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The construction of symmetric reflectionless potentials with an arbitrary bound-state spectrum is
compared using supersymmetric quantum mechanics and using vertex operators. The simplicity of
each method may have useful consequences for the other.

It is relatively easy to construct the unique symmetric
reflectionless potential ¥ (x)= ¥V (—x) possessing an arbi-
trary bound-state spectrum. In part for this reason,
several of us have employed such potentials over the past
ten years as a means of describing arbitrary potentials
such as those encountered in quarkonium systems.! ~°

In this Brief Report we note that techniques associated
with vertex operators’ allow an extremely concise deriva-
tion of a form previously obtained® for such potentials.
By comparison with results obtained>® using supersym-
metric quantum mechanics,’ we find an alternative repre-
sentation of the vertex operator in terms of Schrodinger
wave functions. Finally, we comment on the fact that the
same level cannot be inserted twice in constructing sym-
metric reflectionless potentials. This extends a previous
observation,* and makes contact with the supersym-
metric nature of the transformation which adds a level to
a potential.

We seek a potential V(x) in the one-dimensional
Schrodinger equation

2 g2
.

i Y(x)=E(x) (1)

with the following properties.

(a) The potential is symmetric: V(x)=V(—x). The
odd-parity solutions of Eq. (1) then are the appropriate
reduced radial wave functions u (r)=rR (r), satisfying
u (0)=0, for S waves in a central potential V' (r).

(b) The bound states in Eq. (1) occur at energies

E,=—#%2/2u " )

Henceforth we shall set i=2u=1.

(c) The potential V(x) leads to scattering without
reflection. As a result, the construction of V(x) is possi-
ble on the basis of its bound states alone.!° Scattering
data, normally required in the inverse-scattering formal-
ism,!! may be dispensed with.

The result for V' (x) satisfying conditions (a)-(c) above,
obtained in Ref. 3, is that

d2
V(x)=—2—;;lnD(x) , 3)

where
D(x)=3I(S,S)cosh [x [ 3 kn— 3k, 1] - 4)
N mes nes
Here we define the order of levels such that
Ky>K,_1> """ >K (5)
and
_ K; +Kj
s, s)= 3 — (6)
ies;jes | Ki T Kj
When the set S or S is empty, II(S,5)=1. As an exam-
ple, for one level, at E = — &2,
DW(x)=coshkx , (7)

corresponding to

VV(x)=—2k?/ cosh’x , (8)
while for two levels,*
D?(x)=2[cosh(k,+x,)x +g,cosh(x; —x;)x] , 9)

where g, =(k;+x,) /(ky— k).
The potential ¥ (x) in the Schrodinger equation may
be regarded as an instantaneous ‘‘snapshot” of a family

of solitons of various nonlinear equations. The
Korteweg—de Vries equation!? is the simplest of these:
U, =u,,, +oéuu, . (10)

The multisoliton solutions of Eq. (10) are just the families
of reflectionless potentials:

Vix)=—u(x,t=0). (11

The one-soliton solution of Eq. (10), related to the one-
level potential (8), is

u (x,t)=2k%/ cosh’(x —x,+4K*t) . (12)

In general there will be equations of order 2n +1 in x,
and first order in ¢, whose one-soliton solutions are of the
form
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u (x,t)=2k*/ cosh’[x —xo+(2c)*"] . (13)

One may regard the solitons as evolving according to
infinitely many time variables, labeled as ¢5,¢5,¢;, ..., in
such a way that, for a single soliton,

u(x,t3,ts,. . .)=2k*/ cosh’c | x —x,

]

+ 3 ()" 41

n=1

(14)

(Here we have absorbed some powers of 2 into definitions
of t,, +1.) It has then been shown”!>!* that the general
N-soliton solution is of the form

92
un=2§z—ln'rN , (15)
with
T, =[A4,X(k,)+B,X(—«k,)]m, (16)
and

X (k)=explkx +13ty+6ts+ -+ )

(17)

The operator X (k) is known as the vertex operator.® It
has appeared previously in the dual resonance model, the

|

X (k)X (k') =exp(kx +&3t3+ - -+ )exp |k’

© (K' /K )2K+ 1

=exp |[— 3,
2 2k+1
But
< (K'/K)2k+1:l1nl+K'/K
2 2k+1 2 1=/’

leading to (19).

x—l ]+K'3
K

explkx +3t;+ -

forerunner of string theory.!® The function 7, may be
defined to be 1. The ratio of the coefficients 4, and B,, in
Eq. (16) is a free parameter for each n, while multiplica-
tion of 7, by an overall factor does not change u,,.

The one-soliton solution which is symmetric in x at

ty=ts= - - =0is generated by
P =[X(k)+X(—x)]1 . (18)
At t3=ts=--- =0, this agrees, up to an irrelevant

overall factor, with the result (7).
A useful identity!” is

172
e | K—K
X (k)X (k')1= e exp(kx +k3t3+ cee)
Xexp(k'x +3ty+ ). (19)

This is most easily proved (let us take x> k') by noting
that

oo [ L3
P prf atp

is a shift operator:

19 |,
exp o 1, ’f(tp) f ‘tp o ] . (20)
Then
ta— —— + e
PO ]
“)expli'x +BPty+ ) (21)

(22)

One finds, first of all, that X (x)X (x)1=0. Physically this corresponds to the fact that one cannot add the same level
to a potential twice. There is no degeneracy of bound states in one-dimensional quantum mechanics. (For an earlier
discussion in the context of the inverse-scattering method, see Ref. 4.)

The two-level symmetric, reflectionless potential may be obtained from

™ == == [X () + X (=) ]1X (k1) +X (—ky)]1
ey — 1/2 +r, 172
= pagrpy cosh(k;+x,)x + P cosh(k,— K )x (23)
[
Up to an inessential overall factor, this is just (9). and
The construction of the symmetric, reflectionless n-
level potential is now straightforward. We define 9?
V,(x)=—2—nym" (25)
tYmm=[X (k,)+X (—k,)]tymm (24) ox f=ts= =0
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The shift operators contained in X(x,), acting to the
right, generate products

172
n—1 K,,in

K, +Kj

j=1
when acting on the exponentials in 7V2]. If we divide
out all the factors of the form

172

Ky —K;

K, tkK;

we just obtain the result (4).

The product of N vertex operators X (ky) - - X (k)
(ky Z -+ Zk;) acting on 1 will vanish when any two lev-
els are made to coalesce, because of the ubiquitous factors
K~k 172
K;tkK;

Again, degeneracy of levels in one-dimensional quantum
mechanics is forbidden. (A slightly more involved proof
applies to the symmetrized version leading to 75.) The
vertex operators act like fermions in this respect, obeying
an exclusion principle. There is thus a further connection
between the vertex operator (which performs a Backlund
transformation,'® adding a soliton) and the supersym-
metry transformation in supersymmetric quantum
mechanics, which adds a level to a potential. (These
connections were noted in Ref. 20.)

In practice for large n there turns out to be a more use-
ful way to evaluate V,(x) than to compute D (x) in Eq.
(4). One solves the chain of equations

fi=fo=V, _(x)+K2 [Vo(x)=0],

2 [— 2 — (26)
fr+fr=V,(x)+k:, n=1,...,N,

easily derived using the methods of supersymmetric
quantum mechanics.>® Symmetric potentials are ob-
tained if one imposes the boundary condition f,(0)=0.
The equations for f2—f, are Riccati equations which
may be linearized using the substitution

fo=—w./w, 27)
so that
w, /w, =V, _(x)+i2 . (28)

But this is just the Schrodinger equation for w,, in the po-
tential ¥, _,(x). Since —«? is below all bound-state ener-
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gies in ¥, _,, the wave function w, (x) [obeying w, (0)=0
in order that f,(0)=0] is even in x, nodeless, and
diverges exponentially at x =+ . It has been encoun-
tered previously in related studies.?’ The ground-state
Schrodinger wave function in ¥, (x), with bound-state en-
ergy —x2, turns out to be just 1/w,(x) (Refs. 5 and 8).

Numerically in Egs. (26) one only has to perform a sin-
gle “sweep” of the integration region, passing informa-
tion obtained on w;(x) at the kth integration step back to
the (k —1)th step in the determination of w; ,(x) (Ref.
5).

Taking differences of pairs of Egs. (26), one finds

' ??
V,,—Vn_1=2fn:—28x2 Inw, , (29)
which implies
N
Dy(x)= ] w,(x) . (30)
n=1

In particular

7',,|,3=,5=..,=0=wn(x)'r,,~1|,3=,3=...=0. 31
If V(x) is replaced by —u(x,t;,ts,...) and the corre-
sponding w,(x) by w,(x,3,ts,...), it is in fact true”'
that
T Xk, -
n__ n’tn—1 zwn (32)
Th—1 Tn—1

for arbitrary times ?5,%5,. .. .

We have thus shown one example in which a problem
associated with a vertex operator is most directly solved
by recourse to the linear problem, involving determina-
tion of the “fake” Schrédinger wave functions w,(x). We
would expect this result to have useful generalizations.
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