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We calculate two distinct long-distance contributions to the decay K —m

*y¥: (i) that arising

from the intermediate states 7/ and DI/ and (ii) that associated with hadronic contributions to the
KmZ vertex. A combined branching ratio of 0.7X 107" is obtained (for three neutrino species), to
be compared with the short-distance estimate (1-8)X 107'°. A remark is made on the energy spec-

trum of the pion.

According to modern wisdom,! the rare decays of the
K meson such as K >u*u~, K—>mwete™, and K —>mvw
are determined by two types of interaction: (a) a short-
distance (SD) interaction between free quarks and lep-
tons, producing an effective local four-fermion coupling
(T ,d)X TI‘I'LI ); and (b) a long-distance (LD) interaction in-
volving hadronic (rather than quark) degrees of freedom
in intermediate states. The SD contribution is sensitive
to the existence of heavy quarks occurring as virtual par-
ticles in the transition sd —II. By contrast, the LD
effects are largely governed by low-mass hadronic states,
virtual heavy systems being damped by energy denomina-
tors and form factors. (For a recent review of rare K de-
cays, see Ref. 2.)

It turns out that of the processes mentioned above, the
decay K; —»u*p~ has an experimental rate that is
consistent with expectations® based on the measured
rate of K; —2y. Likewise, the experimental rate of
K™ —7Tete™ is equally compatible with the short-
distance estimate (based on the electromagnetic penguin
diagram) and the long-distance estimate based on hadron-
ic models of the K "7y vertex.* These channels there-
fore offer no direct evidence of a specific SD mechanism
and do not place a significant constraint on the parame-
ters of heavy quarks that might mediate these transitions.

A more interesting situation seems to be offered by the
decay Kt —#7"v¥. Calculations based on the quark dia-
grams shown in Fig. 1 yield an effective Lagrangian®

where V; are elements of the quark mixing matrix and
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with x,=m?/m?3,. [Charged-lepton masses are neglected
in Eq. (1).] Using empirical information on the quark
mixing parameters, and a range of top-quark masses 50
GeV<m, <200 GeV, Ellis et al.® obtained for the
branching ratio of K " —#7"v¥ (summed over three neu-
trino species):

B(KT—atw)=(1-8)X10710, (3)

This is a sizable rate, amenable to detection by ongoing
experiments, and would be important evidence for the SD
mechanisms depicted in Fig. 1, provided the LD effects
can be shown to be negligible. The authors of Ref. 6
remarked that the LD contributions in the present case
are very small. In this paper, we carry out an explicit cal-
culation in order to quantify this statement.

We first consider a contribution to K " — 7" v¥ that is
an LD analog of the process shown in Fig. 1(a), i.e., a
transition involving two virtual W bosons and hence two
semileptonic charged-current interactions. The process is
shown in Fig. 2, where we have taken the intermediate
states to be 7% and D%. The resulting amplitude is
determined by the amplitudes for the transitions
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FIG. 1. Feynman diagrams for the transition sd —v¥.

39

FIG. 2. Long-distance contribution to K ¥ — 7" v¥ involving
two semileptonic charged-current interactions.
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second-order weak amplitude of K, — 7% "e ™ (Ref. 7).]
The invariant matrix element corresponding to the
transition in Fig. 2 may be written as

M =F(w,Aa@(1+ysw(k’) , 4)

where the momenta are defined by K(Q)—m(p)+v(k)
+v(k') and the form factor F(w,A) is a function of the
two independent invariants

w=t'+t, A=t'—1t
with (5)
t=(Q—k? t'=(Q—k')?.
In particular, w is related to s, the invariant mass of the
V¥ pair by
w=mi+mi—s (6a)

and to the pion energy in the rest frame of the K meson
by

w=2mgE_ . (6b)
Here myg and m, denote the masses of the K and =

mesons. The physical domain of the Dalitz plot is
defined by

2

T

—(w2—4m12<m$,)1/25AS(w2—4m1%m3,)1/2 .

2mgm, <w=<mi+m
(7

Following the procedure in Ref. 7, we evaluate F(w,A)
using a dispersion relation. The imaginary part of F
(neglecting the electron mass) is given by
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ImF(w,A)=———cos0sinf
8
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where we have denoted the mass of the D meson by m,.
The two terms in this expression are the contributigns of
the 7% and D° intermediate states, which appear with
opposite signs. Note that the absorptive part associated
with 7% occurs for ¢ >m?2 which overlaps with the phys-
ical domain m2 <t <m}2 of the decay K " —x"v¥. On
the other hand, the absorptive part due to the D% state
occurs only for values ¢t > m3 which are outside the phys-
ical region. The functions I, (¢) and I,(¢) depend on the
form factors describing the matrix elements {7°|V|K T ),
(V|7 t), (KT|VID°), and {#"|V|D°). In the case
that these form factors are taken to be constant,
I (t)=Ip(t)=1. For our calculation, we have represent-
ed the form factors by pole terms, i.e.,

frt—a)=1+m2/Q)7",

FIKT—a)=(1+mke /@7,
f(D°—aT)=(1+ml /007",
FD°—>K T )=(14+m}ls/QH)™"

9)

D. REIN AND L. M. SEHGAL 39

and have neglected all renormalization effects at Q2=0.
The functions I_(¢) and Ip(t) are then expressible as in-
tegrals which are given in the Appendix. The real part of
F(w,A) is obtained by means of a dispersion relation in
w, holding A fixed: i.e.,

ImF(w’,A)dw’

ReF(w,A)=~p [ ImFw.A)dw’ (10)
o w —w

(remembering that t =w —A). The differential decay rate

is?
dr _ 1 2 a2 2 A2
dwdA_2917-3m12( (w 4me‘n' A*)

X[|IReF(w,A)|*+ |ImF(w,A)|?] . (1

We now summarize our results. Writing the total de-
cay width of Kt — 71,7, as
DK 7,9, ) =T+ Th, + T, —TiH, . (12)

where T, is the absorptive contribution of the 7%

graph, I'G, (Ff,)isp) the dispersive contributions of the e
(D%) intermediate states, and rg‘;;p the interference term
arising from the GIM cancellation of the 7% and D%

amplitudes, we find
[,p,s=0.02X107 6571,
FGp=3.75X10"¢s7 1,

r3,=0.27xX10"¢s7", (13)
i =2.00X10"6s7!,

NKY 71y, 7,)=2.02X10"¢ s ! .

Assuming the three neutrino flavors to be equally prob-
able (i.e., neglecting the effects of the charged-lepton
mass in the intermediate state) we obtain the long-

distance contribution to the branching ratio of
KT —atvvto be
B(K* »7tw)| p=0.25X10"13 . (14)

This is distinctly smaller than the short-distance estimate
given in Eq. (3).

It should be stressed that in the absence of form fac-
tors, the diagrams in Fig. 2 are each quadratically diver-
gent. The GIM cancellation removes the quadratic
divergence, but a logarithmic divergence persists. With
the inclusion of the pole-type form factors, both diagrams
converge separately, with the noncharmed intermediate
state 7'e giving the dominant contribution. (It may
be remarked that in the analogous calculation of K,
— 7% Te~ described in Ref. 7, a significantly more con-
vergent amplitude is obtained because of CP invariance,
which dictates a cancellation between 7 v and 7~ ¥ in-
termediate states occurring in the ¢ and ¢’ channels, the
resulting rate for K, —m%,v, being 2 orders of magni-
tude lower than for K+ —»7%v,%,.)

We turn now to a second LD contribution, depicted in
Fig. 3, which is the hadronic analogue of the quark dia-
gram in Fig. 1(b). The amplitude of K+ —#*+¥ in this
case may be written as
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FIG. 3. Long-distance contribution to K ¥ — 7% ¥ involving
a nonleptonic AS =1 interaction together with a virtual Z.

M=%M“ﬁ(k’)yu(l+y5)v(k) , (15)

where

M, = [{a (P T(H, (0 NC(x)|K *(Q))e*d*x
with

INC=V)+ A4, —2sin’0, V" . (16)

V, and A being the third components of the vector and
axial-vector isospin currents and V;" the electromagnetic
current.” The operator H, is the nonleptonic charged-
current Hamiltonian, which we assume to be a product of
left-handed currents. The matrix element M, can be

parametrized as
M,=g.(g*)(Q +p),+g_(¢*NQ —p),, (17)

where ¢ =Q —p. The form factor g_ makes no contribu-
tion to the amplitude M (for massless neutrinos) and so
our task is reduced to determining g , (g?).

We first attempt to determine g, at g>=0 using
current-algebra arguments. From Eq. (16), we have (after
an integration by parts)

ig,M,=— [d* e (73, T(H, (0N (x)K*) .

(18)

Using the identity .

3, T(H,(0)JC(x))=T(H,(0)3,J J°(x))
—[H,(0),J5¢(x,0)] (19)
and taking the limit ¢ —0, we obtain
‘}iir}) ig M, = (7" |[H,(0),QN0)]|K*)
— [d*x(a" | T(H, (003, (xNIK*) .

(20)

The first term involves an equal-time commutator of H,,
with the weak-neutral-current charge

QNC=F,+Fj;—2sin%0, 0™, 1)

where F; and F3 are the charges associated with the
currents V3, and A4,. Using the fact that

[H,(0),F,]=[H,(0),F3] 22)

(which is a consequence of H, containing left-handed
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currents only), the commutator term reduces to
(7T |[H,(0),0N0)]IKt)=2(7x|[H,(0),F;]IK™")
=—{(7*|H,(0)|K™*)
F, _
=‘2‘/—§(1T+7T IHw|KS) ’
(23)

where the last step follows from chiral-symmetry argu-
ments.!? The second term in Eq. (20) can be converted
into a matrix element for K ¥ — 7" +soft 7° using PCAC
(partial conservation of axial-vector current):

[ d*x (x| T(H,(08,J¥(x)IK*)

F
7%(77-+1T°(soft)|Hw K*T). (4
While the physical amplitude of K™ —zt7° is
suppressed by the AI =1 rule, a model is required to esti-
mate the off-shell amplitude K T —7 " +soft 7% As an
example, the ansatz of Sakurai,!' based on an exact
AI =1 Hamiltonian, yields

(m*a’(soft)|H,|K*) m?2
(wt7~ |H,K)

. (25)
lZ(m,%—mf,)

Alternatively, a model in which the weak Hamiltonian
contains both AI =1 and $ pieces, but is built from left-
handed currents only, yields'?

(mta%soft)|H,IK*) 1 ml

<7T+7TOle|K+>‘physical 3 m,%-—mf,

<

1
2 C,

1+

’

(26)

where C=C,+2C,+2C; and C, are coefficients defined
in Ref. 13 and estimated to be C=2.82, C,=0.4. In this
case, the off-shell amplitude differs from the mass-shell
value only by an amount of order m%/m2. In either of
the above models, the term in Eq. (24) is small compared
to the commutator term in Eq. (23), and will be neglected
below.
With these arguments, we have, finally,

| {}imoiq#Mp|=(m,2(—mfr)g+(0)

F
=7 +.— 0
2‘/207 7 |H,K2) . 27)
Numerically,'* (7"77|H,|Ks)=7.85X10""my, F,
=135 MeV, so that
g.+(0)=8.1X107% ., (28)

+ 0, +

To relate the decay KT —#tw to KT —>nl Ve, WE
define the amplitude for the latter as

M(K+——>1r°e+ve)=-\%-[f+(Q +p),+f-(Q—p),]

XeyM1+yshv, . (29)

The relevant form factor f is given by
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f+(0)=—\/1—§sin(9c , (30)

which is to be compared with the result g, (0) in Eq. (28).
Assuming similar g% dependence for f and g, we ob-
tain

F(K+ 7T+Vivi)
% ~ —3|8+9) 2=8 1X1073 @31
NK'—7%"v,) f+(0) '
giving a branching ratio
B(Kt »atvw)| p=0.4X10"1 . (32)

This is very similar to the estimate (14) obtained from the
LD contribution shown in Fig. 2. Adding the two in-
coherently we find the total LD contribution to the decay
Kt a7ty to be 0.7X 10713, which is 3 orders of mag-
nitude smaller than the short-distance estimate obtained
in Ref. 6.

A final remark concerning the energy spectrum of the
7t in KT —7tv¥: the short-distance interaction [Eq.
(1)] implies that this spectrum should be identical to the

“pion spectrum in K°—7"e*v,. This follows from the
fact that the Lagrangian (1) exhibits lepton locality,'®
which is also a feature of the charged-current interaction
describing K;; decay. If long-range contributions of the
form shown in Fig. 2 were important, one would expect
some distortion in the pion spectrum, connected with the
fact that these contributions are nonlocal with respect to
the two leptons. We have illustrated this in Fig. 4, which
compares the pion energy spectrum following from the
long-distance contribution of Fig. 2 with that of K;; de-
cay. If the decay K T — 7+ v¥ is indeed observed with the
branching ratio 2 107!° expected from short-distance
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FIG. 4. Energy spectrum of pion (7,=Kinetic energy) ex-
pected from short-distance (SD) interaction, compared with that
obtained from the long-distance (LD) interaction of Fig. 2.

effects, a measurement of the pion energy spectrum
would provide important corroboration of this mecha-
nism.

This research has been supported by the Bundesmin-
isterium fiir Forschung und Technologie under Contract
No. 05 4AC 96P.

APPENDIX

In order to determine the integrals I_(¢) and Ip(¢) of
Eq. (8) we follow the lines of Ref. 7 starting from

ImM =Im(M'™+MP)) | (A1)

where the first term reads

3 3
coscsindc [ dj‘i’l—’fw((g — AV TA(p —g AT (1 +y 0k )64Q —k —g =1 (A2)
0 0

and an analogous expression holds for ImnM‘?. The functions "' (the index i refers to , D intermediate states) are

given by
™D =@Ng+4)—Mp—m?> I+t —m?2 )4 +P)

and the form factors f™, f'?) by p,D* pole terms [cf. Eq. (9)]. (We take me«=m

give rise to momentum-dependent terms
(1=2kl/mH) M A=2k'l/m$) ™" (my=m,,m ),

which are transformed into integrals according to

v o i dy
(1=2kl/my)~ (1=2k'l/my) f—1/2(1+zl)2
by choosing
2= —[k'—k —2p(k'+K)] .
my

It is then straightforward to integrate terms such as

(A3)

0’ mF.=mD*.) The form factors

(A4)

(AS5)
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d3q d3l 4 4
—-— —&HP —q —1)
f a0 o (1+z1)? (P—q

in a frame, where P =Q —k has vanishing spatial components and consequently P,=V(Q —k)>=Vt. As a result we

obtain, in the case of the pion in the intermediate state,

—1/2

3 3 4 —y —
f“”dyf—‘”; —dl L @Np+d)—Hip —m2F+(t —m2)(p+4)] L =9 1)
0 0

(1+2z,0)?

' (t —m2)[2(Pz,)*—tz2 1+ 2Pz _t }I;™(t)— 2Pz tI\™(t)
=2Qf+1/2dy{ [ 1 & z}b N
=172 (Pz, ) —tz;
where
2t +{ Pz, +[(Pz,)?—tz2]V*}(t —m?2)
Iév)(t)z 22# 2 len { : LPe 2 22 ]1 } m2 (AT7a)
[(Pz,)?—tz21"? " 2t +{Pz,—[(Pz,)*—tz21"?}(t —m?2)
and
27(t —m?2)
Im)= 5 (A7b)
z
t+Pz,,(t—m,2,)+—4”—(t—m3,)2
with
z,=[k'—k—2p(k'+k)]/m} . (A7c)

The corresponding expressions I\2(¢), I}P(¢), and z;, are obtained changing m,,m, into mp,m_« in (A7). If the
square root in (A7a) turns out to be imaginary the logarithm should be replaced by an arctan function according to the

usual rules of analytic continuation.

Inserting (A6) and (A7) into (A1) and (A2) and making use of definitions (4) and (8) we may easily extract the desired

functions I(¢) and I (¢) thus finding

t

I, p(t)=
P 21r(t—mf,‘

; f*ll//;dy({(t—mf,,,,)[2(Pz,,,D)Z—tz;D]+2Pz,,Dt}I,§"*D’(:)
N

—2Pz, ptI™PN1))/[(Pz, p)?—1tz2 p] . (A8)

This result corrects Eq. (14) of Ref. 7 which neglected the logarithmic term I,(#). As stated in the text the functions
I, p(¢) approach unity, if form-factor masses m ,,m _« are shifted towards infinity. This can be verified expanding (A8)

P>""D

in terms of Pz and tz? which are of order m ? and m, *, respectively.
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