy local commutativity, (d) positive energy,
and (e) particle interpretation.

A field ¢(x) is an operator-valued generalized function,
averaged over a smooth test function f(x)

N= [dx plx)f (x) (5.1)

The standard physical requirements of relativistic field

theory are obtained if we choose tempered test functions.
The temperedness of functions reflects the symmetry be-
tween coordinate and momentum spaces. Moreover,
temperedness leads to the scattering amplitude being ana-
lytic in s (for fixed ¢#<0) in a cut plane and it possesses a
polynomial behavior. These requirements comprise what
we understand to be a strictly local field theory.

We can use nontempered test functions that are still
consistent with the requirements (a)-(e). Such functions
have been studied by Jaffe.!! For these functions, the
off-mass-shell scattering amplitudes can be allowed to
grow, for large energies, faster than any polynomial. An
example of such fields is those controlled by entire func-
tions. The concept of a strictly localizable field is based
on the existence of enough test functions with compact
support in configuration space. The existence of test
functions with compact support in configuration space
requires test functions in momentum space, which de-
crease at infinity such as exp(—||p||*) with a <1, where
llz ] is the Euclidean norm.

In spite of the appeal of strictly localizable fields, the
choice of test functions cannot be dictated by physical ex-
periment. It is motivated by a consistent mathematical
framework that leads, in the simplest way, to the results
of local microscopic commutativity. ‘

The idea of local commutativity can be widened to in-
clude values @ =1. It can be proved that the Wightman
functions can grow arbitrarily fast near the light cone,
even for fields that are not strictly localizable, and still
satisfy a condition of microcausality.!®”2! The other



physical requirements imposed by conditions (a)—(e) can
still be satisfied for an extended definition of locality.

Let us study the properties of the operators B (3d). Let
us represent the operators B(d) as infinite series in
powers of =233, (Ref. 16):

172

©

B(O)= 3

j=0

|cj|2
(25

The Fourier transform of this operator is

o [l ]1/2
B(1)= =, (5.3)
j§0 (2N
were t = —p?. The first requirement of B (¢) is that it is

an entire function of the complex variable . An entire
function of ¢ is such that no singularities of ¢ occur in the
finite complex ¢ plane. This avoids the possibility that
nonphysical singularities of B (¢) will appear in physical
scattering amplitudes, thereby violating the unitarity of
the S matrix.

Given that B(t) is an entire function, we can distin-
guish three cases.

Case (I):

lim suplcjil/j=0 . (5.4a)
j—o oo

Case (II):

lim sup |cj|1/f=const< © . (5.4b)
Jﬂw

Case (III):

lim sup |¢;['/=o0 . (5.4¢)
_I—-)OO
In case (I), the functions B(t) are entire functions of
order ¥ <. This means that

|B (1) <explalt]”), y<i, (5.5)

where a is a positive number. It can be proved®® that for
these functions there exist no directions in the complex ¢
plane along which they decrease. Thus, these functions
cannot lead to a finite perturbation theory. Moreover,
these functions can be shown to lead to a strictly local
field theory, emphasizing again that such a field theory
cannot form the basis of an ultraviolet finite perturbation
theory.

The functions B(t) for case (II) are entire analytic
functions of order y = 1 for which

|B ()] <explalt]!’?) . (5.6)

These functions can decrease along one direction in the
complex plane and can lead to a finite perturbation
theory.

In case (III), the functions B (t¢) are entire of order
¥ > + and satisfy

|B(t)] <expl[g(lt],

where g (|t|) is a positive function satisfying the condition
g(t])>a|t]'’? as |t| — o for any a>0. These functions
can possess several directions along which they decrease

(5.7
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as |t|—>o. They can lead to ultraviolet-finite field
theories. But the fields corresponding to these entire
functions do not necessarily possess any form of local
commutativity. The behavior of the field operator at the
point x=0 is determined by the behavior of the field
operator over the whole of x space.

Efimov!'® has studied distributions of the type

B(x —y)=B(0,)8*%x —y), (5.8)

where the operator B ([J) has the integral representation

d

d
4 2 o e —
B (O) fp2<12d p k(p~lexp ipoy O+p 3

' J(B3'?)
=(2m) fO}‘dBBZK(BZ)?—— (5.9a)
or
_ 4 ol 0 Lip2
B(O) fp2<7\,2d p k(p”lexp |po oxg +ip ax
J(B(—0)'"?)
- 2 2 2 gy 7 7
=) [ dB () O (5.9b)
Here «(p?) is an integrable function of the Euclidean

four-vector p with p*=p3+pi+p3+p3 and J,(z) is a
Bessel function. The parameter A has the meaning of a
fundamental length. The operators B ([) are of type A
or type B, depending upon whether they are of the form
(5.9a) or (5.9b), respectively. In the momentum represen-
tation,
212
B(—pz)Z(ZW)ZIOAdB[J’ZK(BZ)M

(_p2)|/2
(type A), (5.10a)
J ( 2)1/2
B(~p2)=(2ﬁ)2fOAdBBZK(BZ)%
(type B) . (5.10b)

For operators B ([0) of type A, the functions B(—p?) de-
crease as p2— — o and increase as p?—+ . For type-
B operators, the functions B (—p?) decrease as p2— + o
and increase as p2— — . '

The class of test functions is denoted by ¥ and the dis-
tributions by F*. The test functions f (x) are real and de-
crease at infinity. For the class of test functions, we have

(B,f)= [dy B(x —p)f p)=B(O,)f(x).  (5.11)
This can be expressed in the form
B,N)= [, d*or(pPexp |ipyzo—+p- 2 | £ ()
’ pr<A? 09x, ox

=J @' KPS (xotipox-tp) (type A)
(5.12a)

and
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(B,f)=fp2<kzd4pK(pz)f(x0+po,x+ip) (type B) .
A (5.12b)

The class of test functions consists of entire analytic
functions f(z) which decrease along any direction in the
z plane outside the region |Rez| <r, where ris a givcn
nuinber. We choose the test functions to be described by
a sequene f,(x,y) so that each f,(x,y) belongs to ¥ and

flx,p)= lim f,(x,y) (5.13)
n— o0
does not belong to F and vanishes at all points xFy.
Moreover, the sequence is normalized according to

Jd*x f,(x=1.

Efimov'® has shown that there exist sequences f,(x —y)
which satisfy (5.13) such that under the action of the
operator B ([J) each sequence will transform into a new
sequence. The new sequence reduces to a function which
is zero outside a bounded region connected by a Lorentz
transformation with the original sequence. All the
bounded regions derived from the sequences f,(x —y) lie
inside a hyperboloid defined by

—A2<(x —p)?<At.

(5.14)

(5.15)

A field ®(x) that appears and then disappears at a time
Yo at the spatial point y will only affect, through the ac-
tion of the distributions B (x —y), the regions with van-
ishing four-volume contained within the hyperboloid
(5.15). These bounded regions define the extended
superspin particles that could be strings, membranes or
some topologically complicated objects.

Distributions are constructed by using an improper
transition to the limit. Efimov'® introduces a regularizing
function R®(¢) and approximates the distributions by the
following regular functions:

1

Bd(x —y)= d*p e?*B(—p)R3p?), 5.16
(x —y) (217)4f De p (p°) ( )
where

RA(t)=exp[ —8(t +iM?)!/2 Ve imo] | (5.17)

where 0<v<o <1 and M 2 is a positive parameter. At
large ¢, the regularizing function behaves as

[R¥1)| ~exp{ —8[t|'*" Ycos[mo — (v+1)argt]} . (5.18)
Thus, R® is an analytic function that falls off faster than
the linear exponential in the upper-half plane of the com-
plex variable ¢. The integral (5.16) is convergent for 6 >0
and defines a well-behaved function B%x —y). Products
of distributions

G(x —y)=—iBV(x —y)B?d(x —y) (5.19)
can also be defined. In the limit 6§—0, there exists a
function G such that the functional (G?, f) is well defined
for test functions f belonging to the class F. The use of
regularizing functions R ® guarantees that we can perform
a rotation over ¢, by an angle 7 /2 in the integral
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(G2 )=—i [d* e?*F(p) [ d*q B —¢?)
XB(Z):S( _(P _q)Z) ,
(5.20)

where

B¥—¢*)=B(—q*R%q? . (5.21)

VI. FINITE PERTURBATION SERIES
FOR THE S MATRIX

We shall follow the methods of Efimov!® to analyze the
properties of the S-matrix perturbation series, since the
superspin propagators have the same characteristics as
the propagators used by him. However, in our case, the
physical mechanism that regularizes the propagators is
the infinite-spin degree of freedom carried by the super-
spin scalar fields ®(x). We shall establish the finiteness
of the perturbation series using the scalar polynomial in-
teraction Lagrangian (4.5), since the results obtained will
apply in a similar way to the more complicated Lagrang-
ians to be considered later.

The matrix element in x space of a process in the nth
approximation of perturbation theory can be written as a
sum of Feynman graphs:

.. %)= [1 Di(x;—y;) ,
iLj

M(x,,. 6.1)

where i and j are integers from 1 to n. The amplitude
M(x,,...,x,) is a distribution that belongs to class F*
and is integrable in the class F of test functions. We can

write
Df(x —y)=D%x —y)+N(x), (6.2)

where D¢ x —y) is the standard Feynman propagator for
free fields ¢(x), and

d4peip'x
——p2+m2-—i6

1
N(x)= M(p?)—
x (27T)4if [Hp5—1]

1
(2m)4

= [ d*p N(—phe?*=N(0,)8x) . (6.3)

The operator N () belongs to the same class of entire
functions as B (0) and IT(O).

Consider now the regularized causal superspin propa-
gator
d4p e'P(x—y)

—p?+m?—ie

RegDf(x —y)= (271”41_ f (—p2)R3(p?) .
(6.4)

Then, we have
éiir})fd“x RegD{(x)f (x)= [d*x Dx)f(x), (6.5)

where f(x) belongs to F. We write the Fourier trans-
form of the regularized amplitude M%x,, ..., x,) as
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MB(PD e Pn)= fd4xl .. fd4xnei(pl.xl+ e p,ex,)
XM3(xy,...,x,) .
(6.6)
We obtain the convergent integral
MS(PI, e ,p"):(277-)45(p1+ e +Pn)T5(P1, o) s
(6.7)
where
(—k?2)
Ta(p,,,_’p ): d4l A S
l ’ f f I:I ' I;I k,z—‘mrz-i-ie

XR¥k2).  (6.8)

The [; denote the four-momentum over which the in-
tegration is performed and the k, is the four-momentum
corresponding to a given line. )

Since we have used the regularizing function R?®, we
can rotate the integral over (/;), by an angle 7/2 for
type-A functions B(—k?2) and rotate the integral over
the space components (I;),(l;),,(/;); by an angle —7/2
for type-B functions. For type A, we have B(—k?)—0
as k?— — o, while for type B, we have B(—k?)—0 as
k?— + . For the regularized amplitudes, the essential
singularity in the entire function in the two-point propa-
gator, which occurs in one direction at infinity, does not
cause problems for the Wick rotation analytic continua-
tion to the Euclidean momentum plane.

After going to the Euclidean momenta for type-A func-
tions and taking the limit 6—0, we obtain an integral
over the Euclidean four-momenta (/;). We retain the
Minkowski character of the external momenta. Since
M(--k%)=[B(—k*P=0(1/k?) as k’—— w0, the in-
tegrals corresponding to any Feynman diagram will con-
verge. The same will hold true for type-B functions. The
amplitude T'(p,, ..., p,) depends only on convergent in-
tegrals in the limit § —0 and on the scalar products of the
Minkowski external momenta p,...,p,. Since the am-
plitude T'(p,...,p,) is an analytic function of the in-
variant variables, it can be considered as a function of the
n Euclidean momenta g,,...,q,. Using the theorem of
the uniqueness of analytic continuation, we can obtain
the physical amplitude T(p,,...,p,) by analytic con-
tinuation over the whole region for both spacelike and
timelike four-momenta.

In the limit when B(—p?)~1, we retrieve standard
point-particle field theory and the perturbation series for
the S matrix will be ultraviolet divergent.

VII. UNITARITY OF THE S MATRIX

The unitarity of the S matrix is guaranteed if in each
order of perturbation theory on the mass shell we have

(alssTIBY=(alB) , (7.1)

where |a) and |B) are arbitrary physical states. For two

operators O, and O,, we assume that there exists a set of
amplitudes |n,k ), which is complete so that

(a]0,0,|B)=(al0,|0)(0]0,|B)
+3 [dk{al0,|nk){nk|0,IB) .

(7.2)
Let us write the S matrix in the form
S=1+id , ' (7.3)

where we expand the amplitude 4 in a power series in
the coupling constant g:

©

A= g"4, . (7.4)

We have that

(—ial(4—4")|B)=(al44*|B) . (7.5)
In every order of the coupling constant
2Im(al4,IB)
= 3 2fd3k1"'fd3k1v
my+my=n N
X{ald, ki, ... ky)
X<(ky, ..o kyl 4 1B),
(7.6)

where we have used {a| 4, |8)=(B| 4,|a), which holds
for the single-component scalar superspin field.

The amplitude (| 4, |3) is a sum of all possible Feyn-
man graphs in nth order of perturbation theory, in which
ng lines finish and n, lines begin. Equation (7.6) is pre-
cisely the structure of the 7 product of the S matrix:

S =T exp [—if.L,(x)d“x] . (7.7)
The Cutkosky theorem>* guarantees this property of the
perturbation-theory amplitudes. Since the only difference
between the standard local quantum field theory and the
superspin field formalism arises from the entire functions
I(p?) in the superspin propagators, we know that the
amplitudes have the same singularities as in the standard
local field theory. If Cutkosky’s theorem holds true, then
the S matrix will be unitary on the mass shell in every or-
der of perturbation theory. This result has been proved
by Efimov.'¢

Let us consider in more detail the structure of
Cutkosky’s theorem for the amplitudes, which decrease
in the region of spacelike external momenta. We con-
struct in the four-dimensional Euclidean momentum
space the amplitude corresponding to some arbitrary
Feynman diagram with n external lines. We choose the n
external momenta g to be Euclidean, satisfying the con-
servation law

g+ +g,=0. (7.8)
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To every internal line is associated the superspin propa-
gator

TI(7?)
1’4+ m?

where [ is the Euclidean four-momentum for the internal
line. The function II(z) is an entire function in the com-
plex z plane and decreases rapidly with Rez— + . The
given diagram is described by the integral

T=[ fnd“ln (k)

The k, is the Euclidean four-momentum corresponding
to a given line in the diagram, while m, is the mass of the
corresponding particle. The integration is performed
over the four-dimensional Euclidean momentum space.

The integral will be convergent, for the function
I1,(k?) decreases rapidly for k?— . The Euclidean am-
plitude M coincides with the real physical amplitude in
the Euclidean region of the spacelike external momenta
p, on which the physical amplitude depends. The transi-
tion to the physical region of the external momenta is
performed by analytically continuing the amplitude with
respect to the invariant momentum variables. All the
masses will have negative imaginary corrections m*
=m,—ie. If TI(k?) were simply polynomial in k?, the
amp]ltude M would coincide with the Minkowski phy51-
cal amplitude. The amplitude obtained by Landau® i
such that the Euclidean and Minkowski expressions for
the amplitude are immediately equivalent.

After performing a Feynman parametrization, we have

~ N
M=(N-1![da, - [days |1+ 3 a

i=1
Hd“l,]‘[H,(kZ)
xf f [Ear(kffmﬂ]lv ,

Df(1%)= - (7.9)

(7.10)
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where N is the number of internal lines. Following the
arguments of Landau®> and Efimov,'® we find that the
change of variables eliminates from the denominator all
the terms linear in /,, yielding

N
S a(kPt+m2) =W

r=1

(a,q;,9,;m>)+Q(a,l") . (7.12)

Here, W is the nonhomogeneous quadratic form of the
vectors g; that describes the free ends of the diagram, and
Q is a homogeneous quadratic form of the new variables
of integration [’ with coefficients that depend only on the
parameters «,. The numerator dependence of the exter-
nal momenta cannot produce any new singularities in the
finite region of the invariant momentum variables, since
the numerator is an entire function of the scalar products
9,9, and the parameters q,.

For the sake of completeness, we shall state the Cut-
kosky rule for normal thresholds.>* Let the diagram cor-
responding to the amplitude M be separated into two ver-
tices M and M, that are connected by 7 internal lines:

M={--- [d*, - d*kM(q, k)
x I rl(kz)M( k)
H k +m u(a,,
><84(q-—k1— - —k,), (7.13)
where ¢, (r=1,...,n,) and g, (r=1,...,n,) denote

the external momenta corresponding to the vertices I
and II, respectively. Also, g =¢g7+ - +q,’,2 =—(q,
: +q,,1 ), where n =n, +n, is the number of external

lines. The functions M(g,k,) and My (q,k,), which de-
scribe the vertices I and II, depend on the scalar products
of the vectors gq,, g,, and k;.

The amplitude M, considered as a function of the com-
plex variable z = —g?, has a branch cut beginning at the
point z=(m,+ - -+ +m,)? and the discontinuity of the

(7.11)  function M along this branch cut is given by
J
AM(z)=i(27) HH(—mi)fd4k1 fd4ks 11 G(kﬂo)S(mfﬂ—Efl WHg—k, — —k,)M,(q,,k;)My(q,.k;) .
p=1 u=

The k; are the four-dimensional vectors with the com-
ponents (k i»ik;o) with kP =k2—k2, (k.q,)=k;q, +ik;0q,05
and d*k; =dk,dk,,. Moreover, the vector g satisfies the
condition qz=q2—q(2, = —z. The functions M,(g,k;) and
M (q.k;) are the analytic continuations with respect to
the corresponding values of the scalar arguments
(q,k,) (q/k;) of the initial functions M;(q,k;) and
MII(qul ).

Equation (7.14) is a statement of the Cutkosky rule for
normal thresholds for an arbitrary Feynman diagram in
Euclidean momentum space, except that we have used

(7.14)

the superspin entire functions Il(g). In fact, when we set
II(g)=1, the equation that results from (7.14) is just the
Cutkosky rule for the standard, local quantum field
theory in Euclidean momentum space, and the transition
to the physical region is implemented by an analytic con-
tinuation with respect to the invariant momentum vari-
ables. Anomalous singularities of the diagrams will arise
in the usual way when the analytic properties of the ver-
tices I and II are taken into account.

The appearance of the entire superspin functions
II(k?) will violate the immediate equivalence of the Eu-
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clidean and Minkowski formulations of the theory, since
we cannot perform a rotation of the momentum variables
into the Minkowski space due to the occurrence of an
essential singularity at infinity. Efimov, however, has
proved that this does not change the analytic properties
of the theory in an arbitrary region of finite-momentum
variables. Because of the validity of the Cutkosky rule,
he was able to prove the unitarity of the S matrix by us-
ing the theorem of the uniqueness of analytic continua-
tion. Moreover, the regularization of the amplitudes pri-

J
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or to the Wick rotation, guarantees that the rotation can
be performed at infinity for a suitable choice of regulari-
zation function R3(p).

It is useful to illustrate how the transition to the Eu-
clidean momenta in the amplitudes of the physical pro-
cesses is performed, and how the unitarity condition for
arbitrary external momenta is satisfied. We do this by
studying the amplitude in the second order of perturba-
tion theory:

I(—k?*)R3K?) TI(—(k —p)*)RO((k —p)?)

2 i s [ g4
Alp )—élil%)lfd k —k2+m?—ie

—(k —p)*+m?—ie
I(—k§+k*)ROkF—K)I(— (k3 —po)*+(k—p) )R ((ky—py)*—(k—p)?)

=limi[dk [ dk,

and

(7.15a)

(ko—ay Nko—a_)[ko—b.(py)llko—b _(py)]

I(—k3+k*)R® (k2 —K)TI(— (ko —pg)*+(k—p) )R ((ky—py)2— (k—p)?)

®( 2V — 1; o 3 hd
A*(p*)=lim (=) [dk [ dk,

(ko—a* Nko—a* ko—b% (po)lko—b* (po)]

(7.15b)

where a, =%tw, Fie, 0, =(k>*+m?)'"%, b, (pg)=potw,_, Fi€, and w,_, =[(p—k)*+m?]'"2. The unitarity condition

dictates that

AA(PH=A(pH)—A*(p2)=i2m)[II(—m?) 7

Consider now the singularities of the integrand of
A(p?) in the complex plane k,+ik,. In the denominator,
the singularities occur at the points a, and b (py). The
singularities in R%k?) and R%(k —p)?) are found from
the equations k2= —iM? and (k —p)>= —iM?, where M
is a parameter with the dimensions of mass and we
choose M?>>m?. The singularities occur at the points

M2

=4
Uy QIR +MN 72—k
1/2
2)2 49172 _ 1,2
L [(k*)F+M*] k (7.17a)
2
and
MZ
wi(py)=pe*
+'Po) = Po (2{[(p—k)2]2+M4‘—(p“‘k)2})1/2
1/2
ey {[(p_k)2]2+M4}1/2_(p_k)2
2 .
(7.17b)
The branch cuts of the functions R2%k?) and

2_4 5 172
p m_y , (7.16)
p

I

R®(k —p)?) begin at the above-determined points. The
singularities of the integrand of A(p?) occur at the points
ay,bi,vy,andw, andata¥, b%, v¥, and w} in the in-
tegrand of A*(p?). The initial contour of integration
runs along the real axis. Because the integrands in
(7.15a) and (7.15b) decrease for 8>0 in the region
kok, >0 for A(p?) and in the region kyk, <0 for A*(p?),
the contours of integration over k, can be rotated by /2
into k4 for A(p?) and by — /2 into k, for A*(p?).

The sheets of the functions A(p?) and A*(p?) are
defined so that these functions are real for p2<0. It is
now straightforward to show that for §—0, the singulari-
ties associated with the functions R® disappear and the
integral converges, since the functions IT(k3-+k?) de-
crease very rapidly as k,— 1 oo. It then follows that

AA(pH)=0, (7.18)
a result that should hold for p? <0.

By similar manipulations, we can calculate AA(p?) for
p2>0. The integrals around the poles b_ and b* give
the results

(=52 +k)R¥bH2 —KHII(—mHR¥m?)

A=l . 3
gli%lfd k 27i

(7.19a)

(b_—aﬁ)(b,—a+)(bﬁ“b+)
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and
_ P I(—b**+k*)R**(b*? + k) —m?)R**(m?)
A*= lim (=) [ dk(—2mi) : (7.19b)
5—0 (bY —a* )b* —a® )(b* —b*%)
A calculation gives the result
(—(p; —wp_ > +KI(—m )R-+ )R¥(---)
AA(pYH=—27lim [dk P1 Dok :
5—0 20, 1 (po— 0y T o) (py— @, —w+2ie)
(= (po =@, *+KI(—m?)R®( - - )R®( -+ )
20, (po— oyt ) py—w, —w—2i€)
(= (py— @, )*+k*)I(—m?)
=27 [k — Lo Yok 1 —— : .
‘ 20, (po—w, yt+oy) Po~ @y —wyt2i€e  py—w, —o—2ie
(—(py—w,_ )} +kHI(—m?)
=2m)% [ d’k ° 8(po— @y —
( mlf 20p —k(po @y~ @) Po~@p— )
d*k8(py—w,_,— )
21(277)2[“(_’,”2)]2]‘ Po p—k k
20,120y
2 g 172
=i QmI(—m>)Pr |[B— | 6(pg)6(p2—dm?) . (7.20)
p
[
This proves the unitarity condition in the second order = lim n Inn (8.4)
of perturbation theory. We see that the transition to the [t In(1/la,|) ’

limit -0 can be performed for arbitrary values of the
Euclidean momentum variables. This result can be ex-
tended to any order in perturbation theory.

VIII. THE MICROCAUSALITY CONDITION

Let us consider the local commutation relation for the
superspin fields ®(x). We use the improper limit for the
regularized fields ®°(x), defined by the relation

®x)= [dy Bx —y)d(x) , (8.1)

where B%x —y) is given by (5.16). The commutator be-
comes

— 1 8¢y BS —
[@(x), ®()]-= lim [dy, [ dy,B(x —y))By —))

X[¢(y1)d(y,)]-

= Blirr%)[B(—mz)Rﬁ(mz)]zA(x —y)

=[I{—m?)PA(x —y) . (8.2)

This is the standard local commutation relation for the
free-scalar fields ¢(x), which shows that the superspin
fields obey the condition of microcausality.

A necessary and sufficient condition for a power series

gz)= 3 a,z" (8.3)

n=0

to be an entire function of order y is

A weak growth restriction for large j on the coefficients
|d;| in Eq. (3.14), which guarantees the vanishing of the
commutator (8.2) of the superspin fields outside the light
cone, is given by

In(1/|d;1*)>2j1Inj . (8.5)
Thus, even though we have an infinite sum of fields and,
therefore, an infinite sum of derivatives of delta functions
in the commutator of the fields, we can still retain micro-
causality by imposing suitable conditions on the deriva-
tives.

The superspin formalism cannot incorporate the
Bogoliubov-Shirkov®? causality condition
) 58S
— =0, (8.6)
SP(x) | 6P(y)

which holds in strictly localizable field theories for x <y.
The reason is that the superspin fields do not have com-
pact support in configuration space and, therefore, the
condition (8.6) cannot be stated in a meaningful way.
The same is, of course, true in string theory or in the non-
local field theory versions of string theory. However, the
microcausality condition (8.2) is the primary causality
property of the theory, since the S matrix is a quantity
derived from the basic fields ®(x) and the interaction La-
grangian.
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IX. EXAMPLE OF A SUPERSPIN THEORY

As an example of a specific superspin field theory, con-
sider the choice |c;|=C/, where C is a constant. This
corresponds to case (II) in (5.4b). Then, as follows from
(3.12), (3.14), and (8.4), the II(p?) are entire functions of
order y=1, and decrease rapidly in the Euclidean
momentum plane. Let us assume a model theory in
which the infinite tower of particles that makes up the
representation from which we construct II(p?2) consists of
integer-spin particles. Then, according to the results of
Weinberg in (2.23), apart from spin basis space factors,
the superspin propagator will have the large-p? behavior

1 2 (Cp)¥ 1
~7 2 (zp'>' —p?
j=o0 ‘&J) —p

9.1

By making a transition to the Euclidean momentum
space, we get the asymptotic behavior for the superspin
propagator

& C|k| 1 exp(—Clk|)
Di(—k? ——2——
S( )=~ §0 k2' i k2

(9.2)

This large-momentum behavior for the propagator will
result in a finite perturbation theory and a unitary .S ma-
trix in the way that has been demonstrated in the previ-
ous sections. A similar result is found for the fermion
propagator SS(p) associated with the superspin W(x)
field.

The form factor corresponding to the large-momentum
behavior of the superspin propagator (9.2) is consistent
with the form-factor behavior obtained by Wu and
Yang?3® for extended particles, and by Martin,*” who used
complex-variable techniques to obtain a bound on the de-
cay of the form factor F(¢) that says that F(¢) cannot de-
crease faster than

F(t)~exp(—alt|'?), 9.3)

as t——o. Martin proposed that interactions are
“minimal” in the sense that they correspond to the bound
(9.3), which is allowed by general physical principles.
This bound was also derived by Jaffe!' using the principle
of locality in field theory. It is interesting to note that the
large-momentum behavior of the form factor in string
theory is determined by the string vertex function and is
not consistent with the bound (9.3) (Ref. 2). This is due
to the fact that an assumption of locality in field theory,
used by Martin and Jaffe, is relaxed in string theory.

Let us write the superspin causal propagator for the
scalar field in the Euclidean region of the momentum
space as

Ditk)= [ d* e "**Di(x)

M(k?) 1 )
= = —N(—k?),
Kirm? kam? MK

(9.4)

where k? is the square of the Euclidean momentum four-
vector. In the Euclidean x space, the superspin propaga-
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tor (9.4) can be represented as

DE(x)=A%x)E(x?) ,

s

(9.5)

where &£(x?) is a positive continuous function. In the Eu-
clidean formulation, the generating -functional of
g :®(x)": theory can be written as

Z[F]l=exp —gfd“x[ﬁ/&f(x)]"

X exp [%f fd“xld“xz&(xl)Df(xl*‘xz)f(xz)

(9.6)
where #(x) is an external source of the field ®(x), and
the point-particle Feynman propagator A°(x) is given by

d*k explik (x;—x,)]
Alxy =x;)= 1 4f 2 12 :
(2m) k*+m
— m Kl(mV(x1~X2)) (97)
2m? v (x,—x,) ’ )

where K,(z) is the Hankel function of imaginary argu-
ment of order 1 and K,(z)=—(3/3z)Ky(z) with
Ko=(m/2)H{"(iz). The exact Green’s functions of nth
order are connected with the S matrix (9.6) through the
relation

8"Z [ #]

.
2S5 sdixy)

(9.8)
H(x)=0.

G,(x{,...,x,)=

The Fourier transforms of the Green’s functions give rep-
resentations of the functions in Euclidean momentum
space for spacelike external momenta. An analytic con-
tinuation in the invariant momentum variables to the
physical region is performed to obtain the physical
values of the Green’s functions, using p2=—k? with
pr=p32—p> Now (9.4) becomes

1

DilpY)=—— 5~

(9.9)
-—p2+m2——ie

N(p?) .
The entire function N (p?) is expanded in terms of p%:
J

) (9.10)

where the coefficients a ; are defined in terms of the ¢;’s
by

1271
aj=_*_lf12|j)f' , 9.11)

We obtain from (9.4) the Fourier-transformed function
N(—k?):

mK | (mv)

f dv v? [1—g x2)]
(9.12)

The coefficients a; are determined by the inversion formu-
la'®
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- 1 ® g 2425 [
% 2(j+1)1f0 A e Ky 6.13)

v
m2

We must now restrict the form of the function &(x?) by
imposing the boundary conditions

&(x?) . (x2P (p=0), (9.14a)
x“—0
E(x?) ~ 1. (9.14b)

The convergence properties of the coefficients c¢; in
(5.4a)—(5.4c) further restrict the form of the function
&(x?) by requiring that as v — o, we have

[1—E&(w?)| <K exp[ —b (v2)P], (9.15)

where K, b, and [3 are positive constants.

We must supply a scale of the dimensions of a length
I =1/M associated with the size of a particle. When
1 —0, we regain the standard ultraviolet-divergent per-
turbation theory. For I|p| <<1, the calculations in the
superspin field theory will only be sensitive to the asymp-
totic values of the ¢; coefficients for large values of j. We
get the asymptotic values

c;=(constV/T((1—=1/y)j) (j>>1) (9.16)
and if we require that

jlin;(aj)l/jzo : 9.17)
then an example of a suitable £(x?) function is

Exty=1—exp[—(x2/1*)"], (9.18)

where the constant ¥ > 1. Thus, by imposing the physical
boundary conditions (9.14a) and (9.14b), and convergence
conditions on the entire function N(—k?), we severely
restrict the possible values of the coefficients c;.
A superspin field-theory model will only contain one
new parameter / associated with the scale of the Lagrang-
ian density being considered. The scale / can be deter-
mined experimentally, when the signature of nonlocality
sets in at high energies for /|p| ~1. The low-energy pre-
dictions for I|p|<<1 will be insensitive to the ¢;
coefficients for nonasymptotic values of j and the value of
I. Finite mass and charge renormalizations will be car-
ried out at the lowest order of perturbation theory. Such
a program, in which definite predictions can be made for
cross sections, etc., cannot be carried out in the standard
point-particle model of a nonrenormalizable theory such
as FEinstein’s gravitational theory, since the coefficients
associated with the counterterms that occur in each new
order of perturbation theory must be determined ahead
of time before meaningful calculations can be performed
in any given order. Clearly this is not possible and no
definite predictions can be made to any order in standard
nonrenormalizable gravitational theory.
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In pure gravitational theory, it is natural to adopt
the Planck length as the fundamental length scale
lg=(#G /c*)'"?=1.2X 10" GeV. Hopefully, in a future
unified field theory that includes gravitation, the length
scales associated with electroweak and QCD interactions
at energies well below the Planck mass will be determined
in a fundamental way by the theory. .

It should be stressed that standard regularization tech-
niques, such as Feynman cutoff procedures or the Pauli-
Villars regularization technique, all suffer from viola-
tions of unitarity and causality, except in the limit that
the cutoff parameters become infinite. Dimensional regu-
larization only works in a fictitious, fractional dimension-
al space. Thus, none of these techniques help to produce
meaningful perturbation-theory calculations in nonrenor-
malizable gravitation theory.

X. CONCLUSIONS

By assigning an internal degree of infinite spin to every
particle, we have succeeded in developing a field-theory
formalism that leads to a finite perturbation theory and a
unitary S matrix for the basic spin-0, spin-1, and spin-2
fields of nature. The causality properties of a strictly lo-
calizable field were extended so that a condition of micro-
causality for the fields was satisfied. The other require-
ments of axiomatic field theory, such as the existence of a
scattering theory, can also be included in the extended
nonlocal field theory.

With the failure of point-particle field theory to resolve
the infinities in standard quantum gravity, we seem to be
forced into a theoretical picture in which particles are ex-
tended objects and field theory is intrinsically slightly
nonlocal. The superspin field theory developed here is an
example of a self-consistent field theory, based on nonlo-
cal fields, that can remove the unsatisfactory features of
standard strictly local field theory. More work remains
to be done to investigate many of the fundamental
ramifications of such a theory and its implications for fu-
ture particle physics.
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