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We examine the question of renormalization of the energy-momentum tensor in Yukawa theory
following our earlier work on scalar QED and non-Abelian gauge theories with scalars. As in those
cases, we consider two kinds of forms for the improvement term: (1) one in which the improvement
coefficient is a finite function of bare quantities of the theory (so that the energy-momentum tensor
can be derived from an action that is a finite function of bare quantities); (ii) one in which the im-
provement coefficient is a finite quantity. As in earlier cases discussed we show that neither form
leads to a finite energy-momentum tensor to O (g2A").

I. INTRODUCTION

Energy-momentum tensors and their finiteness have re-
ceived a good deal of attention on account of their
relevance in physics.'”!' The finiteness of energy-
momentum tensors in theories with scalar fields is a non-
trivial question on account of a need for an improvement
term and has been studied in great detail by various au-
thors.2~ %% Until recently the question had been stud-
ied in detail in the context of A¢* theory (with one scalar
field). Collins®” has shown that an improvement term of
the form

Ho(€)(3,3,~g,,8")¢? (1.1)

[where H,(€) is a unique power series in non-negative
powers of e=4—n] leads to a finite energy-momentum
tensor to all orders.

In Refs. 10 and 11 (henceforth referred to as I and II)
we discussed two special cases of theories containing sca-
lar fields and having more than one coupling constant:
viz., scalar QED and non-Abelian theories with scalar
fields. As explained in detail in II, the crucial question in
such theories is whether the improvement term can be
chosen in such a way that the root-mean-square mass ra-
dius of the scalar particle is a prediction of the theory or
whether this piece of information is needed as an in-
dependent experimental input to fix an independent re-
normalization constant of the 1R #? term in the action.*
This depends on whether a finite energy-momentum ten-
sor can be constructed so that the improvement
coefficient is either a finite function of bare quantities, or
a finite function of renormalized quantities (and hence a
finite number), i.e., whether the “finite improvement pro-
gram”* works in such theories.

To this end, we have considered energy-momentum
tensors in theories with scalar fields and having two cou-
pling constants (for simplicity). There are four such re-
normalizable models: (i) scalar QED; (ii) non-Abelian
gauge theories with scalars; (iii) Yukawa theory; (iv) a
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model with two interacting scalar fields. The first two
cases were analyzed in I and II. We analyze the third
case in this paper. As in I and II we reach a negative
conclusion for either kind of improvement coefficients in
Yukawa theory also. The case (iv) is analyzed elsewhere
with a similar conclusion.

In theories without scalar fields finite energy-
momentum tensors which are finite functions of bare
quantities exist.>* As shown by Collins®’ the forms for
the improvement coefficient of both kinds [the same one
mentioned in Eq. (1.1)] work in A¢* theory. In pure A¢*
theory, the root-mean-square radius of the scalar particle
is (or rather can be) an experimental prediction of the
theory and the coefficient of the R$? term in the action
need not be independently renormalized.® This proves to
be an exception rather than a rule. In theories with scalar
fields and more than one coupling constant the root-
mean-square mass radius of the scalar field is needed as
an additional experimental input to renormalize the
coefficient of the R ¢*(-like) term in all the four cases ana-
lyzed.

Ii. PRELIMINARIES

We shall be dealing with the Yukawa theory of the
scalar-fermion interaction. The Lagrangian density is

A —
L= 13,9V~ IME§ = 16"+ PiB—mo)

tigoYysyd ,
(2.1)
s=[dxL.
We shall work with dimensionally regularized quanti-
ties and use the minimal subtraction (MS) scheme. !> !?
The unrenormalized but dimensionally regularized
Green’s functions, connected Green’s functions, and
proper vertices are generated, respectively, by W[J,7,7],
Z[J,m,7], and T'[¢,¥,%] with
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WJ,m,7] Equations of motion imply that

= [ D DYDF ( gj> = Z—i) —finite , @7

Xexp |i [ d"x f +Iip+dm+ay ||, 22) <J§_§> <¢’ zi > =finite, 2.8)

where W[0]=1 and a is the loop expansion parameter: < 59 ¢> < gi ¢> =finite . (2.9

Z[J,n,7l=—iImW[J,n,7], (2.3)
_8Z Y A v/
=5 Y s YT T
2.4)
and ‘
L6, 4, 91=Z — [ d"x(Jo+Ty+Tn) 2.5

In the MS scheme the renormalization transformations
14
are

¢=ZI/Z¢R, ¢=Z
Ao=u[AZ, +8Mg)], ¥v=Z YR, (2.6)
go=n"’gZ,, my=Z,m, M{=ZyM*+Z;m?

1/2¢R ,

where p is an arbitrary parameter of dimension of mass.
8\ in Eq. (2.6) starts with O(g*) and Z;, starts with
0(g?).

The renormalized Green’s functions, connected
Green’s functions and property vertices are generated, re-
spectively, by

WERLIR 7%, 5 k],
with
WRIJR pR 7 R1=W[J,1,7] and JR=2Z172J, etc.

ZRIR R, 5 R], and TR[¢%, ¢, 9]

Unlike the cases considered in I and II M3¢? now is
not a finite operator as seen from Eq. (2.6), using the mass
independence of Z,,,Z,,,Z,:

m*z; R
<M2¢2>——2M282 —2 [1+—-2 MZaZ2 .
oMl M?Z,, oM
, (2.10)
Similarly, m ¥ is also not a finite operator:
_ azUR
<m0¢¢) = _mom“
R 2 Z! R
om M? Zy, oM?
But the sum M3¢>+m i is finite:
- 9ZR aZ® .
(MEP*+mop) = —ZMZW—m 3m =finite .
(2.12)

Furthermore 82$? is a multiplicatively renormalizable
operator: '3
{92} VR =2Z,, ' (3%¢*} " (2.13)
We shall use the renormalization group extensively.
Below we give definitions and values of various re-
normalization-group quantities:'®

Brhge)=pk
O |rgg0,Momo
=—Xe+BMA,g)
Az asAY) | g asA) 3
= 2 £ —8A V1A,
heth A 2 3 L
=—Le+BA%+ -,
(1) VAL
ag €g ___ €8 0Z, g g
gA', YEI =R -+ g()\«, )=——+A - + == ,
B, g,€) “ou 80, Moy 5 TB(A.g > A8y 2 g
')/M(k,g,e)z-l-%,u—aa—lan Ya(Mg)
m(k,g,e)s%yé%lnm2=ym(l,g) , (2.14)
P8, €)= — tuInZy =7y (hg)= 2 Sz + E 2z =yt -,
M8 ) a M M a)\' M 4 ag

y(hg €)= ;u—aa—lnz =y(hg)

7(hg,€)= ;,usa—an 7(hg) .
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We shall work with the following set of operators:

4
0¢ i
0=~ 4 go¢7’5¢'¢ 0,=Mjé*,
- 58S - 088
0,= y, O4=d—, Os=9p——, (2.15)
3=mopy 4 ¢8¢ 5 ¢8¢
8S .-
O6=§J¢’ 0,=1igoYy s¥o, 03282¢2-
We note that, at zero momentum,
n &S 58S
fdxol )\05}L +1g08g ,
[amx0,=—2m3-25_
SMO
n _ 58S
fd X 03— mg 8m0 )
&S
n =1y 992
fd x 0;=3180 52,

We shall define another set of renormalized operators:

R_ 3z*k A
RY = + L
<fdxx> =h o T
. R azR
<fdxx§> =-ME
" R_ A
<fdxX§> =Tme
n R_ SZ n
<fdxxf> =— [JX SR ) <fde4R>,
(2.16)
R 82
d" XR> =—[7%x) =< d" 0R>
<f X As fn X SﬁR(x) f x Us
,, R_ 8Z% _ n
(Fameat)' == L we=( Saot).

As discussed in I and is also evident from Egs. (2.6),
(2.10), and (2.11), X*5£OR for i=1, 2, and 3, but one can
still define a renormalization matrix Z;; by

(0)UR=2Z,(X;)? . (2.17)
(Note that X;=0, for j=4,5,...,8.) Then
Z—luaiz =y, =finite at €=0 . (2.18)

Information on the structure of renormalization matrix

is obtained from Egs. (2.7)—(2.11) and Eq. (2.13):

le Zl2 Zl3 Z14 ZlS ZIG Zl'l ZlS
0 Z, 0 0 0O O 0 O
0 Zy, 1 0 0 0 0 O
4|0 0 0 1 0 0 0 o0
0 0 0 0 1 0 0 0
0O 0 0 0 0 1 0 0
Z71 Z72 Z73 Z74 Z75 Z76 Z77 Z78
0 0 0 0 0 0 0 Zg
(2.19)

It should be noted that Z,, and Z,, so defined depend
onm /M.
We expand Z,;! in powers of g:
Zu'=Zaioy Y8 Zyly + 8 Zyglny + -+

We now state two results needed in Secs. V and VI. As
shown by Collins,’ if H(A,M,e) is a finite function of

A, M at €e=0 and
H(AM,€)Zy (A, €)=finite at e=0

keeping A and M finite and fixed, then

H(AM,e)=0 . (2.20)
Second, as shown in Ref. 9, if
o M;
Fihopn™ s — €
u
is a finite function, at €=0, of Ao ™€ and M3 /u? and if
_o M; . .
FlAopn™ 5 —5,€ | Zy0)(A,€)=finite at €=0
m
keeping A and M fixed and finite, then
M3
FlAop &—,€|=0. (2.21)
u

III. IMPROVED TRACE

The energy-momentum tensor of Yukawa theory as ob-
tained from the action (2.1) is

o2 8S
w ‘/—g ) oghv g ()=t
= g, L 8,600,417, 0.0 6.0

One may carry out the analysis of Ref. 3 here also to
show that this energy-momentum tensor has finite matrix
elements at ¢g=0 and to first order in g, the external
momentum. But in O (g?) a further improvement term is
needed. The most general improvement one can add to

0,., is parametrized as

imp — n—2 + G
O’ = Ot 4(1—n) (1—n)

(8,8,—8,,0%)¢7 .
(3.2)
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As before, G is a free parameter for which we shall be
trying specific forms in Secs. V and VI, just as in I and II.
The trace of 6, is

o i =(n—4) | 28 4 Lig Gy s |+ 4 m )
n— &S —_5_»§'_ 2,2
: 5 VP ¢+Ga¢ . (33

Using Egs. (2.7), (2.8), and (2.13) one obtains
(gimr #) =finite+(n —4)(0, )UR+GZA}1(82¢2)R
(3.4)
In the following sections we shall investigate if it is possi-

J

(fam 01>UR=—(S>UR+ ([amxog

_ ll Ag)

20 H{IaTs
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ble to choose G in either of the two ways mentioned in
the Introduction so that { 6" #) is finite.

IV. EXPRESSIONS FOR Z;;

In this section we shall use the techniques of Ref. 10 to
obtain expressions for Z, J (j=12,...,7), which are
needed in further investigations of Secs. V and VI. These
expressions are obtained by considering renormalization
of O, at zero momentum.

It is straightforward to show that
fd"x0,=—S+%f¢—d” +f¢—d" (4.1)
The last two terms on the right-hand side are finite opera-

tors. {S)UR can be obtained by following the procedure
of Refs. 10 and 17. The final result is

<fd" ) 4 Yuth8) Ag)(fd" X2> +—-——7/M(:’g)<fd"x X3>R+L—"(t’g)<fd”xX4>

R

- R A
+L7"g)<fd"x (X5+X6)> + B g
€ Ae
Hence,
A
Z11=1_%, Z14"E )
_7 —r 7
ZIZ—T, ZIS+216_2 > (43)
_m B 2B
=T PvThe T e

From the fact that the right-hand side of Eq. (4.2) has
only simple poles in ¢, it follows that (6% ) is finite at zero
momentum. Finiteness of (%) at zero momentum and
to first order in g can be established along the lines of
Ref. 3 using the conservation equation.

It should be noted that the above procedure does not
yield Z;s and Z, separately because f d"x Os
= [d"x Og. From Eq. (4.3) it only follows that
Z s+ Z ¢ has simple poles. However, the theory has a
charge-conjugation invariance and the operator O, is
charge-conjugation invariant. Hence the operator

— 0 =id*y x¥) which is odd under charge conjuga-
tion cannot appear as a counterterm for O;. Hence only
the combination O5+ Og4 can appear in the expression for
(0, )YYR, This requires that Z,s=Z,,=7 /e.

V. IMPROVEMENT-TERM DEPENDENCE
OF THE FORM G (€, Ao 5,831 ¢)

As shown in the previous section,
momentum tensor

the energy-

o B(A,g) < n >R 4
25 Jdxx;) . 4.2)
—

OmP'=0,,,+ ————(3,9,—¢,,8°)¢’

4(1 )

is finite at zero momentum. Explicit calculation shows
that it is finite only up to O (A3) at g=0, up to O (g*) at
A=0 and also in O(Ag?), but a finite improvement is
necessarily needed in O(A*), O(Ag*), and O(A%g?) [see,
for example, the Appendix].

In this section, we shall consider a further improve-
ment, where the improvement coefficient G is a finite
function of bare coupling constants:

n—2 Gle,gdp €At ™€)
4(1—n)

e""p—e » T
1—n

X (3,0,—8,,9%)¢% , (5.1)

where

Glegin hou 9= 3 Gpledqu Ngon™ 9,  (5.2)
r=0

where G,, (€, Ay~ €) are finite functions of A,.
From Eq. (3.4) and the fact that Z,; (j=1,2,...,7)
involve simple poles, it follows that

(@irp#)y=finite+[ —€Z 3+ G (e,851 Ao VZy']

X (322 . (5.3)
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For future convenience, we shall reexpress this as follows:
Gle,g3u SAqu )= —€G(e,83u S Aqu™ €,
Gzr(e, }\,0[.1.76)=

—€G,,(e,Agut ™) , (5.4)

where now G,,(€,Aou~ €) may also contain 1/€ terms
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must find a G(€,g31~ 5 A ™€) such that X given above
does not contain worse than simple poles. We shall show,
in what follows, that it is not possible to do so consistent-
ly except at g=0.

For this purpose, we shall use the renormalization-
group (RG) equation satisfied by Z 5, which can be de-

when expanded in powers of € and (Aou™¢). We thus  rived straightforwardly from Egs. (2.18) and (2.19) fol-
have lowing the procedure of Appendix C of I. It is
6imP 1) =finite —eX (3%¢*) X, 5.5 0z Z g
CA nite —eX (3%¢*) (5.5) et L ge+b,g WL Zie
where aA ag
X=Z3+G(egdu At VZy' . (5.6) =Z Vs tZ775 - 5.7
Thus to obtain a finite energy-momentum tensor, one  Substituting from Eq. (5.6) for Z,; and using
J
u%lc<e,géu*iw*>zg11=2m6<e,géu*ixou‘f>znz‘+ZA;‘y—§—G<e,g3u—ikou—f)
=27 4G (6,851 At VZy ' +Zy! "a 2 Gonl€hou ™ NgGu ™ )" (5.8)
one obtains an equation satisfied by X:
aX _ g€ e _ 9G, _ _
—7»6+/3’}")a—k+ ) +B8 “g—_27’MX Z Y18~ Z17Y18= fnéo(gtz)li )" ”G2n+5(—ij§}‘d‘ “|Zyn'.
(5.9

Now, suppose it were possible to choose G,’s such that X
has no worse than simple poles (which would imply the
existence of a finite energy-momentum tensor). Then as
Z,, and Z; have only simple poles, the left-hand side of
Eq. (5.9) has at worst simple poles and hence so does the
right-hand side. Hence

aGZn —
nG,,+————Au ¢

Z*l
B Aot ™€) M

2 go,u o

=finite . (5.10)

Then, following the same reasoning as in I, the above
equation, after using Eq. (2.21), implies that

G, (€, g €)=0 . (5.11)

This implies that the improvement term in Eq. (5.1) is
consistent with the finiteness of (6™ #) in O (g*A") only
if

Gole)+0(gh,

Gle,gdu S hqu )= (5.12)

i.e., only if the improvement term obtained to O (g°) is
sufficient even to O (g?). But this contradicts the result
in the Appendix that an additional improvement term is
necessarily neeed to make 6, finite in 0 (A%g?). Hence,
we conclude that it is not possible to find an improved
energy-momentum tensor of the form given in Eq. (5.1)
which may be finite even to O (g2A").

VI. IMPROVEMENT-TERM DEPENDENCE
OF THE FORM G (¢,g% 1)

In this section we shall consider an improved energy-
momentum tensor of the form

n—2 G(e,g% M)
4(1—n) 1—n

OLTP =0,,t (auav_ azgl“’ 1
(6.1)

where G(¢,g2,A) is finite for finite g2 and A at €e=0. Re-
tracing the steps of the previous section, we obtain

(6 #) =finite—eX (%)X, (6.2)
where

X=Z+G(eg%NZy"
and
G(e,gz,k)Z—%G(e,g M= 2g2"62n(e,x). 6.3)

=0

As in Sec. V the RG equation satisfied by X can be ob-
tained and rewritten as [see II Eq. (6.4)]

€, -
(— Ae-i—B}‘ 87» _’ig"+ﬁg 2V X —Z 1 Vis—Z 17V 78

= ‘(—ke+3‘)g—g+ +/3g Zy'

ag
(6.4)
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As before, the existence of (02“” #) implies that

_ 2 OG | | _8€ | 5 |0G | _1_ .
€ |( ke+B)ak+ 2+B 3 Z,, =finite .

(6.5)

Again, following the same procedure as in I and II and
using the value of 3% from Eq. (2.14), Eq. (2.20) together
with the above equation implies that

Gl(e,8%,M)=Gyle)+0(gh) , (6.6)

and hence as argued at the end of Sec. V, it is not possible
to find an improved energy-momentum tensor of the
form given in Eq. (6.1), which may be finite to O (g2A").

3z
(—he+BY)—>+

dA 2

oz
_£+Bg]_¥13_27M218—_~ l

+

Following the same procedure as in Appendix A of I and
using (a) Z 3 and Z,4 vanish to O (g?), (b) Z,; vanishes at
g=0, (c) at g=0, Z,5 begins as A%, (d) Z,;3—Z,; has no
poles in O (Ag?), since

Aot
(see II), and (e) B® has no term of O(Ag) as verified by
direct calculation, one obtains
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APPENDIX

It was shown in both Secs. V and VI that, in order that
X has no worse than simple poles to O (g?2), it was neces-
sary (but not sufficient) that G was a function of € only.
Now we show explicitly that even in this case X does
have double poles to O (A%g?). The proof proceeds exact-
ly analogous to Appendix A of 1.

The double poles in X =Z 3 —G,(€)Z,;! arise entirely
from those in Z 53 in O (A%g?), since G,(€) [which is the
same as g,(€) of I and IT] begins as O (€?) (Ref. 7). Direct
calculation shows that Z,3 has no worse than simple
poles in O (Ag?) and the simple pole term is nonvanish-
ing. The double-pole term in Z 5 in O (A’g?) is obtained
using the RG equation satisfied by Z 4:

_B ||, 92 g dZh
Ae oA 2 9dg
BB Zn g 32 (A1)
Ae ge oA 2 og
|
Z' G =~ 1By —2v 3V Z 1 1) #0

as neither factor vanishes. (Note that 2y’ is the same
as 2y} of I and IL) Here Z\j,, ,, is the coefficient of
Amg2/€"in Z .

Hence, Z 3 and therefore X does have double poles in
O(A\%g?). Therefore, the improvement coefficient G(€)
obtained from O(g° calculation does not suffice in
0 (A%g?) to make OL‘“" * finite to this order.
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