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Longitudinal impedance of a periodic structure at high frequency
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An ultrarelativistic beam bunch traveling along the axis of an azimuthally symmetric cavity of
general shape connected to a beam pipe generates wake fields. We extend an earlier derivation of
the integral equation for the axial electric field at the beam-pipe radius to the case of a periodic
structure. This equation is then solved in the high-frequency limit, and we show that the reciprocal
of the impedance per cell has a particularly simple form, closely related to the admittance for a sin-
gle cavity. We also show that the imaginary part of the impedance per cell varies as ® ™' and the
real part of the impedance per cell varies as o™ /2. Finally, the results are shown to satisfy the re-
quirements of causality for an ultrarelativistic beam.

I. INTRODUCTION

We have recently derived"? an integral equation for
the electric field at the pipe radius in the presence of an
azimuthally symmetric cavity of arbitrary shape in a
beam pipe of circular cross section, and shown that the
high-frequency limit of the coupling impedance is ap-
proximately independent of the cavity shape. In this pa-
per, the derivation is extended to several cavities, as well
as to a periodic structure. We then explore the high-
frequency limit of the impedance per cell and show that
the admittance per cell has a particularly simple form.
The real part of the impedance is shown to vary as o >/,
in agreement with the behavior suggested by Heifets and
Kheifets,? and the imaginary part varies as .

II. ANALYSIS

The starting point for the analysis is the integral equa-
tion obtained for the electric field in the obstacle at the
pipe radius.!? Specifically, we have

fogdz’F(z’)[Kp(lz'—z[)+Kc(z',z)]=je_jkz @2.1)
and

Zk)_ 1 s ke

AR fosz(z)e ) 2.2)

Here kc /27 is the frequency, a is the pipe radius,
Z,=120m Q is the impedance of free space, and the az-
imuthally symmetric cavity, of general shape in the 7,z
plane, extends axially from z=0 to z =g at the pipe ra-
dius » =a. Apart from a constant, F(z) is the axial elec-
tric field for »r =a and 0<z <g. The component of the
kernel from the “pipe field” is

.  —Jbslul/a
1<,,(|u|)=3;—7~’—;§l > 2.3)
where
b,=(k2a2—j1)12, B,=(j2—k%a*)'/?. 2.4)

Here j; is the sth zero of the Bessel function Jy(x) and b;
is to be replaced by —jB, when j; > ka. The component
of the kernel from the “cavity fields” is

hI(Z)hI(Z')

, 2.5
e 2.5)

K. (z',z)=471"3
1

where the orthonormal (azimuthally symmetric) modes of
the cavity (with an imaginary metal wall at r =a) are
defined by

VXe,=k1h1, VXh,T—k,e, ,
[erendv=[h;h,dv=5,, ,
and where

h(z)=[hi(a,2)]4

(2.6)

is the azimuthal component of the normalized magnetic
field at r =a.

III. ANALYSIS FOR SEVERAL CAVITIES

A parallel analysis for several cavities connected by a
common beam pipe leads to an equation very similar to
Eq. (2.1). Specifically, one obtains

3 [ dz,F(z (K, (12, =2, +8,,K.(2,,,2,)]

=je " @)
where z,, and z, denote the variables z’ and z within cavi-
ty m and n, and f .4z, is over cavity m. The coupling
between different cavities now occurs through the pipe
kernel while the cavity kernels are diagonal.
For a periodic structure consisting of identical cavities
whose centers are a distance L apart, we can write
z,=mL+t', 0Zt'<g,
(3.2)
z,=nL+t, 0=t=g.

The solution to Eq. (3.1) clearly requires
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F(z,)=e "mF(r'), (3.3)
where F(t’) is the same in each cavity. Equation (3.1)

then becomes

fgdt'F R (t,t)
+ [fdrF() B R [m—mL+t'—t]=j, (.4
mstn
where, from Eq. (2.3),
g —jb |ul/a
_ 2mje Jku © o 7%
R, (w)= - 5 (3.5)

s=1 s

The one-cell kernel K (¢',t) is that obtained earlier for a
single cavity,

h,(t')h,(t)

R(t,0)=R,(t'—1)+4n?e ~KI-0F _LkT/if ,  (3.6)
! i
and the impedance per cell Z; (k), from Eq. (2.2), is
Z, (k) _

Zo

f dtF(t) . (3.7

The sum over m in Eq. (3.4) is independent of n and can
be evaluated by introducing a convergence factor
exp( —e|m|), leading to

Kw)=3 K,[(m—n)L+t'—1t]

ms£n
27j i hd e—qu’lerv|
— 2 e—je(m+v)2
L s=1 b,
. o —j(6v+¢,)
_ 2mj s e
a s=1 bS
e"'j¢s" equs"
X — + - , (3.8
el0—e It gmi0_ g I e
where
v=(t'—t)/L, 6=kL, ¢,=b,L/a . (3.9)

IV. HIGH-FREQUENCY LIMIT

We have shown in some detail! that, for large k, the
sum over s in Eq. (2.3) or (3.8) can be converted to an in-
tegral over the continuous variable s. If we make the sub-
stitution x =b, /ka =¢, /6, the sum over s can be written

as
« G | deJs_ 1 p-jo__ Gdb,
s§1 bs f fka (k2a2_b52)1/2
_J ie_Gdx @.1)
f‘ \/x -1’
where we have chosen the sign so that j

=(k2a?—b2)"">=jka(x*—1)'? approaches + « for
large positlve s. We then have for the coupling kernel
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Apart from the apparent divergence at x =1 in the
second term in the large parentheses the integral is con-
vergent, particularly at large x because |v| <1, and
Im(x)<0. If we expand the denominators within the
large parentheses in powers of exp[ —j0(x+1)], we have
for the individual terms

e—j0(1+x)(1+v+n) +jO(1—x)(1—v +n)
b

and e

with n 20. When we now consider the average over the
oscillations for large 6=kL, it appears that all terms
average to zero in the first term and all terms average to
zero in the second term, except near x =1. We will

-therefore return to Eq. (3.8) and obtain the average over

frequency by evaluating the second term in the large
parentheses near x =1.

The region x ~1 is equivalent to j; << ka, where we can
write

.2 .2
L JsL JsL
==(k%a?—jI)V? ~ kL — =0— . 4.3)
¢ a Is 2ka? 2ka’
If we now put b, =ka, ¢, =kL, and
_; —J ]sL
e J0—e M= je 79 4.4)
J 2ka?

in the second term in the large parentheses in Eq. (3.8),
we find the approximate result for the smoothed coupling
kernel

hed 2ka2 T

Ks(v)z— z

ka25-1 .]sL L

) (4.5)

where we have used the identity 3o, j, >=1.

The one-cell kernel has been evaluated! for high fre-
quency and is

R 0, t'>t,
K(t't)~ 2(1‘_1)\/77. , (4.6)
R t'<t.
aVk(t—t')
We therefore have, from Egs. (3.4), (3.8), and (4.5),
1+j redt’F(t') ]a
+ ! — . .
vl =t [l Fun = @.7)
The solution to Eq. (4.7) can be shown to be
F(t’)—— [iFdi=28vy 4.8)
where
__‘L 2\/
Virk Bm+ ZLB 21T 4.9)
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We then obtain, for the admittance (per cell) from Eq.
(3.7),

1/2
k — 1+j |7 Ja
(4.10)

We have therefore expressed the admittance as a sim-
ple sum of the one-cell admittance and a modification due
to the periodicity which is proportional to ka. The
single-cell impedance is the same as that obtained by
Déme,* and by Heifets and Kheifets,? and corresponds to
a k ~!/? behavior at large frequency. But for the periodic
structure the behavior for large k is strongly influenced
by the added term in Eq. (4.10), which is much larger
than the single-cell admittance. The impedance per cell
can then be written, for large k, as

Z, (k) = . 4L = 1/2] 1
Zy,  1ka? j a |kg
1/2
ey S ) S @.11)
" wka? wka® kg ’ '

consisting of an imaginary part which decreases as k ~!
and a smaller real part which decreases as k ~3/2. This
result for the real part was obtained by Heifets and
Kheifets,? although we find a different coefficient.

It is also possible to make an estimate of the transition
region at which the frequency behavior changes from
k=32 to k™2 for a large but finite number of cells, M.
The contribution for finite M comes from the second
term in Eq. (3.8), where we now include the oscillatory
factor

[ — M8
in performing the sum over m. For the value of 60— ¢,
given in Eq. (4.3), the neglect of the oscillating term cor-
responds to the assumption

ML;j}?
2ka?

for the periodic result. Since the important values of j
are of order 1, Eq. (4.12) corresponds to the transition
frequency

k,a~ML /a ,

M|6—¢,|= >>1 4.12)

(4.13)

in agreement with that given by Heifets and Kheifets.’

V. CAUSALITY

In the analysis of the high-frequency behavior of a sin-
gle obstacle,! we used the required analytic properties of
the coupling impedance in the complex k plane to
demonstrate that the k ~!/? behavior implied an imagi-
nary part equal to the negative of the real part. Let us
explore the implications of causality on the types of be-
havior suggested by the result in Eq. (4.11).

It is straightforward to show that causality implies that
Z (k) is analytic in the lower half-plane, satisfying
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Z(—k)=Z*(k), R(—k)=R(k), X(—k)=—X(k),
) (5.1)
and the equations for the transform pairs
_ 2k, = dk'R(K")
X(=="P [ "S55 (5.2)
and
© dk'k'X(k")
fo S (5.3)

If we consider that portion of the reactance which is of
the form

B

X (k) =~ K372

(5.4)

the high-frequency part of R (k) in Eq. (5.3) is dominated

by the behavior near the singularity at k'=k.
Specifically, we have
B w dk' 1 1
R(k)~——-P — -
()= 7k Yo VK’ ‘k’—k k'+k
2B ® 1 1
~——P -
k f 0 ul—k u’+k
-5 u—Vk —2arctan—e— i
i P VE Jo
(5.5)
Evaluating Eq. (5.5) at u = o and O leads to
B
R(k)~ PR (5.6)

At the same time Eq. (5.2) implies a reactance whose
high-frequency dependence is given by

k)~——f dk'R (k') (5.7
since Eq. (5.6) guarantees the convergence of the integral

in Eq. (5.7) as k'—> . We therefore conclude that the
high-frequency behavior of the impedance is of the form

_JjC , (1+/)B
Z(k)~ k+ PR (5.8)

in agreement with the form in Eq. (4.11). In addition, we
have demonstrated the existence of the sum rule

o Z,L
[ Zdk R(k)=—"5 (5.9
0 2a
for a periodic structure, from which one can estimate the
value of k below which R (k) must depart from k ~3/2 be-
havior.
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