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The negative results of the oscillations experiments are discussed with the hypothesis that the
various neutrino types are not universally coupled to gravity. In this case the transition probabiltiy
between two different flavor eigenstates may be affected by the local gravitational field present in a
terrestrial laboratory, and the contribution of gravity can interfere, in general, with the mass contri-
bution to the oscillation process. In particular it is shown that even a strong violation of the
equivalence principle could be compatible with the experimental data, provided the gravity-induced
energy splitting is balanced by a suitable neutrino mass difference.

I. INTRODUCTION

It has been recently pointed out that the laboratory ex-
periments on neutrino oscillations probe the validity of
the Einstein principle of equivalence for quantum and rel-
ativistic test particles.! If this principle were violated, in
fact, the terrestrial gravitational potential could contrib-
ute to the oscillation process: the negative results of the
experiments thus constrain possible violations of the
equivalence principle in neutrino interactions, providing
bounds which are rather stringent in the hypothesis that
neutrinos are massless.! The aim of this paper is to ex-
tend the analysis of Ref. 1, by considering the cases in
which the mass contribution to neutrino oscillations is
not negligible with respect to the gravitational one.

We start by recalling that, according to the equivalence
principle, the coupling of gravity to matter fields has to
be minimal and universal: it can be represented formally
by a covariant derivative, in which the coefficient of the
connection (corresponding to the effective gravitational
charge) is the same for all kinds of matter. This feature is
essential in order that the effects of the field may be local-
ly eliminated, for all the particles species, by the choice of
a suitable accelerated frame. ‘

A deviation from the equivalence principle corre-
sponds to a situation in which different species of parti-
cles are differently affected by gravity, as if they had
different gravitational charges. The deviation can be
parametrized by assuming that the parametrized-post-
Newtonian (PPN) parameters, in the expansion for a
given metric, have a particle-dependent value,>?3
representing thus the effective coupling constants of the
various kinds of particles to the given geometry. If we
work, in particular, in the weak-field limit of a static
source, then, to first order in the Newtonian potential
¢=GM /r << 1, we can consider the effective metric

8u=1"2a¢, g;=—8;(1+2y¢).

The parameters a and y are theory dependent (for ex-
ample, a=1=7 in general relativity), but, for any given
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theory, their value is universal (the same for all kinds of
matter) only if the principle of equivalence is satisfied.
Otherwise their value could be different for test particles
with different internal quantum numbers, for example,
and (or) different energies. In the particular case of the
neutrino field it has been shown recently,>* by consider-
ing the time delays produced by the gravitational field of
our Galaxy, that the value of y is the same, to an accura-
cy of about 0.1%, for neutrinos and photons received
from the supernova 1987A and that, in the hypothesis
that neutrinos are massless, is the same for neutrinos of
different energies® (ranging from 7 to 40 MeV), up to an
accuracy of one part in 10° (to the same accuracy, y is
the same also for neutrinos and antineutrinos*). As re-
gards photons moreover we know, from radar-echo delay
experiments performed on a planetary scale,’ that
ly—1/s1073.

It is important to stress that all these results have been
obtained in the hypothesis a=1. This assumption is ir-
relevant when considering experimental data relative to
one kind of particle only, as a possible deviation of «
from 1 can be absorbed by redefining the mass of the
source; it could be no longer justified, however, if we
compare different particles or particles with different en-
ergies, since also the value of a could be particle depen-
dent, or energy dependent, just like y.

The laboratory experiments on neutrino oscillations,
testing the universality of the gravitational red-shift,
which depends on g4, only, provide information on the
possibility that the value of a be different for different
neutrino types.! If there are deviations from universality

in the value of a, in fact, the energy splitting induced by

gravity may contribute in general to the transition proba-
bility between different flavors, as we shall see in Sec. II,
even if gravity is not the primary source of oscillations,
that is, even if the energy eigenstates are unchanged by
the influence of the weak gravitational field present in the
laboratory.

A limit on a maximal violation of the equivalence prin-
ciple, valid for the case in which gravity is the only
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source of oscillations, was obtained in a previous paper.!
If neutrinos are massive, however, we may have simul-
taneously both the contribution of mass and gravity to
the transition probability. In this paper, the bounds one
can obtain from the experimental data, in the case of
massive neutrinos, will be discussed by considering in
particular two cases of physical interest. First by assum-
ing, in Sec. III, that the mass and gravitational part of
the total energy are diagonal in the same basis; then by
considering, in Sec. IV, a minimal violation of the
equivalence principle in which the eigenstates of the weak
and gravitational interaction coincide. The main results
of this paper will be summarized finally in Sec. V.

II. GRAVITATIONAL CONTRIBUTIONS
TO THE OSCILLATION PROBABILITY

In the experimental tests on neutrino oscillations, per-
formed in the laboratory, the neutrinos propagate not in
vacuum, but through the gravitational potential locally
present at the Earth’s surface. In a constant gravitational
field one can always choose, according to general relativi-
ty, a reference frame in which the components of the
metric tensor do not contain explicitly the temporal coor-
dinate ¢, which is called then universal time. In this
frame, the conserved energy E, which determines, in the
approximation of geometric optics, the temporal evolu-
tion of an energy eigenstate with respect to the universal
time, is related to the energy E, measured by a local ob-
server, by °E,=(g4,)!/?E. For an ultrarelativistic parti-
cle of mass m, propagating through the weak field de-
scribed by the metric (1.1), the conserved energy (to first
order in ¢ and m?2/p?) is then

m?
Eo=p+ 2 agp , (2.1)
where p =mv (1—v2)"/2>>m, and v is the particle ve-
locity measured with respect to the proper time of a local
observer, at rest at a given point where ¢ is the value of
the external potential.®

It is well known that if neutrinos are massive, and the
mass contribution to the total energy (2.1) is not diagonal
with respect to the weak flavor eigenstates |v,, ), then os-
cillations can occur even in vacuum.” In that case the
|v, ) states are superpositions of the mass eigenstates
[vy ) and we can set (considering for simplicity a two-
component mixing only) |v,, ) =R (8,,)|v,, ), where
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The energy splitting between the two mass eigenvalues

E\=m3/2p, E,y=m2/2p (2.3)

defines then the oscillation length Ly, =27 /(E,p — E /).

In the presence of a gravitational field there is a further
possibility of oscillations, as we may see from Eq. (2.1), if
the coupling of the neutrino field to the external poten-
tial, characterized by the phenomenological parameter «,
is not diagonal in the |v,, ) basis. In order to have a grav-
itational contribution to the oscillation mechanism, how-
ever, a violation of the equivalence principle is needed.
Suppose in fact that the flavor eigenstates are linear su-
perpositions of the states which diagonalize the last term
in Eq. (2.1). If we call |v;) these states, then we have
[v, ) =R (6g)lvg ), where

Yic

[vg)= » Eig=—app, E,g=—ayd (2.4)

Vae

are the components of the gravitational basis and the cor-
responding eigenvalues. If the coupling of gravity to the
neutrino field is universal, i.e., a;=a,, the gravitational
part of the energy becomes a multiple of the identity: it
is then already diagonal in the |v, ) basis, so that no
significant mixing of states can be induced by gravity.

Only if there is a violation of the equivalence principle,
and the energies of different neutrino types are differently
red-shifted (E,;#E,;) when the neutrino types propa-
gate, with the same momentum, through the same exter-
nal potential, we may have then a nontrivial mixing,
0570, and gravity-induced oscillations' with oscillation
length L;=27/AE;, where AE;=E,;—E ;. A viola-
tion of the equivalence principle, in the context of neutri-
no oscillations, can thus be characterized, in general, by
two phenomenological parameters: the mixing angle 6,
which relates gravitational and weak-interaction eigen-
states, and the difference Aa=a;—a,, which determines
the gravitational energy splitting. In particular the viola-
tion will be called “minimal” if the coupling is not
universal, Aa7-0, but the gravity contribution is diagonal
in the |v,) basis, i.e., 6G=0; it will be called “non-
minimal” if the gravity eigenstates are different from the
weak-interaction ones.

In the most general situation in which neutrinos are
massive, and the principle of equivalence is violated, we
may have |v,, )7 |v,, )7 |v; ). The eigenstates of the to-
tal energy are obtained then by diagonalizing the matrix

Ve Vim which includes the contributions of the mass and gravita-
v, )= v [vae )= Vorr |7 , tional terms. Starting from their diagonal expression
” 2.2) (2.3) and (2.4), the total matrix can be written, in the
cosO sin@ ’ lv, ) basis (modulo a multiple of the identity, which only
R(O)=|_ sind cosd | - contributes to an overall phase and does not affect oscilla-
tions),
J
2 2 AE
— c0s’0,, —AE cos’6; ——47) sin20,, + —2 sin20.

, 2.5
m? AE Am? @)

sin26,, + ———é—g- sin260; —

SinzeM - AEG Sinzec
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where Am?=m?%—m?, and AE;=p¢Aa. The com-

ponents of |vw) can be expressed, as usual, in terms of
the eigenstates of this matrix, so that if we have, as initial
state at ¢ =0, a pure v,, at a time ¢ later the state will be a
mixture of v, and v,. The transition probability is then

P, _., (t)=sin’20sin* (7t /L), (2.6)
e

where L is the total oscillation length which, if the contri-

butions of mass and gravity are both nonvanishing, is

given by

L=LyLg[LY+LE+2Ly L cos2(0,,—05)] '/
' 2.7

and 6 is the rotation angle which diagonalizes the matrix
(2.5):
sin?20=L2(L;'sin20,,+ L 'sin264;)* . (2.8
The experimental tests on neutrino oscillations,
measuring P, provide simultaneously information on 6
and L. In the absence of positive results,® however, an
upper bound for P does not fix any value for  and L sep-
arately: it determines only an allowed region in the (6,L)
plane. In the following sections we shall discuss never-
theless the possibility of extracting, from the experimen-
tal data, significant information on a violation of the
equivalence principle, by considering in particular the al-
lowed values of Aa, and relating them to the unknown
neutrino mass splitting Am?, at some fixed value of the
gravitational mixing angle 0.

III. MASS-DEPENDENT VIOLATION
OF THE EQUIVALENCE PRINCIPLE

We shall consider, first of all, a nonminimal violation
of the equivalence principle in which the gravitational
part of the energy is diagonal in the |v,,) basis, that is,
|vg?»=|vy ). This is a natural choice to discuss the phe-
nomenological consequences of a mass-dependent viola-
tion of the equivalence principle, a=a(m), like that ex-
pected in the context of gravitational theories which in-
clude the effects of finite temperature,’ or of a finite limit
for the proper accelerations.!%!!

In this case 8; =0y, so that, from Eqgs. (2.7) and (2.8),

0=0,,=05, L=2m(Am?/2p +podAa)”!. (3.1
It is convenient to define the dimensionless variables

x=Am?/2p% y=¢Aa . (3.2)

The experimental bounds on P define then, for any given
value of sin?26, a number k such that

lx +y[<k . (3.3)

As the value of k turns out to depend inversely on the
neutrino momentum p, it follows that the best experimen-
tal constraints on y (i.e., Aa), corresponding to the lowest
possible values of k in Eq (3.3), are obtained from the ex-
periments performed on accelerator neutrinos,® with
p~1 GeV (instead of reactor neutrinos, whose energies
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are in the MeV range). This is a consequence of the fact
that the energy splitting due to a violation of the
equivalence principle is proportional to the neutrino en-
ergy (AE;=p¢Aa), unlike the mass-induced splitting,
which is proportional to p 1.

We are interested, in this paper, in pointing out the
most stringent conditions on Aa which can be obtained
from the negative results of the experiments, so that we
shall concentrate, in what follows, mainly on large values
of the vacuum mixing angle 6. In this case, the best ex-
perimental data presently available on v, <>, oscillations
are the results of the Big European Bubble Chamber
(BEBC) experiment,'? corresponding to neutrinos of aver-
age energy p =1.5 GeV; in the case of maximal mixing
(6=m/4) one can then obtain for k, from Ref. 12, the
value k =k (7/4)=2X10"%.

If the mass contribution to the oscillations is negligible
(x ~0), Eq. (3.3) then becomes |y| <k and we find, for
maximal mixing (k =k,), the result

|[Aa| <k, /¢=~2.9X107'(0.69X107°/4) , (3.4)

which coincides with the bound, presented in a previous
paper,! on a maximal violation of the equivalence princi-
ple for massless neutrinos (provided we insert the value
corresponding to the average terrestrial potential at
Earth’s surface, ¢z ~0.69X107°).

The condition |Aa| <k /¢ is still valid, as a limit case,
for a violation of the equivalence principle such that x
and y have the same sign (see the dashed area in Fig. 1).
Otherwise it is possible to reconcile the negative experi-
mental results even with values |Aa|>>k /¢, provided
the violation of the equivalence principle is balanced by a
suitable splitting in the neutrino masses, according to Eq.
(3.3) (this requires, however, fine-tuning; see Fig. 1 where
the region within the two parallel lines shows part of the
allowed values for x and y, measured in units of k).

Irrespective of the relative sign of x and y, however, it
is possible to constrain Aa through the limit on the mass
of the muon neutrino,'* obtained from pion decays,
which gives Am?<0.0625 MeV? independently of the re-

I

(k/9)

[

|

-5 0 5 10

2 2
am” (2kp“)

FIG. 1. The allowed values of Aq, according to Eq. (3.3), in
the case 05 =0), =0 (the excluded region is outside the two
parallel lines).



39 EXPERIMENTAL CONSTRAINTS ON A MINIMAL AND. ..

sults of the oscillations experiments. For neutrinos of en-

ergy p =1.5 GeV we have then the condition
|x|<x,=1.4X107%, (3.5)

which implies, when combined with Eq. (3.3), the follow-
ing restriction on y:
lyl <k +x, (3.6)

valid even if xy <0. In the case of a maximal violation of

the equivalence principle (k =k;<<x,) this gives
Iyl <x,,iee.,
|Aa| Sxo/¢~0.2X(0.69X107°/¢) . (3.7)

The bound |Aa| $0.2, for typical values of the terres-
trial potential at Earth’s surface, is not very stringent,
especially when compared with the corresponding one
achieved in the case that x and y have the same sign [Eq.
(3.4)]. It should be noted, however, that the bound on Aa
depends on the value of the total effective gravitational
potential at the place where the experiment is performed.
If the violations of the equivalence principle are induced
by forces with very long or infinite range,>~*!* then the
laboratory potential affecting neutrinos is the sum of the
terrestrial, solar, and galactic potentials. In this case the
galactic contribution is the dominant one, ¢5~6X1077,
and the bound on Aa turns out to be improved by a fac-
tor 10°, thus becoming comparable with that on Ay ob-
tained from the supernova neutrinos.>~*

Moreover, if one accepts the limit on the muon neutri-
no mass recently derived from the duration of the neutri-
no burst from the supernova,15 ie., mvﬂ <40 keV, instead

of3 m, 5250 keV, then the value of x;, and the corre-

spondinﬂg bound on Aa, are to be lowered by a factor
0.0256, irrespective of the value of ¢.

Finally we must note also that if the mixing is not max-
imal, 8 <w/4, the value of k obtained from the experi-
ments is larger than k; and approaches infinity® in the
limit 8—0. As 0 is decreasing down to zero, therefore,
the allowed region in the (x,y) plane grows up to cover all
the band |x| <x,. No limit can be obtained then on Aa
for a minimal violation of the equivalence principle
(6 =0), as in the case 0 and 6 coincide [see Eq. (3.2)].

IV. CONSTRAINTS ON A MINIMAL VIOLATION

In order to discuss a flavor-dependent violation of the
equivalence principle in which the gravitational basis
coincides with that of weak interactions, |vg)
= va) (the so-called minimal violation, see Sec. II), we
shall consider now- the general case in which the mass
eigenstates are different from the gravitational ones,
lva )7#|vg ). In this case ;=0 does not imply 6=0,
and the general expression (2.6) for the transition proba-
bility, putting 6, =0, reduces to

P=(x2/A4)sin20,,sin(tV'4 /2) , 4.1
where /
A =x%+y?42xy cos26,, . 4.2)
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To each value of sin?20 corresponds therefore a num-
ber k, determined by the negative results of the oscilla-
tion experiments, such that

x2+y2+42xy cos20,, <k?,
x2(1— sin?20,, / sin*20) +y2+2xy cos26,, =0 ,

(4.3)
(4.4)

where we have assumed sin?2050 (no constraint is ob-
tained on a minimal violation in the limit 6—0, as al-
ready seen in the case 6=0; previously discussed).
These two conditions determine, in general, the allowed
values of Aa, as a function of Am? and 0y, correspond-
ing to a given value of 8. We shall consider, in particu-
lar, the case 0= /4, because it corresponds to the lowest
value of k and provide then the most stringent limits on a
violation of the equivalence principle.
If we set sin220=1, Eq. (4.4) becomes

x c0820,,+y =0 . (4.5)

One can immediately see that in this case a minimal
violation of the equivalence principle is forbidden (y =0)
if the mixing of the mass eigenstates is maximal
(6y,=m/4) and, for all 6,,, also if the sign of x and y is
the same (by convention the missing angles range from
—/4 to w/4). .

A minimal violation of the equivalence principle, such
that Aa and Am? are of opposite sign, and related by Eq.
(4.5), is allowed; it is constrained, however, by the condi-
tion [obtained by eliminating x in Eq. (4.3)]

v <k? cos’8,,/sin*20,, , (4.6)

where k, is the previously introduced experimental value
of k corresponding to 6=m/4. The allowed values of
|Aal, in units of k,/¢, are shown in Fig. 2 as a function
of 6 M-

The experimental limit (3.5) on x, independently ob-
tained from the upper bound on the mass of the muon
neutrino, moreover implies, through Eq. (4.5),

ly| <xqcos26,, . 4.7)
30_ T L o o e T T T T )
2l .

E ]

C ]
20_— -
sk -
ERE ]
10_— -

+ 4

o h!

10-3 1072 1071 100

2
sin 2 8
M

FIG. 2. The allowed values of |Ac/, according to Eq. (4.6),
in the case 65 =0 and 6=1/4 (valid for AaAm?<0). The area
above the curve is excluded.



3610

T T

EN
III‘II

2)

2
2k
am 1P

\S]
Ivlvvlll\vlnl

AN I

[P I R
-2 0 2 4

ba (kl/a)

FIG. 3. The cross-hatched area shows the allowed values of
Aa as a function of Am?, according to Egs. (4.8) and (4.9), in the
case 6;=0and 6=m/4.

In the limit 8,,—0, therefore, we find again the condition
ly| £x,, which provides the bound |Aa| <x,/¢ previous-
ly reported in Eq. (3.7).

To each allowed value of Ac, the corresponding al-
lowed values of Am? are given by Eq. (4.5). These values
can be simultaneously visualized by eliminating 6,, in Eq.
(4.3), by means of the condition (4.5). We get then

x2—y2<k? (4.8)
which, together with the constraints
—y/x=<1, xy <0 (4.9)

[according to Eq. (4.5)], determines the allowed region in
the (x,y) plane, part of which is shown in Fig. 3. It is im-
portant to stress again that values of Am? even much
larger than 2k, p? could become compatible with the neg-
ative results of the oscillations experiments, provided that
Aa+0. This requires, however, an appropriate fine-
tuning in the violation of the equivalence principle, ac-
cording to Eq. (4.5).

V. CONCLUSIONS

If there are violations of the equivalence principle in
neutrino interactions, in the sense that the energies of
different neutrino types are differently red-shifted by
gravity, then the transition probability between the vari-
ous neutrino flavors can be affected by the presence of an
external gravitational potential.

The violation may be minimal or nonminimal: in the
first case it induces only an energy splitting between the
usual weak flavor eigenstates, in the second case the
eigenstates of the gravitational part of the total energy
are different from the weak-interaction eigenstates. The
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results of the experimental tests on neutrino oscillations,
performed at Earth’s surface, are then to be analyzed, in
general, in terms of four unknown parameters: Am? and
Aa, which determine, respectively, the mass and gravita-
tional energy splitting, and the two angles 8,,, 6, which
relate, respectively, the mass and gravitational eigenstates
to the eigenstates of weak interaction.

In this paper we have considered, in particular, the
case 0O;=0, (mass-dependent violation of the
equivalence principle) and 6;=0 (minimal violation,
flavor dependent). In both cases it has been shown that,
if the mass and gravitational energy splitting are of oppo-
site sign, no bound on the modulus of Aa can be obtained
directly from an upper limit on the transition probability.
The negative results of the oscillation tests, in fact, pro-
vide only a relation between Aa and Am 2, from which we
are allowed to constrain Aa only indirectly, by means of
independent limits on the neutrino mass splitting. The
experimental constraints on Aa are instead much more
stringent, at a given fixed value of the vacuum mixing an-
gle 6, if the violation of the equivalence principle is such
that the sign of Aa and Am? is the same.

Aside from the particular cases one may wish to dis-
cuss, however, there are two points, valid in general,
which should be stressed. The first is that the limits on
the neutrino mass difference, usually reported as results
of the oscillation experiments,® are valid provided that
Aa=0, i.e., only if the equivalence principle is satisfied.
Otherwise it is possible to reconcile the negative experi-
mental results even with very large values of Am? by as-
suming that the mass contribution to the oscillation prob-
ability is balanced by a suitable (fined-tuned) value of Aa.

The second point is that the experiments on neutrino
oscillations may be regarded, in general, also as tests of
gravitational theories which predict deviations from
universality in the coupling of leptons to gravity (a “fifth
force” vector, for example, could be coupled, at least in
principle, not only to baryon number'®). A positive result
in the oscillation experiments would provide a relation
between Aa and Am? The effective violation of the
equivalence principle would be determined, therefore,
only if the energy splitting between the mass eigenstates
would be known from independent experiments. A direct
measurement of the transition probability in vacuum,
even with Aa and Am? separately unknown, would give
however decisive information on the possibility of solving
the solar-neutrino puzzle by means of resonant oscilla-
tions, inside the solar matter, in the presence of both the
contributions of gravity and weak interactions.'
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