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Linear sigma model with parity doubling
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Recent lattice-gauge-theory simulations at finite temperatures have suggested that chiral-
symmetry restoration at finite temperatures entails parity doubling of the baryon spectrum. We
show that a natural extension of the Gell-Mann —Levy model incorporates this effect. Predictions of
this candidate effective model for the hadronic component of high-density and high-temperature nu-

clear matter are discussed. The model suggests a parametrization of the dependence of the baryon-
doublet masses on the quark mass. This parametrization is compared with the recent lattice results.

I. INTRODUCTION

Two recent simulations of QCD at finite temperatures
have studied the screening spectrum of plasma hadronic
modes and found spectral evidence for chiral-symmetry
restoration at finite temperatures. Among other chiral
multiplets a finite-mass parity-doubled baryon multiplet
was found. ' Although a direct observation of the corre-
sponding real-time plasma modes was not possible in
those simulations, the multiplet patterns of the corre-
sponding real-time modes must nonetheless be mirrored
in the screening spectrum. Since with the fermion
scheme used in these simulations the full continuous
chiral symmetry is recovered only in the continuum limit,
one must be cautious about translating these first lattice
results directly to the continuum. Nonetheless, these re-
sults have reopened the old problem of whether it is pos-
sible to construct a sensible effective meson-nucleon
theory with parity doubling.

Chiral parity doubling does not appear naturally in
currently popular composite models of the hadron s.
Nonrelativistic quark models fail, since the large
constituent-quark mass term breaks chiral symmetry bad-
ly. We are not aware of a formulation of the Skyrme
model that permits baryons to survive chiral-symmetry
restoration. The chiral bag model in its usual formula-
tion links confinement and chiral-symmetry breaking. '

Again, we are not aware of a high-temperature or -densi-
ty version of the bag model that incorporates chiral-
symmetry restoration. Therefore, we revert to an old-
fashioned meson field-theoretic approach.

Of course, it is desirable that the model be as nearly
consistent as possible with QCD. An obstacle to parity
doubling arising from QCD is suggested by the 't Hooft
anomaly condition. At zero temperature and chemical
potential this condition requires that exact chiral symme-
t;ry be realized with massless fermions. However, at finite
temperature or chemical potential the constraint is incon-
clusive.

Therefore, we proceed to formulate a model intended
to produce parity doubling only at a finite temperature or
chemical potential. Although typical textbook models of
parity doubling lead to a vanishing g~ for the nucleon,
we find that a suitable but simple extension of the Gell-
Mann —Levy linear sigma model produces parity dou-
bling without apparent strong disagreement with low-
temperature phenomenology. As we show below, the
model predicts under certain conditions that gz and the
nucleon mass decrease abruptly close to the chiral phase
transition. Thus it offers a new mechanism for the
quenching of gz in dense nuclear matter.

II. PARITY-DOUBLING MODEL
A. Single-doublet model

For simplicity we consider SU(2) XSU(2) chiral sym-
metry. Represent the nucleon N and its woold-be parity
partner X' by a doubled Dirac spinor

We also define %=(g,tP2}. The spinors g, and g2 are
four-component Dirac matrices and two-component
fiavor spinors. Under an infinitesimal SU(2) X SU(2}
transformation let the spinor transform as

5%'= ,'ia ~%+ ,'iP—rp.3y~+—,

where ~ are the usual Pauli matrices, a and P
parametrize the infinitesimal transformation and
(l,p„pz, p3) are Pauli spinors acting on the upper-lower
spinor basis. Thus, the upper and lower components of
the spinor transform in the opposite way under SU(2)
chiral transformations. The invariant sigma model La-
grangian is then

X='Piy t}%'—g 4(o+i~ harp y )'0

+2 g(pp3 cr+t ttrry5)+ trno pp2y—5++&M(~

where XM breaks the symmetry as usual at low tempera-
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ture and density. The term proportional to mo mixing
the upper and lower components is new. Since it is
chirally invariant without the help of the meson field, it
gives rise to nucleon masses when the chiral symmetry is
restored. Although such a natural extension of the sigma
model has probably been rediscovered at other times in
the long history of the model, we were able to find only
one previous reference.

By not including quark and gluon fields we are assum-
ing that the high-temperature and/or high-density phase
of QCD consists of hadronic modes. ' Extensions includ-

ing other baryon doublets are discussed below.
The tree-level mass eigenstates of the theory are easily

found in terms of o.o, the vacuum or thermal expectation
value of o.. They are given by

0+
=N

) 5 +

where the Dirac plane-wave spinors satisfy y pf+(p)=m+ g+(p), for masses

Just as for the nucleon, introducing isospin- —, states simi-

larly increases the magnitude of this negative axial-vector
charge.

The pion-nucleon coupling constants satisfy
Goldberger-Treirnan relations, of course. At the tree lev-
el they are g„NN=gANNI+/oo g lV''lv' gANNrrl /O'O,

andg ~lv =g„lvlv(m~ —m )/2oo.

C. Parameter values

What is the parity partner of the nucleon? Perhaps the
most natural assignment is the N*(1535). However, it
could also be an undiscovered broad mN S» resonance, in

analogy with the elusive o meson. " Its contribution to
the phase shift might be masked by the presence of the
narrower N*(1535) and N*(1650).

If it is the N*(1535), then the four parameters of the
model can be fixed in terms of the pion decay constantf, the decay width I &„ for N*(1535)~N+ rl, and the
masses of the N and N*. We have

m+ = +g2o o+ [(g,cro) +m 0]' (2.1) I =3q(Elv+m)g ~~ /4lrm',

and we have defined sinhb=g, cro/mo. It is convenient to
normalize the plane-wave spinors to 4 (p)%(p) = 1 and
the component spinors to P;(p)g;(p)=1 so that
N =1+e . The Lagrangian is of course also invari-
ant under the usual discrete symmetries C 4 C

=p3C &0'&, V'0'(x, t)V' '=T'Ir(x, t), and P+(x, t)P
=p3PV( —x, t), where C, T, and P are the usual Dirac
matrices for charge conjugation, time reversal, and pari-
ty. Therefore the intrinsic parity and (with our conven-
tions) the charge conjugation of the mass eigenstate 4 is
opposite that of 4+.

B. Characteristic spectrum and couplings

In the broken-symmetry phase the tree-level spectrum
consists of a nucleon N of mass m+ and an opposite pari-
ty N' of mass m )m+ (g2 )0). If chiral symmetry is
restored, then the spectrum consists of a chiral multiplet
of opposite-parity states of mass mo.

The axial-vector charges in the basis of mass eigen-
states are

where Ez, q, m, and m ' are the energy, momentum, mass
of the proton, and mass of the N*. The experimental
width is rather small for an S-wave decay: namely,
I & =70 MeV. Thus the transition coupling is small:

g && =0.70. Using m+ =939 MeV, m =1540 MeV,
and o.o=93 MeV, at the tree level we get the parameter
values

slnh5 =5.5, g].= 13 0 g2 =3 ~ 2 mo =270 MeV

(2.2)

D. Consequences for high-density nuclear matter

The mass mixing and Goldberger-Treiman relations also
give a useful formula for mo, the nucleon mass upon sym-
metry restoration:

mo —o og ~~ (pl + pl ~ )/(rrl rrl ~ )

For the given N and N* masses, the ratio in parentheses
is a factor of about 4, so the small decay rate requires a
rather small symmetric mass.

tanh5
—1/cosh5

—1/cosh5
—tanh5

where the first row and column refer to the nucleon and
the second to the N'. Thus the axial-vector charge of the
nucleon vanishes only when the chiral symmetry is re-
stored. The model also predicts at the tree level that for
the nucleon gz & 1 at any temperature or density. To re-
cover the experimental value of approximately 1.22 it is,
of course, well known that one should add more states to
the model —in particular, the b,(1232) isobar. These ad-
justments in the axial-vector charge are surnrnarized in
the Adler-Weisberger relation, which, with all resonances
included, is known to give satisfactory agreement.

The model also predicts that the axial-vector charge of
the would-be parity partner of the nucleon is negative.

Are these results of any relevance to neutron-star
phenomonology? The answer depends on assumptions
made about the mechanism and critical density of chiral-
symrnetry restoration. Prior to the phase transition,
some density-dependent shifts in both the nucleon axial-
vector charge and mass are expected. These shifts arise
both from axial-vector charge and mass renormalization
due to the high-density environment, as well as from a
possible decrease in oo (a partial restoration of chiral
symmetry) presaging the phase transition. It is note-
worthy that this partial restoration affects, among other
things, the neutrino cooling rate of neutron stars through
both the decrease of g ~ and of m+ . For example, neutri-
no emissivity in the Urea process is proportional to the
combination (3g~ + 1)m+ in the nonrelativistic limit,
where m+ is an effective mass of the nucleon. ' The
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quenching of g~ in nuclei' might be partly attributed to
this restoring effect of chiral symmetry.

E. Extended models

Will qualitative and numerical predictions of the model
survive when more doublets are added? Consider adding
more J =

—,
' doublets. The dimensions of the matrix gz

are increased. Current algebra requires simply that the
tree-level axial-vector charge matrix be unitary. Thus if
mixing is strong enough, it could change the sign of gz.
Furthermore, if these higher-mass states mix strongly
with the nucleon when oo&0 and weakly when o0=0,
then the predicted value of mo could be higher. Howev-
er, if these states are added following the same doublet
pattern, strong mixing also leads to large meson decay
widths. Typical meson decay widths for the known excit-
ed baryons are all of the order 100 MeV or less. ' For S-
wave decays mixing must be only a few percent and for
P-wave decays, not more than 20—30%%uo. Thus if we are
to associate the added doublets with known baryon reso-
nances, strong mixing appears to be ruled out.

Thus, it appears that if the parity partner of the nu-
cleon is the N (1535), then a negative axial-vector charge
for the parity partner, a sharp decrease of gz at the
chiral phase transition, and a rather low value for the
symmetric phase mass are necessary consequences of our
parity-doubling mechanism. The predicted sign of g„ for
the odd-parity partner is probably only of interest for
comparison with predictions of other models, for exam-
ple, the bag model, ' since the odd-parity X' states decay
strongly, making it virtually impossible to determine the
weak-decay amplitudes experimentally.

F. Comparison with numerical simu)ations

The symmetric nucleon screening mass found in the
lattice simulations is several times the temperature of the
phase transition. ' Since this temperature is expected to
be at least 100-200 MeV, the predicted tree-level value
(2.2) for the nucleon mass seems rather small in compar-
ison. Collisional processes, which are expected to pro-
duce shifts only of the order of the temperature in these
masses, cannot account for the discrepancy. However,
for the same size lattices, other simulations overestimate
the zero-temperature nucleon mass to p mass ratio by
about 30%%uo (Ref. 16). It is generally believed that the
overestimate is a coarse-graining e8'ect. Indeed, the
baryon correlation lengths are less than the lattice spac-
ing in present simulations. However, we would need a
substantially larger decrease in the high-temperature
screening mass with improved lattice simulations to
achieve agreement.

III. EXPLICIT CHIRAL-SYMMETRY BREAKING

If we assume a conventional form for the meson self-
interaction, we may then parametrize the dependence of
the nucleon and meson masses on a symmetry-breaking
parameter. Thus in the spontaneously broken phase we
may take X~=

—,
' lB„N l

—V(@),where

lNl =co +mand e is a symmetry-breaking parameter.
For present purposes, we assume that m is temperature
and density independent. Then in the spontaneously bro-
ken phase (m (0), to order e,

m =2lm i+3m, m~=m+(0)+d+m (3.1)

where d+ =( Tg2+g&tanh5)ao(0)/2lm
Then in the symmetric phase (m &0) to lowest non-

trivial order in e,

m —m =3(m —m )=A,e /2m

(m —m+ )/2=g2e/m z,

[(m++m )/2] .=ma+(g, e jm2)2 .

(3.2)

in lattice scale units with y =1.2 and 3.2 for one degree
of freedom, respectively. The quality of the fit and the
values at m =0 are essentially the same as in Ref. 1. Us-
ing the expression (3.1), we find gz/g& =0.26(17) and
sinh6=5. 2. The agreement with (2.2) is fortuitous, of
course.

Fitting the expression (3.2) at p=5.25 in the chirally
restored phase, assuming e is proportional to the bare-
quark mass m~, gives

(m —m+ )/2=0. 81(30)mq,

[(m++m )/2] =[1.79(3)] +2. 1(2)X 10 mq,

with g /AVDP=1. 4/2 and 4.4/1, respectively. In the
latter case the fit is considerably improved over the crude
linear fit of Ref. 1 with the same number of parameters,
and the value mo = 1.79(3) is higher than the value 1.56(4)
quoted there. The slope parameters then give
g2/g, =0.056(21). It would be interesting to use this new
parametrization with more refined lattice measurements.

IV. CONCLUSIONS

We have shown that it is possible to incorporate parity
doubling in a linear sigma model without apparent seri-
ous contradiction with low-temperature observation.
This model may help in understanding the e6'ects of
chiral-symmetry restoration at high temperature and
density, both in heavy-ion collisions and neutron stars.
We have considered two possible assignments for the
odd-parity partner to the nucleon; an as yet un-
discovered broad S-wave m.X resonance and the

Assuming the difFerences between screening masses
and Lagrangian masses are small, we may proceed to fit
the numerical results' to (3.1) and (3.2). Such a fit is
arousing, since it tests the approximate validity of chiral
perturbation theory in this form and gives a determina-
tion of some of the parameters of the doublet model. Us-
ing the values quoted in Ref. 1 we obtain at p=5. 10
(spontaneously broken phase) fits

m+ =2.13(4)+0.42(7)m

m =2.37(8)+0.71(17)m
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X*(1535). In the latter case mixing of the doublets must
be small, the axial-vector charge of this X* is probably
negative, the axial-vector charge of the nucleon falls
abruptly with chir al-symmetry restoration, and the
masses in the chirally restored phase are probably rather
low (couple hundred MeV). Chiral perturbation theory
based upon this mechanism overs a parametrization of
the dependence of the parity-doublet masses upon quark
mass that may be compared with results of numerical
simulations. We find satisfactory agreement with numer-
ical results of Ref, 1. Further improvements include elu-
cidating temperature- and density-dependent renormal-
ization efFects and extending the model to SU(3) XSU(3).

Further progress in treating the phenomenology of the
chiral phase transition requires a better understanding of
the underlying mechanism of this transition.
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