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A new formulation of the free bosonic gauge-covariant string field theory is presented. The ac-
tion functional as well as the gauge transformation laws are constructed generalizing a procedure
given by Neveu and West. A new type of mathematical object, called the “covariant Virasoro
operator,” is defined and used to cast the results into an extremely elegant form.

I. INTRODUCTION

The aim of this paper is to present a new formulation
of the free bosonic string field theory, including both the
open- and the closed-string case. It is based upon the
Lorentz-covariant approach to string theory and the
traditional operator formalism, working in an appropri-
ate Fock space.!"?

One crucial point in gauge-covariant field theory is the
necessity of introducing supplementary fields in addition
to the original string field. There are a lot of approaches
to this subject in the literature.>"2° In the Becchi-
Rouet-Stora-Tyutin- (BRST-)motivated versions, the sup-
plementary fields arise from the expansion of a string
functional yY[x (0 ),c(0),¢(0)] with respect to the ghost
variables (see, e.g., Ref. 18). In some of the older ver-
sions, however, the supplementary fields are written
down as objects of their own. The starting point for this
study is the formalism given by Neveu and West in Ref.
14 and the analysis of the pure string field action con-
tained in Ref. 21. Neveu and West introduced the sup-
plementary fields and constructed their action functional
step by step for the first few mass levels. However, the
way in which additional fields arise at each level, as well
as the form they are coupled in the action, are not very
transparent. This seems to be one of the reasons why the
further development of string field theory in the operator
formalism preferred different approaches (see, e.g., Refs.
15-20).

The original formulation of Neveu and West is singled
out by the feature that, upon putting all supplementary
fields to zero, one obtains a local, pure string field action
which still describes physical string states by means of a
reduced gauge invariance. This was studied in Ref. 21.

In this work, the supplementary fields are reintroduced
in this picture at once for all levels. Because of an ap-
propriate identity between the Virasoro operators, the
structure of the supplementary fields becomes more
transparent than in Ref. 14. The complete action func-
tional for the open-string case is exhibited in Sec. II. The
numerical form of the couplings is still given by rather
lengthy expressions. In Sec. III the results obtained so
far are reexpressed in an extremely simple notation. We
introduce some operations that are constructed like co-
variant derivatives, the connection coefficients being ex-
tracted from certain structure constants of the Virasoro
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algebra, and the Virasoro operators playing the role of
the partial derivatives. These objects are called “‘covari-
ant Virasoro operators” and obey a simple algebra, there-
by exhibiting a kind of “curvature tensor.” All connec-
tion coefficients disappear in the final form of the action
and the gauge transformation laws, thus giving rise to a
notation one would call “covariant” in some sense.

In Sec. IV the formalism is carried over to the closed-
string case without further computation by means of in-
troducing a new index type, unifying left- and right-
moving quantities. In formal structure, the results are
identical to those of the open-string theory. In the sum-
mary, some concluding remarks are made. An appendix
provides some additional material to the formalism of
Secs. IIT and IV. The conventions used are those of Ref.
21 with the exception that a scalar product {y|¢') is au-
tomatically accompanied by an integration over D-
dimensional Minkowski space.

II. CONSTRUCTION
OF THE OPEN-STRING FIELD ACTION

We begin with the field theory of open strings. The os-
cillator variables are normalized as

[an*a,"1=7""mb,, 40, 2.1

(a,")'=a_,* 2.2)
(m,n €2Z), with

agt=pt=—idk . (2.3)

The string field (or string functional) is an element of the
corresponding Fock space!?

)y =[$(x)—ia_#A,(x)+ - 10)=¢[x(a)]. (2.4
It describes the on-shell open-string states if
(Lo—Dl¢)=L,|¥)=0 (2.5)

for all n = 1, where the Virasoro operators are defined for
every n €Z by )

L=t 3 a, ta,:=L_," (2.6)

p=—x

and satisfy the Virasoro algebra with central extension
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[L,,L,]=(m—=n)L, ,+LDm(m*=1)8,, 4,0, 2.7

D =n/; being the dimension of Minkowski space. We will
generally work in D =26, but it is instructive to keep D
arbitrary in some formulas.

The bra corresponding to | ) is taken as
(Yl =(0l[¢*(x)+iaf A% (x)+ -] 2.8)

Whenever a bra and a ket are glued together to form a
scalar product, one first reshuffles the a’s using (2.1) and

a,”|0)=0 2.9)
for n 2 0. In the resulting expression, one sets
(0lo)=1 (2.10)

and carries out an integration over D-dimensional Min-
kowski space which is not indicated in the abstract nota-
tion, i.e.,

(Ply) = [dPx)[$*(x)¢'(x)+ A (x) A¥(x)+ -+ ] .
(2.11)

In string field theory, it is usual to impose reality con-
ditions upon the string field |4/) and the supplementary
fields (to be introduced below). However, the formalism
presented here will work also in the general (complex)
case. Therefore, we will leave all fields unconstrained.
The technical consequence is to treat bras and kets as in-
dependent variables in the variation of the action func-
tional. One may supplement the formalism by the condi-
tions

Y*[x (0)]=9Y[x(0)] (2.12)

or
P*[x (o) ]=¢[x(r—0)]

(and appropriate ones for the supplementary fields and
gauge parameters) without changing any of the relevant
expressions.

The aim of free string field theory is to establish (2.5) as
the field equations in a special gauge. Thereby, the action
functional shall be local (in the derivatives) and invariant
under the gauge transformations

(2.13)

dly)=3 L_,I7,) (2.14a)
r=1
or equivalently
8yl= 3 (r,IL, (2.14b)
p=1

with arbitrary Fock-space elements lrp ) as gauge param-
eters. As is well known, these assumptions require the in-
troduction of supplementary fields. In Ref. 14, Neveu
and West constructed an action functional up to the first
few mass levels. The part of their action which involves
only the string field is given by

with

(2.15)
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H=2ALo—1)— S %L_,,L,, : (2.16)

n=1
In Ref. 21 it was argued that this action is sufficient to
derive (2.5), but at the price of giving up the general
transformation law (2.14). It is replaced by

slyy="3 §_,lx,) @17
p=1

where &, are certain combinations of Virasoro operators
and the |y, ) are annihilated by all L, (n > 1). In order
to recover a gauge-covariant string field theory, i.e., an
action to which (2.14) applies, we take (2.15) as our start-
ing point. In contrast with Ref. 14, we will introduce all
supplementary fields at once.

The key identity is obtained by applying a gauge trans-
formation (2.14) to S,,. Upon some computations using
the Virasoro algebra (2.7) one finds

—LH= 3 Cb,A,,+L5(D—260p>—1)L,, (2.18)

m,n=1
where
2 L_, L_,
Chn =Bt |1+ ]““%*27% 2m
=Ct, (2.19)
and
nin+2m)
')qmn :Lan+WLm+n (2.20)
for p,m,n = 1. Surprisingly,
A pn =A ym (2.21)

which determines the structure of the supplementary
fields. The identity (2.18) is contained in Ref. 14 for p =1
and 2, with all Virasoro operators written down explicitly
(and thus without exhibiting the general structure of the
A

).

mn

Multiplying (2.18) by (Tp| (or its-Hermitian conjugate
by |7,)), one immediately finds that in D =26, the com-

bination

HIp) + ﬁ_lﬂmﬁlkm,ﬂ (2.22)
is invariant un’der (2.14) if
8IA,, )= il 2, . (2.23)
=
Thus, we introduce a set of supplementary fields
[Aan ? = Ay ? (2.24)

(m,n =2 1) and postulate (2.23) as their gauge transforma-
tion law. The couplings of the original string field to the
supplementary fields are given by

Spn=—1 3 (PlA M) (2.25)

m,n=1

and its complex conjugate
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Sl\lﬁ:—é— § <)‘mn|‘)4mn|¢)’

m,n =1

(2.26)

which have to be added to S,. Varying the ¥’s in these
two contributions, one obtains expressions containing
only the gauge parameters and the A’s. This amounts to
completing the action by adding a fourth term involving
only the supplementary fields:

o

Su=—"7 X

myn,r,s =1

<}"mn |@mnrs l}‘rs ) ’ (2.27)

where the @’s are built up locally by the Virasoro opera-
tors and obey the obvious relations

e
G

G (2.28)

(2.29)

mnrs = @

‘r=@

nmrs ~ ~ mnsr

mnrs rsmn ?

the last one ensuring reality of S,,. Varying the ¥’s in
(2.25) and (2.26) as well as the A’s in (2.27), one finds an
equation for @ which is necessary and sufficient for the
complete action to be gauge invariant:

ALyt S Cpos(C2)'=0

rs=1

(2.30)

for all m,n 21 (together with its Hermitian conjugate,
which then follows automatically).

It is not hard to show that the solution to this equation
is not unique. However, since we are interested in a
theory which may be viewed as an ordinary free field
theory for an infinite set of space-time fields
(p(x), A#(x),. .. ), we restrict € to contain space-time
derivatives 0, only up to the second order. These deriva-
tives enter € through the Virasoro operators by virtue of
(2.3) and (2.6); hence we write down the ansatz

=]

mnrs + 2

g=—o pg=1

ChursLy T > chiL_,L

mnrs™~ —pi-q

@ c

mnrs ~

+ 3 (@, L,L,+f%. L ,L_,), (2.31)
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etc., in order to ensure (2.28) and (2.29). Note that L,
which contains p¥p,,, only appears linearly in (2.31).

Upon inserting this ansatz into (2.30), one obtains a set
of equations for the various coefficients. The most in-
teresting fact is that there exists a unique solution. To
see this, one has to arrange the Virasoro operators with
respect to their natural order and to read off the
coeflicients, beginning with the cubic terms. For the first
few values of the indices, one recovers that the couplings
of the supplementary fields in S,, are identical to those
given in Ref. 14. Thereby, one has to identify the fields
A A Ao A3, Ay, ,,;n23)  with  the  variables
(%¢(2)’¢(3)’ ';‘XM)’ ¢(4),¢(n + I)’X(n +2)) introduced by Neveu
and West. This comparison shows the way in which the
additional supplementary fields appear at each level in
the procedure of Ref. 14. However, the notation of the
supplementary field structure as in (2.24) seems to be
more adequate because it is simpler and governs the fields
at all levels.

The computation of €@,,,,, to all orders from (2.30) and
(2.31) is rather tedious but straightforward. The result is
given by
dre

= fP4 =
mnrs fmnrs 0 ’

(2.34)

Pl =
mnrs 2 pPr-qm=sn

mn
japq Smrsns -

55 6 8 +(>r<->s)H
(

+(m<on), 2.35)
Counrs = —2mn (8,8, +8,,8,15) (2.36)
2
Cgmrs={_ %+rs 8r-*Fs,qun
+ |mn 2—q—1 8q+s’m8m+(r<—+s)] ]
+(m<n) 2.37)

for g = 1 [recall (2.32)]. In order to write down the ¢
we define

mnrs?

pg=1 Sennrsz[smﬁ—p,rss-kp,n+(m"_’n)]+(r‘_>s) (2.38)
where the coefficients are real numbers satisfying ap- and
ropriate symmetry relations such as
e g Y _ & Sigm _27mS1 1™ 21nm
= == 3 — ~ (2.39)
crzlnrs=cr;rr?n ’ ‘ (2.32) pa=1 P4 m, =P
crlr)ﬁ:rs = Cril:nn ’ (2.33) Then
Coanrs = (8,r s +8,,8,.0) %( 3¢, +nlc,)—mn m2+n2+ﬂ—zﬂ—2}
— 8, s ”””s+ﬂ4ﬂc+%c3 + S 8, [T — 2124 2(mn +rs)] |, (2.40)
’ C 2 =1 2p 4
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where C stands for m +n, or equivalently for » +s, be-
Cause C,,,,s is only nonzero if m +n =r +s.

Thus, we have arrived at a closed (although complicat-
ed) form of an action functional

Sopen=Syp+ Sy +Sy+Su

open

(2.41)
which is invariant under (2.14) and (2.23) if D =26. The
field equations are

HYY+ 3 Ay 1Ay, ) =0,

m,n =1

‘)qmnhp)_'_ 2 @mnrs|krs>=0'

rs=1

(2.42)

(2.43)

In order to reproduce the correct spectrum of states, it
must be possible to gauge transform any solution of these
equations to a solution of (2.5) together with vanishing
supplementary fields. We have not proven this point in
detail, but from the comparison with the work of Neveu
and West, and by explicit manipulations at the lowest lev-
els, it seems very likely to hold. However, if one likes, it
still has the status of a conjecture.

There is an interesting feature connected with the
gauge transformation law. It is possible (at least at the
first few levels) to choose the gauge parameters |7'p ) such
that the |A,,,) are invariant, and the transformation of
|¢) reduces to (2.17). In this sense, the formalism de-
scribed in Ref. 21 is a partially gauge-fixed version of the
present one.

It is clear that the numerical form of the action, espe-
cially Egs. (2.35)—-(2.40), is too complicated to promise
fruitful application to the full (interacting) string theory.
However, from the point of view of its derivation, the ac-
tion seems to be rather natural. The essential input is
provided by the operator # and the choice of the supple-
mentary fields according to the identity (2.18). The
choice of # is suggested by the results of Refs. 14 and 21
and is unavoidable as long as one envisages an action that
may be partially gauge fixed to an S, by just putting the
supplementary fields to zero. This would not be possible,
e.g., in the case of the formalism used in Ref. 15, where
the pure O (9 contribution is only {¢|L,—1|y). Also,
the choice of the supplementary fields seems natural.
One could reduce them in number using the fact that
every A ,,, is of the form

n

© 3
Apn= 2 Py A= 3 GnAp (2.44)
p=1 p=1

with appropriate operators F and § containing the L

(g = 1). Inserting one of these identities into (2.18), one
could choose supplementary fields |A,) with p>1 or
p=1,2,3 [or any mixture between these two cases: In
fact, also Neveu and West offer several alternative ver-
sions of the supplementary field structure, and this is due
to relations such as (2.44)]. But then the formulas for the
gauge transformations and the A terms of the action
would become dramatically more complicated, e.g., in-
volving ugly expressions for #,,. On the other hand, if
one demands the gauge transformation law for the sup-
plementary fields to contain the Virasoro operators only

up to the first order, the previous choice is singled out.
Thus, by means of some requirements which do not look
too unnatural, the whole action is unique.

In this way one may get the feeling that the action
functional is based upon a comparably simple structure,
and that the notation used in this section is inadequate.
After some trials it was indeed possible to reformulate the
action in a much simpler notation, exhibiting a kind of
formal ‘“‘covariance” connected with the Virasoro alge-
bra. This is presented in a more deductive way in the fol-
lowing section.

III. OPEN-STRING FIELD ACTION
IN THE COVARIANT FORMALISM

In order to establish the framework for a more elegant
notation appropriate to the action functional found in
Sec. II, we first have to introduce the following index
convention: All indices from the middle of the alphabet
(p,q,m,n,...) run over all positive integers. Further-
more, we will distinguish between upper and lower in-
dices, and the Einstein summation convention for repeat-
ed indices is understood.

The string field |4 is kept as in the previous sections,
whereas the supplementary fields as well as the gauge pa-
rameters are redefined as

|¢™"y =2Vmn |A,,, ) =|¢"") , 3.1)

lEmY=V2m |7,,) . (3.2)
The bra corresponding to |¢™") is denoted by

($pn|=2Vmn (¥, | (3.3)

with subscript indices (similarly (£,|). In order to
present the formalism, we will encounter elements of the
Fock space carrying indices of both positions,
[x™ ", ...), and playing the role of “tensor fields” in
what follows. For simplicity, we will call such objects
“covariant string fields.”

The next step is to replace the Virasoro operators by

1

"=— 34
l o L,, (3.4)
1 1
I, =——L_,="". 3.5
" a =" (3.5)
The Virasoro algebra then takes the form
[1m,1m="T,"I* ,
[lm’ln]:(Z-pmnlp ’
(L 1=o™,, P+, +A",Ly—Q", (3.6)
[L(),lm]= _wmplp ’
[Lo,ln]= 01, ,
where, numerically
_ _(p+tm)n
T,"=0,""—w,"" =Ty, » (3.8)



1636

m ——m
n—an ’

(3.9)
‘an:z—l«t (A™, _wmpwp"):ilzl)(l—mz)ﬁnm , (3.10)

o™, =md) . (3.11)
From (3.3) and (3.5) we extract the general rule that com-
plex (or Hermitian) conjugation converts the position of
all indices carried by some object. This agrees with the
fact that the Virasoro structure constants are real, and we
may write

(@,™)* =P (3.12)

(3.13)

mn
m * — n_ n
(@") ) =0,,"=0",,

as an illustration.

One may ask now, why it was necessary to modify the
basis of the Virasoro Lie algebra according to (3.4) and
(3.5). The reason for these definitions is the numerical
identity (3.9). One may, however, extend the formalism
to more general bases. This is presented in the Appendix.
Applied correctly, this general formalism would not
change any of the relevant expressions occurring in this
paper, just as a formula in general relativity may be es-
tablished in a special coordinate system but written down
in a generally covariant form. Hence, the possibility of
more general bases is automatically ensured.

There are some relations between the structure con-
stants, some of them just reflecting the Jacobi identity,
others characterizing (3.6) as the Virasoro algebra. Two
of them, which we will need in the following, are

0" 0, = o™ ,0f, —o™, — LA, (3.14)
and
r q —_— r q —_— r —_—
o pg0?,, —" 00, —T,,0",=0 . (3.15)

Dealing with identities such as these, it may be necessary
to evaluate the whole expression before taking the sum, in
order not to run into things like the difference of two
infinite terms. In this sense, all expressions occurring in
the following are well defined.

The essential step is now to introduce a concept which
formally looks like covariant derivatives, but with the
partial derivatives replaced by the Virasoro operators
(3.4), (3.5), and L,. For any covariant string field with an
arbitrary index structure (here we show only one index of
each position), we define

Dplx™n Y =1, 1x™, )+ o™, x5, ) — 0, X", ), (3.16)

DPx™, Y =IPIx™, )+ x4, ) — 0, x™, ) . 3.17)

Moreover, with L, we associate the ‘“derivative”
iDl)(’",,)ZLOI)(’",,)-Fa)"’qI)(",,>—a)‘1,,|)(”‘q) . (3.18)

The operations D,,,, D™, and D shall be called “covariant
Virasoro operators” in order to indicate their formal
structure as well as their connection to the ordinary
Virasoro operators. According to their definition, they
commute with the index contraction, e.g.,

8D, X" ) =1,1x") . (3.19)
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Moreover, they are compatible with complex conjugation
in the sense that for expressions with total index satura-
tion we have identities such as

XD, 1227, ) * = (&1 DP X, ) (3.20)

and analogous formulas for 2. Note also that the con-
tractions o™, and ©™,,, vanish, which implies

D,167)=1,1€") .

The formal advantage of the covariant Virasoro opera-
tors in contrast with the ordinary ones lies in their
surprisingly simple algebra. Applied to any covariant
string field, we have

(D, D, 1=[D™,D"]=0,
[D,,,D1=[D",D]=0 .

(3.21)

(3.22)
(3.23)

To prove these relations, one must take into account the
identity (3.15). The remaining commutator needs a sort
of “curvature tensor”:

ﬁmrns Z(uqmrqus “wmnqws qr_mrnqws mq_quswn mgq
—A", 0, (3.24)
which satisfies
ﬁmrns =_7%rmns :ﬁmrsnz_(ﬁnsmr )* (3'25)
and, using (3.14),
RMT =AM+ 2—1)69'",, . (3.26)

The only nonvanishing commutator is then given by
[$m’i)n ]lqu ) :ﬁmpnr |qu ) _ﬁmrnq IXpr )

+ Amn@—l)—ﬂm',,,—p—;gﬁm,,

X1xPy) (3.27)
(and of course a further contraction with 72 for any addi-
tional index). Note that in D =26, the right-hand side in-
volves only A™, (D—1) and certain combinations and
contractions of #™,;. This simple structure will be re-
sponsible for the gauge invariance of our action.

Having written down all essential features of the
framework, we turn now to the reformulation of the free
string field theory as given in the previous section. Ac-
cording to the definitions (3.2), (3.5), and the identity
(3.21), the gauge transformation law (2.14a) reads

8lY)=2,l&") , (3.28a)
its bra version, in a somewhat symbolic fashion, being
8(yl=(¢&,|D" . (3.28b)

Closer inspection of the operators CZ, defined in (2.19)
shows that they contain the combination w,”"+w,"".
The correct gauge transformation law (2.23) turns out to

be in the new language

8lg™n)y=D"|E") +D"|EM) (3.29a)



39 COVARIANT VIRASORO OPERATORS AND FREE BOSONIC. . .

or
8<¢mnl=<§n |$m+<§m *Z)n

This remarkable formula encourages us to translate the
action functional as well. The corresponding contribu-
tions are now denoted by

Sopen =S yy T Sys TSsy T4 -

(3.290)

(3.30)

Since |¢) does not carry any index, it is trivial to check
that

Syy=—YD—1—D,D°|¢) .

Applying the definitions of the covariant V1ras0ro opera-
tors, one readily verifies that

S¢¢= —%<¢‘$m$n '¢mn> 1)
S4p=—1 D[ D"D ) =8 y* ,

(3.3

(3.32)
(3.33)

according to the structure of the operators A ,, which
were used to define S, and S, in Sec. II. If appropriate
reality conditions are imposed, these two contributions
are equal.

In order to obtain the part containing only the supple-
mentary fields, a lot of long computations is necessary.
One may begin with the numerical values for cf?, as
given in (2.35) to read off the terms quadratic in the D’s.
With some skill, one ‘may guess the correct result and
then check that the bulk of expressions (2.36)—(2.40) just
comes from explicitly inserting the definitions of the co-
variant Virasoro operators. Thereby, one makes use of
numerical relations such as those given in (3.14) and
(3.15). In this way, one shows that, apart from a term
proportional to D —26, the ¢? part of the action is given
by

S 46 =1 $pun | D—1—D,D?|¢"™")

+ 3G | DD, +D,D"|$™) . (3.34)
The operator contained in the first term formally agrees
with the one appearing in (3.31) and constitutes a “co-
variant” extension of #.

One may now like to check the gauge invariance of the
action in this new formalism. It turns out that one just
has to use the abstract form of the algebra between the
D’s, especially (3.27), without ever inserting numerical
values or additional properties of 2™ .. As an example,
we compute the ¥§ contribution to 8S,,.,: One has to
show that :

—(D—1—D,D")|¢)—1D,D,|¢") (3.35)

is gauge invariant [this is in fact nothing but —J times
(2.22)]. Inserting (3.28) and (3.29) and using the algebra
for D =26, one immediately arrives at zero. One en-
counters the interesting relation

(D™ D, 1€ =(D—1)|E™)

where two R terms of the algebra (3.27) have canceled
due to the contraction over n.
It should be emphasized that in all computations con-

(3.36)
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cerning the gauge invariance, one may avoid to encounter
the structure constants »”,, Q™,, and @, ™" as well as the
“naked” operators [,. On a purely aesthetic level, one
would call such a formalism ‘“‘covariant.” However, it is
not clear to what extent the £’s may in fact be interpret-
ed as ‘“‘derivative” operators and with respect to what
“covariance” is meant. The idea of treating the Virasoro
operators as the partial derivatives contained in a covari-
ant derivative, has also been pursued by Gervais, 2”2 but
what he does is not exactly the same thing, because the
structure constants enter his formalism in a different way.
Moreover, his index structure does not agree with ours.
This provides also a difference to the formalism of Banks
and Peskin.!> !

One could, of course, reformulate the definitions
(3.16)—(3.18) in a more abstract language, but the essen-
tial point seems to me to be that so far the 2’s act only on
the Fock space as a vector space and not upon objects
quadratic or of higher order in the fields. However,
derivatives need a kind of Leibniz rule. On the other
hand, it is just the interacting string field theory which
requires objects of higher order. Thus, a more geometric
view of the formalism presented here might be provided
by an extension to the interacting case. There, one en-
counters vertex operators (or overlap integrals) defining
noncommutative products of string fields (cf. Ref. 8)
which might qualify the 2’s as derivatives in a more pre-
cise way than it was done here.

The next section is devoted to the field theory of
closed-bosonic strings. It turns out that the formalism
may be carried over to this case without any additional
computation.

IV. CLOSED-STRING FIELD ACTION
IN THE COVARIANT FORMALISM

The fields of the closed strings live in the symmetric
tensor product of two open-string Fock spaces"? sharing
the same space-time variable x =(x*). The quantities be-
longing to the one copy (e.g., the one containing the left-
moving modes) are underlined, the others are character-
ized by an overbar. The oscillator variables ¢,,* and &, *
build up two independent sets of Virasoro operators L,

and L, according to (2.1) and (2.6). Two operators of
different types commute with each other. The only
difference to the open-string formulas is

af'=al=1pt= *éa" (4.1)

instead of (2.3). The fields belonging to the closed-string
Fock space are denoted by capital greek letters.

A string field | W) describes the physical closed-string
states if

(LO_EO)|\P>=0 >
(Lo+Ly—2)|¥)=L,|¥)=L,|¥)=0

(4.2)
(4.3)

for all n =2 1. The condition (4.2) is only an algebraic con-
straint which excludes some of the space-time fields con-
tained in |W). The general expansion of such a string
field is given by
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W)=[h,,(x)a_ a_,"+---110)0) 4.4)

and again the scalar product is accompanied by an in-
tegration over D-dimensional Minkowski space.

In order to find an action functional which reproduces
(4.3) in a special gauge one may proceed as in the open-
string case. However, a shorter way to obtain the same

_result is provided by the following arguments. Consider
“covariant string fields”” which may now carry indices of
the types m and 7, e.g., IAm'.’pq ). Then define the covari-
ant Virasoro operators @m,ﬁm,@ and .ﬁDﬁ,iDm,f as in
the previous section, the contractions with the w’s occur-
ring only for indices of the appropriate type, e.g.,

Dy |A2P)Y =1, |A2P) + 0", |AP) , 4.5)
where
ly=—a—L_ (.6)
2ovoam T "
and numerically
a)ﬂmg=w"mq . (4.7)

As a consequence, two 2’s of different type commute
with each other, and two D’s of the same type obey exact-
ly the same algebra as in the open-string case (written
down in terms of the appropriate index type).

Now we restrict ourselves to covariant string fields
satisfying the condition

(D-D)|A="

)=0, 4.8)
which is purely algebraic and reduces to (4.2) for a field
without indices. Since D and D commute with all other
covariant Virasoro operators of both types, successive ap-
plication of 2’s will always maintain (4.8). Thus, in
effect, we may simply write

D=D=D ‘ ' 4.9)

and omit the bars. In order to unify the remaining D’s,

fieﬁne a new index type M which takes the values (m,m),
i.e.,

Dy =(Dyp,D;.) (4.10)

and
DM = (D2, D7) . 4.11)

Moreover, we consider covariant string fields carrying in-
dices of this type, e.g.,

A ) =(Ay ), 1A )Y,

the two “components” being independent of each other
and subject to (4.8). Applied to such objects, the algebra
of the covariant Virasoro operators 2, DM, and D,y takes
the form

(D, Dy 1= DM, DN =Dy, D1=[DY, D]=0 (4.12)

and, for D =26,
[DY,DNA ) =RMPyp IAR ) —RMR o | AP )
+H[AMN(D—1)—RMR N AP,

(4.13)
where
AM, =M (4.14)
and numerically
R =R =R (4.15)

all other components of RMY po Vvanish. (4.13) has exactly
the same structure as (3.27) which was responsible for the
gauge invariance of the open-string action (3.30).

Thus we may apply the whole formalism, converting
all indices into capital ones. We introduce supplementa-
ry fields

|@MN) =|pNM) (4.16)
and write down the gauge transformation laws

8|W) =Dy [EM) , (4.17)

8|DMN) =DM|EN) +DV|EM) | (4.18)

Apart from a conventional factor 2, the action is taken
over from (3.30):

Sclosed= _2<\PI$—1—$p$P|W>_<W|$M$N|¢'MN>

+ Dy DD p +Dp DV | DMF) | (4.19)
The external condition (4.8) which has to be satisfied by
|W) and the respective parts of |®¥) and |EM) relate
the right- and left-moving modes according to the index
structure carried by the fields. As an example, one has
numerically [cf. (3.11)]

(D—D)E®)=(Ly—Ly+m)|En)=0, (4.20)
which automatically implies that D, |Z) (which is a
part of 8|W)) is subject to (4.2).

The W2 part of the action agrees with the one given in
Ref. 21 whereas the structure and the couplings of the
supplementary fields at the lowest levels reproduce the re-
sults of Ref. 14. The field equations in the Virasoro
gauge take the form

(D—1D)|¥)=DM¥)=0, 4.21)
which is identical to (4.3), all |®MV) being zero.

Thus, all essential results are formally identical to the
corresponding open-string expressions. This confirms the
expectation that a deeper geometric understanding of the
formalism presented here might be fruitful for the in-
teracting string field theory as well.
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V. SUMMARY

As we have shown, the free bosonic string field theory
may be formulated in terms of the covariant string fields
[¥),1¢™"),|W),|®MN), the action functionals, and the
gauge transformation laws involving the covariant
Virasoro operators D,D,, ,D",Dy,DM. By using
[0)]0)|0) as the vacuum, one may place all these fields
into the same vector space. The supplementary fields are
symmetric in their indices.

The gauge transformation laws (3.28),(3.29) and
(4.17),(4.18) resemble well-known differential expressions
from tensor analysis. However, this resemblance should
not lead to confusion: 8|¢) looks like a divergence, al-
though it is rather a ““gradient,” e.g., at the first mass lev-
el it reads

84,(x)=09,8(x) . (5.1)
Note that D,|£”) is just the expression for a general
spurious state. On the other hand, 8|¢™") has the form
of a metric (or graviton) variation under a coordinate
transformation, although it is rather a “divergence,” e.g.,
at the zeroth mass level the |¢'!) variation becomes

8" (x)=9,£"(x) . (5.2)

One essential feature is the absence of a metric. Index
positions may only be converted collectively by complex
conjugation. This contrasts many other approaches with
string field theory (see, e.g., Refs. 12, 13, and 22-24)
where one usually has a metric of the numerical form
md,,,-

The main question concerning the formalism is wheth-
er or not its remarkable simplicity carries over to the in-
teracting case. It is intended that we study this question
in a forthcoming paper.
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APPENDIX

Here it is shown how the formalism presented in Sec.
III may be extended to the use of more general bases of
the Virasoro Lie algebra. Let

1= 3 ¢,L, (a=1), (A1)
p=1

=3 d,L_, (n>1) (A2)

p=1

with nonsingular matrices ¢ and d. The distinction be-
tween the space spanned by all L, (p > 1), which annihi-
late physical states, and the space spanned by all L _,
(p 2 1), which gives rise to the spurious states, is main-
tained. Hence the set of operators {/%1,,L,,1} is the
most general basis we consider. The commutation rela-
tions define the structure constants by
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[la,lb]:crcbalc ,
U L 1=TP 01,
[1%1,1= 0%, 1°+w,*"l,, +A° L,—Q° (A3)
[Lo,la]:_wablb s
[LO’lm]:wnmln .
Under an arbitrary change of the basis, i.e.,
T9=491%, (A4)
Tn =B"1, , (A5)

the structure constants transform according to their in-
dex structure. This is the reason why we have to use two
different types of indices. In particular, we may summa-
rize the transformation laws by the scheme

fazAabfb9 faz(Ail)bafb )

~ - (A6)
Fr=B"N"f" Fu=B"wfu,

which implies, for example,
Eam =4 abB nm Abn . (A7)

Thus, relations which are written down by means of ‘“co-
variant” rules such as index contraction are ‘“tensorial”
in the sense that they are valid in all bases or in none.
Choosing a special basis, e.g., [=L,, [, =L _, , one may
establish the following relations which are valid general-
ly:

Q4, =LD(A%, —0® 0" A°,), (A8)

o™, =A™, A% 0% , (A9)

T,%=A" A% ,"—(a<b) , (A10)

T,%=0",,=0,""=0, (A11)
where A", is the inverse of AY,:

A" A% =8", AY A", =87 . (A12)

Relation (A9) suggests to use A?, and A™, for index con-
version, according to the rules

fi=Aa°,fm, (A13)

fo=A"f,. . (A14)
Then, for example, (A10) takes the form

T,%=w,—ob . (A15)

In order to convert also the index positions, we define
the matrices y and 3 by

(at=yo, (A16)

1.7=p,1, (A17)
which implies

Bly=1. (A18)

Taking the Hermitian adjoint of the algebra (A3), we ob-
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tain relations for all quantities obtained so far, summa-
rized by the rule

I =7 B~y ™) aBog (fep )" (A19)
where one may identify

o, "=o", , (A20)

w,t=wb, (A21)

and similarly for Q and A. This provides the possibility
to convert all upper and lower indices of a certain object
into each other. Note that it is not possible to raise and
lower indices individually (e.g., to obtain w,,,;). One may
easily verify from (A13), (A14), and (A19) that the laws
for index type conversion and index position conversion
are compatible. Thus one may express all quantities with
respect to the index type, say, m.

The covariant fields may now carry arbitrary indices,
e.g., |[x®™). The rule (A19) describes also the transition
from a bra to a ket. Consider, for example, a field [y™).
Its naive bra is denoted by ,...{x™|. The correct “co-
variant” bra is defined according to (A19) as

<Xa|=naive<)(ml(y_])ma . (A22)
A possible form for a “covariant” scalar product is
Kol A% XY = IX™ (A23)

It is clear now how to define the covariant Virasor opera-
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tors D?,D™, etc.
The formalism of Sec. III is recovered by choosing the
basis

= ‘/12_0 L, (A24)

I,= T/;:mL - (A25)
In this case,

Al =87, (A26)
and

y=B=1. (A27)

Hence, it is not necessary to distinguish between the two
index types, and the rule (A19) becomes the law that
complex conjugation converts the index position, as in
(3.5), (3.12), and (3.13). Note that in order to obtain
(A26), the square roots in the definitions above are neces-
sary. The most general basis satisfying (A26) is obtained
from the above one by applying (A4) and (AS) with
AB =1. In order to maintain also (A27), one has to
choose in addition 474 =1. The basis (A24) and (A25)
we used in the text is just the most convenient one.

All “covariant” formulas of Secs. III and IV may as
well be interpreted with respect to a general basis without
any further modification.
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