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Using a nonrelativistic gluon bound-state model, we compute I'(G — y¥), where G is a pseudosca-
lar, tensor, or scalar digluon, starting from the amplitudes of the process yy —g*g* at threshold,
the g *’s being massive constituent gluons. Those amplitudes are obtained, at lowest order in pertur-
bative QCD, by deriving them from a QED calculation performed many years ago by Constantini,
de Tollis, and Pistoni. The unknown parameter (the digluon wave function, or its first or second
derivative, at the origin) is determined by using measured values of I'(J /¢—Gy). Our predictions
are compared, for various glueball candidates, with present experimental limits.

I. INTRODUCTION

The existence of bound states consisting only of gluons
(two or more), called gluonia or glueballs, is one of the
crucial tests of quantum chromodynamics. Various
theoretical models have been used to predict the spectra
of such systems: the MIT bag model, potential models,
lattice gauge theory, QCD sum rules, and the flux-tube
model;! most of them agree in predicting a number of
gluonium states (mostly two-gluon bound states) in the
range of 1-2 GeV. :

Experimentally, those states have been intensively
searched for over the last years, mostly through reactions
that are supposed to involve a gluon-rich environment:
radiative J /3 decay and diffractive hadron-hadron
scattering (involving double-Pomeron exchange).”? Two
serious candidates, the ¢ or 17(1440) and the 6 or f,(1720),
respectively, a JP=0"" and a 2" * state, appear to have
emerged from various experiments; others, such as the &
or X(2220), are subject to doubt. Production of glueballs
in photon-photon collisions has been looked for, but so
far only upper limits have been obtained.*

In this work, using a nonrelativistic gluon bound-state
model, we are trying to give numerical predictions for
Yy — gluonium, more precisely for the 2y decay width of
various glueball candidates. An experimental check of
those predictions would be all the more interesting as a
rather complex type of QCD diagram [i.e., the quark box
shown in Fig. 1(b) below] is involved in the reaction
mechanism used in our calculations.

In Sec. IT we shall explain the model we use. Section
IIT shows how that model is applied to the reactions
ry<>n(1440), f,(1720), and X(2220). In Sec. IV our re-
sults are normalized, for the various glueball candidates
considered, by eliminating the only free parameter of the
model, i.e., the radial wave function (or its first or second
derivative) at the origin, with the help of experimental
data on radiative J /¢ decay. In Sec. V the numerical
values thus obtained are discussed and compared with
present experimental limits.

II. A MODEL FOR GLUONIUM PRODUCTION
IN yy COLLISIONS

Limiting ourselves to gluonium states G made up of
two gluons, we shall use a nonrelativistic gluon bound-
state model, completely analogous to the nonrelativistic
quark bound-state model, as described for instance in
Refs. 5 and 6, to compute the production or decay of or-
dinary mesons. In the corresponding gluonium model,
the Bethe-Salpeter wave function of the two-gluon system
is reduced to its nonrelativistic form. If one goes to the
rest frame of that system, the wave function is assumed
to be sharply damped when the components of the rela-
tive four-momentum between the gluons become large on
the scale of the glueball mass M; i.e., the mean values of
those components are negligible compared to M. In addi-
tion to total spin (J) and parity (P) of the two-gluon
state, one defines its orbital angular momentum (L) [con-
nected with P through the relation P =(— 1)), its intrin-
sic spin (S), as well as the component (A) of J on the pro-
duction or decay axis of G in a given reaction.

A simple relation [analogous to formula (2.12) of Ref.
6] then connects the helicity amplitudes of any produc-
tion or decay process ab<>G with those of the corre-
sponding scattering process ab<»>g*g* (where we use the
symbol g * for gluons with a mass of about M/2):
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where A,,A,,A,A" are, respectively, the helicities of parti-
cles a,b and of the gluons (by angular momentum conser-
vation, A, —A, =A); R, (r) is the radial part of the wave
function of the two-gluon system in configuration space
[normalized so that fRZ(r)err= 1]; 6 is the scattering
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angle in the c.m. frame and f3 is the gluon velocity in that
frame; finally the function y%3’*(6) corresponds to the
projection of the A,A’ helicity state of the two spin-1
gluons onto the L,S,J, A state of the G, and is given by
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where the first factor on the right-hand side is a normali-
zation factor of the angular part of the wave function; the
second and third factors are Clebsch-Gordan coefficients
in the most current notation (with A=A—A'), while the
last factor is a Wigner rotation matrix element.’

In particular for L=0 one gets, from (1),
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Specializing to gluonium production in photon-photon
collisions (or two-photon decay of gluonia [Fig. 1(a)]), we
are now led to determine the 8—0 limit of the helicity
amplitudes of the process yy<«>g*g*, as represented in
lowest-order perturbative QCD by the diagrams of Fig.
1(b). These amplitudes can actually be taken from a cal-
culation performed many years ago by Constantini, de
Tollis, and Pistoni, of the analogous reaction in QED —
with massive photons instead of massive gluons and in-
termediate quarks instead of electrons—where they used
a double dispersion relation.® Their remarkable work (a
generalization of the computation by de Tollis® of the re-
action ¥y — ¥y with all four photons on their mass shell)
contains all the expressions needed, using formulas (29),
(30), (9), and Appendix III of that paper.
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FIG. 1. (a) General representation of the process G—y¥ in
the bound-state model. (b) Lowest-order Feynman graphs for
yy—g*g™; three additional graphs (giving the same contribu-
tion) are derived therefrom by inverting the arrow on the quark
lines in the box.

However, it is by no means trivial to go to the S—0
limit, since many of the terms listed in Appendix III of
Ref. 8 become divergent in that limit. One must expand
each of these terms, which contain transcendental func-
tions, into a power series in f3, up to a certain order (de-
pending on the L values one needs to consider), thereby
canceling all divergences of that kind; one checks, in-
cidentally, that mass singularities are canceled as well.
We have performed that expansion up to order 2; the cor-
responding expressions of the 36 helicity amplitudes are
given in Appendix A.

III. APPLICATION TO 7y <>7(1440),
£(1720), AND X(2220)

A. yy<>n(1440)

The 7(1440) being assumed to be a JP=07 state, its ad-
ditional quantum numbers are restricted to the values:
L=1, S=1, A=0. With those values, one derives, from
formula (5),
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where the photon helicities )»7,,}\;, are themselves restrict-

ed to the values +,+ and —, —; notice that we are using
. . . " A ALLAL A ALAN

a simplified notation, writing M V' 7" for ./Vlyy lg *g*( 0).
Substituting the expressions of the helicity amplitudes
AR, . . .

M7 involved, as given in Appendix A, one gets
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B. yy < f,(1720) L=0 for the f,(1720). Thus S=2, while A can take the
(i) Assumption L=0. values O (corresponding to A, A =+,+) or
Since no other J°=2" glueball candidate seems to ex-  T2(A,, A, ==+, F).
ist at lower mass, it is reasonable, a priori, to assume From (3) one derives
J
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Using again the expressions given in Appendix A, one obtains
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It is interesting to notice that the imaginary part of the amplitude given by (13) provides for more than 90% of the
total contribution to the decay width.

(ii) Assumption L =2, and mixing of L=0,2.

For reasons that will become obvious in Sec. IV, we also introduce the assumption L=2. In that case, S can take the
values O or 2.

For S=0, one derives, from (6),
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and therefrom, using the expressions of Appendix A,
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With S=2, on the other hand, one gets, from (6),
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and therefrom, using again the expressions of Appendix
A,
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Assuming the state J=2 to be a mixture of all
three L,S states considered, and defining that mixture
by Ag|L=0, S=2)+ A,,|L =2, S=0)+ A4,,|L =2,
S =2), one then gets
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C. yy<X(2220)

The X(2220) has been seen only in one measurement of
radiative J /¢ decay performed by the Mark III Colla-
j
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boration, and its existence was not confirmed in a similar
measurement performed by the DM2 Collaboration.'”
Moreover, Mark III was not able to completely deter-
mine its spin-parity state, restricting its conclusion to the
statement that it should be: J even (the most likely being
J=2), P=++1; finally there seems to be no strong indica-
tion that, if it is there, it should be a glueball.‘1

Nevertheless we shall retain the assumption'? that a
glueball may exist at 2.22 GeV with J*=0%, 2%, or 47,
We shall successively consider these three possibilities.
For simplicity we shall assume that L=0 for J P=q+ 2t
and L=2 for JP=47,

(i) Assumption J =L =S=0.

From (3) one derives, in that case (noticing: A=0),
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Using once again the expressions of Appendix A, one gets
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(ii) Assumption J =8=2, L=0.

Here the calculation is strictly the same as for the
f>(1720) with L=0, therefore the same expression as for
the latter [formula (14)] is obtained for the decay width
into two photons; only the mass and the wave function at
the origin are to be changed.

(iii) Assumption J=4, L =S=2.

From (6) one gets
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Using once more the expressions of Appendix A, one
obtains
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IV. NORMALIZATION USING
RADIATIVE J /¢y DECAY

For numerical predictions of two-photon decay widths
of the gluonium states considered, we still need to nor-
malize our results, i.e., to eliminate the unknown parame-
ter Ry(0) [R1(0) or R5(0)]. This can be done by using
measured values for J/¢ decay into a photon plus a
gluonium candidate [Fig. 2(a)].

The corresponding helicity amplitudes can indeed be
connected, using again formula (1), with the helicity am-
plitudes of the process J /¢Y—yg*g*; the latter are com-
puted, in lowest-order QCD, on the basis of the Feynman
diagrams of Fig. 2(b). The results of that calculation are
given in Appendix B.

We then obtain the ratio I'(G —yy)/I'(Y—yG) as an
expression devoid of any adjustable parameter (it does
not even depend on ;) for any gluonium state with
specified quantum numbers (J,L,S). We notice that this
quantity is (apart from kinematic factors) the inverse of
the “stickiness” parameter defined by Chanowitz.!3

(28)
A. J /¢—>yn(1440)
In analogy with formula (7) we here get
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where A, A, are restricted to the values +,+ and —, —.
Substituting the express}iorﬁ, given in Appendix B for the
helicity amplitudes M ¥, one gets
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FIG. 2. (a) General representation of the process —yG in
the bound-state model. (b) Lowest-order Feynman graphs for
cc—g*g*vy; three additional graphs (giving the same contribu-
tion) are derived therefrom by exchanging the gluons.
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Comparing formulas (9) and (34), one gets
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B. J/Y—v f,(1720)
(i) Assumption L=0.
Assuming L =0, we again apply formulas (10) and (11),
3
substituting ./l/t,,,_,y 7,(1720) for ./l/le 7,(1720)» While the am-

plltudes on the right-hand side are now defined as
A N addition, we derive, from (3),
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Using the expressions of Appendix B, we get
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we get, with the expressions of Appendix B,
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The problem with the assumption L=0 is that the ex-
pressions (37)-(39) we get for the helicity amplitudes of
the process considered are in contradiction with experi-
mental values obtained by both the Mark III and the
DM?2 Collaboration. While in both experiments the rela-
tive phases between all three amplitudes are confirmed to
be compatible with zero, the ratios between these ampli-
tudes are found (averaging between the data of both ex-
periments) to be'®

—1.1,

while we obtain, from formulas (37)-(39),

Therefore we are led to try other assumptions, i.e., L=2
or a mixing of L=0 and 2 (Ref. 14).

(ii) Assumption L=2, and mixing of L=0,2.

For $=0, using formulas (15) and (16) with the ade-
quate substitutions for subscripts and superscripts of the
helicity amplitudes, and in addition using the following
formula derived from (6):

— M=) (42)

(43)
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For S=2, using formulas (19) and (20) with the adequate substitutions, and in addition the following formula derived
from (6):
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4 (37)-(39), (43)-(45), and (47)—(49), that there are two

(49) simple options that allow us to fit the measured helicity

amplitude ratios as quoted above for J/¢— vy f,(1720):

Assuming, as in Sec. III, that we have a mixture of all  namely, (i) 4y, =0, 4,7/ 45, ~—6.5 (pure L=2) and (ii)
three (L=0, S=2; L=2, §=0; L=2, S=2) states con- Ay =0, A,,RY(0)/[ Ap;M*R,(0)]~0.27 (L=0,2 mix-
sidered, with weight coefficients A4g,, 4,9, and A,, we  ing). Actually the first option fits the quoted values very

get precisely, while the second one fits them up to 10%. For

L(y—yf,(1720)) our numerical estimate we shall use both options, making
the corresponding substitutions in formula (51).

— 2088 2 f2¢ 1— M* (@+B+7)  (50) It is interesting to notice, on the basis of our calcula-

29 M W M} tion of helicity amplitudes for yy<sf,(1720), that in all

) three cases considered (L=0, L=2, L=0,2 mixing) the
with f>(1720), when produced in yy collisions, should be

redominantly in a helicity +2 state.
a= |AuR,(0) P y y
C. J/¢—yX(2220)
_ _ R’ (0)
—V'10 |4z A4,,+3V'7 _:2% Ay -L—Z— , (i) Assumption J =L=0.
M Using formula (24), mutatis mutandis, and the expres-
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sions of Appendix B, one gets (X (220)—>yy) _ 27a M}, 1 (54)
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and therefrom Here the calculations are the same as for the f,(1720)
I'(—y X (220)) with L=0, so that we are directly led to the ratio
X (X (2220)—yy)/T(y—yX(2220)) as given by the
2 . . . —_
— 4096 Sy |, M1 2 right-hand side of (41) with M=2.22 GeV.
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Comparing formulas (26) and (53), one obtains
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addition the following formula derived from (6):
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‘M?ﬁinQZZO):— 6‘3'V~2~TWVGaS_M“¢“ M . 1- Mlzll
1 n
X MS/zRZ(O) , (57)
- 5125~ [y M? m? |
m+i =4+ —"_=7r . 2 1—
Y->pX(2220) s 3
63v21 M, M}, M3
1 ”n
XM5/2R2(0)a (58)
and therefrom
16 2 ) )5
F(¢—+7X(2220))=-—(5—2—31raa§f—"; 1-M
3°X5%X7 M, Mfﬁ
2 4
X 1+%M~2+-§——~M ;
M, M,
1 "
XFIRZ(O)IZ. (59)

(55)
[
Comparing formulas (31) and (59), one gets
(X (2220)—>yy)
D(¥—yX(2220))
244 ? 2205
Ll |42+ 22| 4 22
_ 363a My 41 33 9681
2007 f2 2 )? 2 M*
R T T
M M, M,
(60)

V. NUMERICAL RESULTS, AND COMPARISON
WITH PRESENT EXPERIMENTAL LIMITS

Regarding our experimental knowledge of radiative
J /Y decay giving rise to potential gluonium states, the
values measured are those of I'(J/¢y—yG)B(G
—Xxy * ), where xy - - - are the final-state particles ob-
served together with the photon. We shall use those
values in order to directly determine predicted values for
I'yy—>G)B(G—xy - -+ ).

We take the following experimental values (to the ex-
tent that they have been measured by several experimen-
tal groups, we take world averages) (Refs. 10 and 15):
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I'(y—y7n(1440))B(7(1440)—KKm)=277 eV ,
I'(¢Y—y1(1440))B(7(1440)—pp)=95 eV ,
(Y — y1(1440))B(1(1440) > ww)=19 eV,
[(Y—y1(1440))B(1(1440)—yp°)=7 eV ,
T(Yp—yf,(1720))B(f,(1720)—>KK)=60 eV ,
T'(Y—yf,(1720))B(f,(1720)—>nn)=16 eV ,
T(Y—y f,(1720))B(f,(1720)—>77)=13 eV ,
I(¢—yX(2220))B(X(2220)—>KK)=6 eV .

Therefrom, using formulas (35), (41), (51), (54), and
(60), we get the predictions for I'(yy —-G)B(G —xy * - )
as listed in Table I; these predictions are compared with
the corresponding lowest measured upper limits, wherev-
er available.* It is seen from Table I that, wherever ex-
perimental upper limits exist, our predictions tend to be
largely below those limits.

VI. CONCLUSION

From our results (see Table I), it appears that 2-y de-
cay widths of gluonium states tend, on the average, to be
significantly smaller than the corresponding decay widths
of most quarkonia decaying into two photons, as far as
they have been measured. Let us mention that, in gen-
eral, larger theoretical values were obtained for
r (Gayg/) by other authors, using different theoretical
models.

It should be emphasized, on the other hand, that we
have assumed those gluonium states to be pure, i.e.,
without any admixture of ¢gg states. Since the ratio
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X —vy)/T'(—yX) is much larger for X =¢g than
for gg, any significant admixture of gg would have consid-
erably increased our predicted values.

In spite of the smallness of our predictions, we con-
clude from our study that there is some reasonable hope
of observing the production of the main glueball candi-
dates, i.e., the 17(1440) and the f,(1720), in yy collisions
in near future, provided the ¥y luminosities of e e ™
machines are increased, with respect to present condi-
tions, by about 1 order of magnitude.'’

Till now the absence of such an observation has been
regarded as a confirmation of the glueball interpretation
of those particles. It would obviously be preferable to
have a positive experimental evidence in order to support
that interpretation. At the same time, such an evidence
would provide a check of the quark-box mechanism here
considered, which would be important, in our opinion,
from the point of view of testing perturbative QCD.
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APPENDIX A: HELICITY AMPLITUDES FOR yy —»g*g*
. . A AN A
Defining the amplitudes as M """ (A,,A} being the
helicities of the photons and A,A’ those of the gluons), the
following expressions have been derived for them from

TABLE 1. Comparison of our predictions for the widths of various decay processes I'(G—yy)
times the branching ratios B(G —xy - - - ) with presently available lowest measured upper limits (from
Ref. 4). In the second row, for f,(1720), L=2 refers to the mixture of |L=2, 8 =0) and |L=2, S =2),
while L =m refers to the mixture of |[L=0, S =2) and |L=2, S =0), both mixtures being defined in
such a way that they fit the measured helicity amplitude ratios of the processes J /¢¥—y f,(1720) (see

Sec. IV).

Our prediction (eV)

Lowest measured

Mode J L I'XB upper limit (eV)
I'(7(1440)—yy)B(7(1440)— KK ) 0 1 90 ) 1600
I'(n(1440)—yy)B(1(1440)—pp) 0 1 30
I'(n(1440)— vy )B(7n(1440) - 0ww) 0 1 6
I'(7(1440)— vy )B(7(1440)—yp°) 0 1 2 200

0 20
I'(f,(1720)—y¥)B(f,(1720)—KK) 2 2 85 200
m 95
0 5
[(f5(1720)—yy)B( f,(1720)—n7) 2 2 22
m 25
0 4
['(f,(1720)—yy)B(f,(1720)—>77) 2 2 18 255
m 20
0 0 0.2
(X (2220)—yy)B(X(2220)—KK) 2 0 1.2 1000
4 2 200
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Ref. 7, taking account of color, including only the contri-
bution of u,d,s quarks in the quark box and neglecting
their mass, and limiting the expansion into powers of 8

(the gluon c.m. velocity) to terms in 8°, B, and 8%
MFTHEE=_3C[14cos20 F 2B sind

+B* —2+7 cos?@sin%0)] ,
MFHEF = —3Csin20[ 14524 —7 cos?0)] ,
Mm*tHE0=TF3v)C sinf cosO[ 1+B+ B —7 cos?)] ,
MFT0E=43v2C sinb cosh 1£B+B*(3—Tcos?0)] ,
MF 0= 4 6C sin?6(1—7B%cos%0)

2
M*TEE=2C sin?0 [x +f—0[6x(—8+11 c0s26)

—197+29 cos?0] | ,
MY EF=2C(1+cosh)

X

B
1+cos@
x (1%cosO)+ 30

X[6x(—2F 8 cosh+5cos?0+11 cos®6)
—53F 117 cosO+ 165 cos?0

129 cos’6] ] ,
M EO=—2v2C sinO(1+cosh)

X

2
x +%[3x (—13F 6 cosf+22 cos®6)

—121+£68 cos@+29 cos?6] J ,
M0 = _—2v2Csinh(1 F cosh)

2
X [x +—3F[3x (—13%6 cos6+22 cos?6)

—121F 68 cos@+29 cos?6]

b

2
M+ O=4C sin%0 x+—§%[6x(—8+1100829)

—17-!—2900829]} .

Here 0 is the c.m. scattering angle; we have defined
3
c=%82.,

9 and x =4In2—1—2i7 .
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The remaining helicity amplitudes are given by the re-
lation
M~LY—A7,—A—N=( _ gy
APPENDIX B: HELICITY AMPLITUDES
FORJ/Yy—>yg*g*
AN

AYAY,MJ )

Defining the amplitudes as ./l/lk‘”ky’ , the following ex-
pressions have been obtained for them by a calculation of
the diagrams of Fig. 2(b), treating the J /¢ as a ¢¢ bound
state (M, =M +/2), and taking account of color (it is an
easy task to expand these expressions into powers of f3,
up to order 2):

—Kol(1+cos’0)(1—B) F 2B F )],

MEHET = —K sin?0(1+8%) ,

M= FVK sinf[cosd—(1—y)BFyBRIV1-5° ,

m++,0i=i\/§Kesin9[0059+(1~y)Bi,VB2]‘/1*“‘E2 ’

MFTO=2K sin?0(1—B%) ,

MOTFE=—VIK VY sin6 cosO(1—32) ,

MO ET =FV2K ,Vy sin6(1 FcosO)(1+32) ,

MOTF0=F K Vy (1F cosO)[1£2 cosO T (1—y)B—yB?]
xV1-p,

MO0t =K vy (14c0s0)[1 T 2 cosd F (1—p)B—yB?]
XV1-p,

MO+ 0= —2V2K V') sinf cosO(1—pB?) ,

M EEE=—K oy sin’0(1—B2) ,

MTET=—K y(1FcosO)X(1+5%)

M~+,i0=_.\/_2[(9y sin@(l?Lcose)‘/_l-:_—ﬁ2 )

M= VDK 1y sinB(1+cosO)V 1—32 ,

M 0= —2K v sin?0(1—f2) .

M++,ii=

Here 0 is the emission angle of the gluons in their c.m.
frame with respect to the Yy axis; we have defined
y=M?/M ﬁ, and
—~ [y 1
Koy=%m""aa,~* ,
o SMy [(1+yB22—(1—y)*Bcos?0]

where f,~0.27 GeV is the decay constant of the J /1 [it
is related to its radial wave function at the origin by

fy=V'3/2eM,R§(0)]. The remaining amplitudes are
given by the relation

7A - —_— =2 ’ ’
m M ?Ly, A kz_(_)kw+k+kmk¢ky,”k .
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