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P-wave pion scattering in the Los Alamos soliton model
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P-wave pion-nucleon scattering at low and intermediate energies has been calculated in the Los
Alamos soliton model that describes the nucleon as a self-consistent soliton state of a dynamic QCD
bag or core interacting with its pion field. The P-wave phase shifts in the 11 and 33 channels and
the inelasticity in the 11 channel are computed within the subspace consisting of at most one physi-
cal pion plus one of three soliton states of the dynamic bag or core with its pion field. The soliton
states used in the calculation are computed within an approximation that treats only pionic excita-
tions of the self-consistent nontopological soliton ground state corresponding to the nucleon and
neglects excited states of the core motion. Within this approximation, the soliton states used are the
model's lowest two 11 states and lowest 33 state; these states can be thought of as the nucleon, Rop-
er, and 6 states, where the latter two are in first approximation discrete states in the continuum.
The coupling of the excited states to the continuum states gives the states a width in the usual way.
The position of the 33 resonance is found to be sensitive to the value of the bag or core radius. The
present approximate description of the scattering does not give a resonance in the 11 channel. The
implications of these results for future work on the soliton model are discussed.

I. INTRODUCTION

For some time models motivated by the expected
features of quantum chromodynamics have provided a
useful framework for trying to understand the structure
of the nucleon. The first such model was the MIT bag
model' of the nucleon. This was then improved by in-
cluding an interaction of the static quantum-
chromodynamic bag or core with the pion field; in the
resulting cloudy-bag model (CBM), the choice of interac-
tion was motivated by considerations related to chiral
current conservation. More recently, the CBM has been
modified to include motion of the QCD core. As was
shown in Ref. 3, the inclusion of core motion leads to the
interpretation of the nucleon as a nontopological soliton
ground state of a translation-invariant Hamiltonian; in
this picture, the effects of the core motion on the nucleon
parameters were shown to be substantial, with a
significant decrease in the value of the core radius that
gives best overall agreement with the data. This picture
of the nucleon as a nontopological-soliton state of a
dynamical QCD core interacting with its surrounding
pion field is su%ciently different from the cloudy-bag
model that we propose to call it the "Los Alamos soliton
model" (LASM) of the nucleon. In the CBM the interac-
tion between the static bag or core and the pion field in-
volves transitions between neutron and proton core states
as well as transitions to and among isobar core states
through pion emission and absorption. The studies so far
of the effect of the core motion on the various nucleon

parameters were based on a version of the CBM where
the isobar core states were not included. We believe that
this truncation of the CBM does not compromise the im-
portant effects of core motion on observables.

In the LASM, the nucleon consists of a nonstatic core
surrounded by its pion field; the core motion and the pion
field are determined self-consistently from the Hamiltoni-
an. The core emits and absorbs pion quanta as in the
CBM. Like the Skyrme model, the LASM attributes a
significant role in nucleon structure to the pion field. In
determining the soliton ground state of the system of the
nonstatic core with its pion field, the core is treated as a
point particle whose motion is determined in a self-
consistent way by balancing the kinetic energy of the core
motion against the interaction energy of the core with the
pion field. In the interaction of the system with the elec-
tromagnetic field, the internal structure of the core is in-
cluded by using a form factor from the MIT bag model
corresponding to three massless quarks in their lowest s-
wave modes, as in the CBM. The spirit of the LASM is
thus similar to the nuclear shell model where the nu-
cleons are treated as point particles in the Hamiltonian
that determines the wave functions of the various states
and treated as extended objects with form factors in their
interaction with the electromagnetic field.

The underlying physical picture is that the nucleon has
two rather distinct regions. There is an inner region in
which the net quark density (quark density minus anti-
quark density) is substantial and an outer region in which
the net quark density is negligibly small. The interesting

39 1304 1989 The American Physical Society



39 P-WAVE PION SCATTERING IN THE LOS ALAMOS SOLITON MODEL 1305

parameters of this picture are the size or radius R of the
inner region and the thickness of the transition between
the two regions. In the CBM and the LASM, the transi-
tion region is considered to be small enough to be
neglected and only the core radius R enters the Hamil-
tonian. The eventual determination of the nucleon
ground state as a particular solution of the QCD Hamil-
tonian will presumably give the true parameters of the
shape of the quark density distribution.

In the approximations that have been used in Ref. 3 to
treat the LASM Hamiltonian, only p-wave pions interact
with the s-state core. Moreover, in the nucleon ground
state of the system, the virtual pions were shown to be in
a single (nine isospin-spin substates) p-wave mode, which
is called the "internal" pion mode (nine modes). The part
of the pion field that is orthogonal to the internal modes
is the "external" pion field, and the idea of the separation
of the pion field into internal and external parts is that
the internal modes interact strongly with the core while
the interaction of the external pion field with the core is
weak.

In the LASM there are three fundamental modes of ex-
citation of the nucleon state. The first is common to the
MIT bag model, the CBM, and the LASM: namely, exci-
tation of the state of the quarks within the core. The
second is shared by the CBM and the LASM and consists
of excitation of the state of the pion field surrounding the
core; this mode of excitation is also treated in the Skyrrne
soliton model of the nucleon. The third fundamental ex-
citation is unique to the LASM and consists of exciting
the quantized motion of the core from its ground state to
an excited state.

In this paper we explore some properties of the pionic
excitations in the LASM. As has been shown previous-
ly, the core radius in the LASM is considerably smaller
than that in the CBM, so that it is necessary to recom-
pute the pion-nucleon phase shifts. In the approxima-
tions that have been used in Ref. 3 to treat the LASM
Harniltonian, only p-wave pions interact with the s-state
core; hence only the p-wave phase shifts are nonzero.
Calculation of the s-wave phase shifts will require a more
sophisticated treatment of the LASM Hamiltonian; it will
be necessary to include p states of the core motion. In
addition, the values of the bare pion-nucleon coupling
constant are rather large for smaller bag radii. For this
reason, we have used a method for the scattering calcu-
lation that treats the strongly coupled internal modes of
the pion field to all orders while considering only states in
which at most a single quantum of the weakly coupled
external pion Geld is present. Within the designated sub-
space, the calculation is exact and therefore the resulting
T matrix is unitary.

The results presented here are limited by several con-
siderations. Most evident are the limitations due to the
approximations used in treating the LASM Hamiltonian.
Another limitation is the omission of important physical
effects from the model in its present state. For example,
the effects of the pionic contribution to the nucleon mass
have not yet been incorporated in the computations. Pre-
lirninary studies indicate that these effects may be sub-
stantial and lead to a further decrease in the core radius

that gives the best agreement with the data. Also, the
core motion has been treated nonrelativistically up to this
point; relativistic effects need to be included before a de-
tailed comparison with the experimental data will be sen-
sible. Our interest at present is in the trend of the com-
puted phase shifts, rather than in the detailed comparison
with experimental results.

The qualitative questions that can be addressed at this
point relate to the P33 and P» pion-nucleon phase shifts.
The results of the computations described below can be
summarized as follows: The P33 phase shift at low and
medium energies can be described in the LASM as aris-
ing from excitation of the pion field around the core; that
is, the calculations without the inclusion of quark excita-
tion give a resonance in the P33 partial wave at a relative-
ly low energy. Also as in other models, the P» phase
shift does not have a resonance at low or medium energy.

The energy of the P33 resonance in the LASM is re-
markably sensitive to the bag radius. This is quite en-
couraging, because it may indicate that when the model
incorporates the physics that is still lacking, it will be
possible to use the 33 partial wave to determine the core
radius in the model with considerable accuracy.

For the 11 partial wave, there remains the possibility
that the resonance is associated with excitation of the
core motion out of its ground state into the 2s soliton
state. Calculations that might explain the Roper reso-
nance in this way are being pursued.

It is clear from all of the above that the LASM in its
present state and with the approximations that have been
used to treat it up to the present, is at best a very incom-
plete description of the nucleon. For this reason, it
would be premature to make detailed comparisons with
the experimental data available for the pion-nucleon sys-
tem. Until there is a better understanding of the physics
that is responsible for the resonance in the P» partial
wave, as well as some quantitative results on the effects of
the contribution of the pion field to the nucleon mass and
the effects of using relativistic kinematics for the core,
such comparisons and the resulting inferences concerning
the validity of the model are not meaningful. On the oth-
er hand, the model does agree qualitatively with some of
the static properties of the nucleon and does give a reso-
nance in the P33 partial wave. These results indicate that
further research into the properties of the LASM Hamil-
tonian may well shed light on the physics of the nucleon
and possibly lead to calculations that can be confronted
with the pion-nucleon data in a meaningful way.

The following section gives the details of the LASM,
while Sec. III describes the method for computing phase
shifts. Section IV presents the results of the computa-
tions and Sec. V summarizes the work.

II. DESCRIPTION OF THE MODEL

The model is formulated in terms of a Hamiltonian
that describes a fermion core interacting with a pion field
via a Yukawa (single-pion emission and absorption) in-
teraction:



1306 M. BOLS'rERLI AND J. A. PARMENTOLA 39

H = Te +H~ +H Y„kiowa +H Yukawa

Z;= f 4 (p) 4(p)dp,

H„= f co(k)a i (k)ai (k)dk,

Hv„„,„,= —f Ji (k)dk,
16m co(k)

J&(k)= f 4~(p)rirJ J k, 4(q)5(p —q

(2.1)

proximation and the annihilation operator for the pion
field can be replaced by its p-wave part a((k):

1/2 k
ae(k)= g ae (k) .

3
(2.4)

4m

Then the localized-state Hamiltonian for the p-wave
pions is

~f.s = r„o,+~'. 1'~ss-

H~ = f co(k)a(t(k)a( (k)dk,

~—~LS sos +~ss , +s,os f M ~f(p) ~ dp

Hss=~ +ri f u(k)[ai(k) —ai( —k)]dk (2.3)

—k)dpdq .

Here the operator %(p) annihilates the core with momen-
turn p; the core mass is M; in the present calculation M is
taken to be the nucleon mass. The operator ai(k) annihi-
lates a pion with momentum k; co(k) =(k +m )' is the
energy of the pion; m is taken to be the charged pion
mass; the summation convention is used for the pion iso-
spin index k. For the specific case of the cloudy-bag in-
teraction that has been used in the calculations done so
far, the pion-nucleon current operator J is taken to be
independent of its second argument:

3j, (kR)
J (k, K)=f c (k), c (k)=; (2.2)

m
' kR

the factor i that sometimes appears here has been ab-
sorbed into the annihilation operator ai(k). The factor
c(k) is the characteristic form factor that comes from
chiral-current continuity arguments.

It has been shown in previous work that this Hamil-
tonian has a ground state that is a nontopological soliton.
In order to set the stage for the scattering computations,
it is necessary to describe the procedure used to derive
the soliton state. This is like the procedure used in the
nuclear shell model, where a localized state is used to
generate an approximate ground state of a translation-
invariant Hamiltonian. Instead of single-particle states
for the nucleons, there are two kinds of modes here: one
for the core and one for the pion field.

The states are first restricted to the subspace in which
there is a single core present. Then the assumption of a
"single" (four isospin-spin substates) s-wave radial func-
tion or mode f (r) for the core transforms the original
Hamiltonian of (2.1) into a localized-state (LS) Hamil-
tonian with two parts, the Grst of which is the expecta-
tion value of the kinetic energy of the core in its s state,
and the second has the form of a static-source (SS) Ham
iltonian for the pion Geld in which the source density
function contains the effect of the core motion:

Y~ss =bio J. f u„(k)[ai.(k)+ai (k)]dk,
0

fk'c(k)p(k)
+12m. co(k)

p(k) = f e '"'~f (r)
~

dr .

(2.5)

a( (k)=Hi P(k)+a(. (k) . (2.6)

The appropriate form of the internal mode P(k) has been
determined to be (note that u and P are real)

u (k)
G (k) ' (2.7)

where G is a normalization constant,

~ v~k
&k

~ kckPk
co (k) 3am o co3(k)

(2.8)

and P is the bare coupling constant:

f2

4m.
(2.9)

The energy of a pion in the internal mode is

~=&~)= f "~(k)ly(k)~'dk

P f [k c(k)p(k)]
3vrG m o ai (k)

(2.10)

With these choices, the localized-state Hamiltonian be-
comes

This Hamiltonian for the p-wave pion field is the one
that has been treated in Ref. 5. The treatment in the rest
of this section follows the method developed there. As in
that work, the p-wave pion is assumed to be in one of the
nine substates of a "single" p-wave pion mode; that is, the
pion field annihilation operator a( (k) is written in the
form

u(k)= f "p" -(k)= f e
—I~'~f(r)~2dr

+16m co(k)

This form for H„s means that only p-wave pions can be
emitted and absorbed by the source. Therefore, other
partial waves are unscattered in this single s-mode ap-

HLs H]] +H J +HI +H~ (2.1 1)

The internal Hamiltonian HI~ is obtained by neglecting
the terms involving the external field operators aii(k)
and aii(k):
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Hll=T o + RH~ =T 0 + VA~

H =G h~=A . A —Gp (At+A),
3= g [A~;A~; —Gpu(A~;+A~;)] (2.12)

external meson, generated by one of the operators a& z.
The details of the method for evaluating the T matrix are
given in Ref. 5.

In the one-meson sector of HLs, the result for the T
matrix in the (IJ) subspace for the transition from the
m+P channel to the ++y channel at complex energy A, ,
rs

pgi = vgH]' T& (A, ) = —M& (A, )P(p)P(q); (3.1)

The energy operator for the external p-wave mesons is

H i= J coi(p, q)a(~i(p)a( i(q)dp dq,
(2.13)

~,(p, q) =~(p)&(p q) —[ai(p—)+~(q) ~]P(p)P'(q)

and the interaction of the core and the internal mesons
with the external meson is

Hi= g(A —Gp)i J [co(k)—W]P(k)a( i(k)dk .

(2.14)

It is clear from the foregoing that the quantities T, o„
8' and G that occur in H~l are all functionals of the core
wave function f, so that the ground-state energy e of H)
is also a functional of f. Reference 3 showed that the
function f that minimizes e's[f] is very nearly an ex-
ponential function. The soliton ground state consists of
the pionic ground state of Hz surrounding the core with
wave function fz.

III. PHASE SHIFTS IN THE ONE-MESON SECTOR

The operator Hll has a discrete spectrum; its eigen-
states are called the "internal" states and denoted la);
the state la) belongs to the eigenvalue e of Hi. The

computation of the spectrum of Hll has been the subject
of considerable work.

The "one-meson sector" consists of all the internal
states la), as well as all the states ag i(k)la). The state

a)~~~

(k) la ) is an eigenstate of the asymptotic Hamiltoni-
an Hl +H i belonging to the eigenvalue e +co(k). The
internal state la) belongs to the eigenvalue e of the
asymptotic Hamiltonian.

The phase shifts in the one-meson sector are computed
by diagonalizing the localized-state Hamiltonian Hzs in
this sector. This procedure guarantees that the resulting
T matrix is unitary. Owing to the conservation of isospin
and total angular momentum, the Harniltonian couples
only states with the same values of total isospin I and to-
tal angular momentum J. The (I,J) subspace contains
states lP ) with I =I and J&=J, as well as statesP
a(ji(k)ly) for which ly) can couple to a p-wave pion to
give total isospin and spin I and J, that is, Iz =I,I+1 and
J&=J,J+1. In a previous paper, the "one-external-
meson" (1EM) approximation to the T matrix was formu-
lated, and the T matrix was evaluated in that approxima-
tion. The 1EM approximation includes all graphs in
which any number of internal mesons, generated by the
A &. operators, are present together with at most one

here M is a matrix:

Mu(X) = 1

J(A, )

1 ut 1 u 1

J(g) Au k J(g)

Jpr(A, ) =5pr Jp(A, ),
(3.4)

P [k(co)]

Ep co( k) I, Ep co

and since P(k) is real, it follows that

Jp(A, *)=Jp(A, ) .

The matrix 5 is given by

(3.5)

biir(A, ) =5P (A, —EP)

—gcu x ~ —w — c"'.Ã 0 J (g) Er (3.6)

The zeros of det(h ) are the discrete-state energies in the
IJ subspace in the 1EM approximation.

The first J '(A, ) term in the M matrix of Eq. (3.2) can
be interpreted as representing the scattering that would
occur if all of the C coefFicients were zero in HLs, that is,
it is the scattering matrix generated by the Harniltonian
H~l+K j. This "orthogonality scattering" is just due to
the orthogonality of the external meson field to the inter-
nal modes. Mathematically, it takes the form of scatter-
ing oft' of a sum of three separable potentials; this can be
seen by carrying out the diagonalization of H z. As was
noted in Ref. 5, in weak coupling some of the C
coefficients approach 1. Although some of the C
coefficients are of order unity, the 1EM approximation
becomes exact in weak coupling, where there is a cancel-
lation of the two terms in M and the T matrix goes to
zero. In general, the second term in M gives rise to reso-
nances where the real part of detA has zeros; between the
resonances the "orthogonality scattering" term in M ap-

where the notation 1/A is used to represent A ' for ma-
trices A. In (3.2) C is the matrix of the current opera-
tor A —Gp for absorption of internal mesons:

c,",= &Pl[(A' —Gp), ly &]", (3.3)

where the curly brackets indicate vector (Clebsch-
Gordan) coupling; the C matrix depends only on the
internal Hamiltonain H~~. The matrix J is diagonal with
elements
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pears to dominate when the coupling is strong, that is, for
smaller values of the bag radius. Thus, for strong cou-
pling it is sensible to regard the T matrix as the sum of a
background orthogonality-scattering term and a resonant
scattering term, while for weak coupling this distinction
is no longer valid.

The on-shell conditions for T& rq(A, ) are

—0. 2

—0.4

=up+ co(p)+i 0 =E~+ co(q)+i 0 (3.7)

and the on-shell elastic T matrix for scattering off the a
state is

TIJ [e. +co(p)+iO]= M[—e +co(p)+iD]$ (p) .ap, ap

(3.8)

—0. 6

—0. 8

The relation of the on-shell T matrix to the complex
phase shift 6 (p)+ig (p) for the elastic scattering from
the state a in the IJ supspace is given by

—l =2 ' TI [e +co(p)+iO]e e —= 7il ap, ap a
QCO

—1.2
2 3

pion total energy in pion masses

=2mig (p) M [e +co(p)+iO) .

(3.9)

For the phase-shift calculations, it is important to use
values of the C coefficients that are as accurate as possi-
ble. As was noted in Ref. 6, the diagonal elements C«
are zero for the exact eigenstates of Hll. In order to have
a convenient method of satisfying this constraint, a new
canonical-transformation technique was used to com-
pute the eigenstates of Hll and the C matrix elements.

IV. RESULTS OF THE CALCULATIONS

As in the computation of the static properties of the
nucleon in the LASM, the only free parameter in the

FIG. 2. The P» pion-nucleon phase shift as a function of the
total pion energy for various values of the core radius R.

p ase-hase-shift calculations is the bag radius R. The internal
states that were used in the computations are the two
lowest 11 states and the lowest 33 state. The calculated
P-wave phase shifts in the 33 and 11 channels and the
inelasticity in the 11 channel for various values of R are
shown in Figs. 1, 2, and 3. As was noted in the Introduc-
tion, these results are limited both by the fact that some

p yhysical effects have not yet been incorporated in the

2. 5

33 phase shift in radians for various R
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FIG. 1. The P33 pion-nucleon phase shift as a function of the
total pion energy for various values of the core radius k.

FIG. 3. The P» pion-nucleon inelasticity as a function of the
total pion energy for various values of the core radius R.
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Hamiltonian as well as by the approximations that have
been used to treat the Hamiltonian. The trend of the re-
sults for the 33 phase shift is in reasonable agreement
with experiment up to pion kinetic energies of approxi-
mately two pion masses for a bag radius of about 0.45 fm.
With the approximations employed in this paper the pre-
diction for the 11 phase shift compares poorly with the
data; it is too large and negative and lacks the resonance
that is exhibited by the data. Clearly there is some phys-
ics missing from the 11 phase shift and therefore it would
be unreasonable to compare predictions for the 11-
channel inelasticity with the data.

As was noted in the Introduction, there is a unique
feature of the LASM that might lead to a lower-energy
resonance in the P» channel like the Roper resonance:
namely, the possibility of a 2s excitation of the motion of
the core. On the other hand, a proper description of the
Roper resonance might require an enlargement of the
subspace to include states with two physical pions. We
are currently exploring the erst possibility.

V. SUMMARY

The P33 phase shift and the P» phase shift and inelas-
ticity have been computed in the Los Alamos soliton
model of the nucleon in the approximation in which the
core is restricted to its lowest s state and therefore in-
teracts only with p-wave pions. The internal pions that
dress the core are treated to all orders in the scattering
calculation, while the scattering states contain at most
one asymptotic pion. The results show that the P33
resonance may be due to excitation of the pion field
around the quantum-chromodynamic core. In this model
the 33 resonance is sensitive to the size of the bag. On
the other hand, the P» resonance at 600 meV seems to be
of a different nature, possibly involving excitation of the
core-motion wave function to a 2s state.
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