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We determine the value of the current b-quark mass using the existing detailed experimental in-

formation in moment and Borel-transformed sum rules for the vector b-quark current by„b. The

resulting value {m~ =4. 17+0.02 GeV at p = —mb) is used for calculating the decay constant fs
and the mass of the B meson via two sum rules: one constructed from the correlation function of
two pseudoscalar currents and the other from the correlation function of a pseudoscalar and an

axial-vector current. We find fs = 170+20 MeV.

I. INTRODUCTION

In view of the recent measurement of BB mixing' the
value of the leptonic decay constant fit of the B(bd)
meson [Ma =5.27 GeV (Ref. 2)] is of considerable
significance. In the theoretical evaluation of this mixing,
one of the major uncertainties is the estimate of the ma-
trix element

(B
~
[by„(1—ys)d t ~

B ) = ,'BfaMt—t .

A low value of fit (together with a low value of B) would
make it hard to reconcile the measured value of the BB
mixing with a low mass for the top quark. However, the
range of values of fit existing in the literature is large.
Even the values obtained from various types of @CD sum
rules differ by more than a factor of 2. In such a frame-
work ftt has been determined for the first time in Ref. 5

using moment sum rules, which led to a high value of fit
due to an improper treatment of continuum contribu-
tions. This was corrected in Ref. 6, where Borel-
transformed sum rules resulted in a low value for fit
(fit —f ). Subsequently, it has been pointed out in Ref. 7
that the value of the on-shell b-quark mass used in Ref. 6
is too high and has led to a serious underestimate of fit.
The value for fit quoted in Ref. 7,

P(x) =d(x)iysb(x)

with the axial-vector current

A„(x)=d(x)y„ysb(x) .

(1.3)

(1.4)

II. DETERMINATION OF THE b-QUARK MASS m&

In this section we shall determine the value of the b-

quark mass using moments of the polarization function of
the vector current j„(x)=b(x)y„b(x):

'n

M„= — II(Q')
n! dQ2 Q2 p

Both currents couple to the B meson with coupling

f~M& Im and ifttp„—, respectively. Here, m is the mass
of the b quark (we shall use this notation throughout the
paper). The resulting sum rule is used in combination
with the sum rule employed in Refs. 6 and 7, and makes
it possible to have better control over the parameters of
the method. In particular, the continuum threshold sp
will be fixed unambiguously. An extra check is provided
by using the new sum rule for determining Mz. This is
carried out in Sec. IV. In Sec. V we summarize the re-
sults and state our conclusions.

ftt ——190+30 MeV, (1.2) Imrr s
1 8s

n+1 (2.1)

has recently been confirmed in Refs. 8 and 9. (It should
be noted that our definition of fit is ~2 larger than in

Refs. 8 and 9.) Actually the Borel sum rules employed in

obtaining the value (1.2) are very sensitive to the value of
the b-quark mass (this fact has also been observed in Ref.
9}.

In the present paper we shall furnish further evidence
in favor of the value (1.2) in two ways. First {in Sec. II},
we shall reduce the uncertainty in ftt by using the exist-

ing data on the vector polarization function in the bb sys-
tem (the T resonance and its radial excitations} to obtain
a very accurate determination of the b-quark mass. The
better experimental information available at present
makes it possible to improve the result of Ref. 10.
Second (Sec. III), we shall construct a novel sum rule
from the correlation function of the pseudoscalar current

Taking into account the first-order a, correction and the
gluon condensate contribution to II(Q ) we obtain, for
M„, the expression"

(2.3)

Explicit formulas for a„and b„can be found in Ref. 11,
while

3 X 2"(n + 1)(n —1)! 1

4~ (2n+3)!! (4m )"
(2.4)

where Q = —q and

(q„q„—g„„q )II(q )

=t fd'x e "(0
~
~[j„(x)j„(0)]

~

0) . (2.2)
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y, =—~' 0 * G' 0) (4m'}'-1.5X10
9

(2.5)

is so small (m -4.2 GeV) that for n (10 the gluon con-

Although the actual values of a„and b„are of minor

concern to us here, we have listed them for completeness
in Table I. It is only important to realize that for n )9
the a, correction in (2.3) becomes too large for the first-

order approximation to be reliable, and that, for the bb
system the value of Pb,

densate contribution in (2.3) can safely be neglected (for
more details see Ref. 10}.

It can also be seen from (2.4) that the moments M„are
very sensitive to the value of m. So by comparing M„'""'
with a phenomenological expression calculated by using
the detailed experimental information available in the bb
vector channel an accurate determination of m can be
made. Experimentally, six resonances have been
identified in this channel. Their mass values and elec-
tronic widths are'

Y(1S): M=9.4600 GeV, I (e+e )=1.33+0.06 keV,

Y(2S): M =10.0234 GeV, I (e+e ) =0.60+0.04 keV,

Y(3S): M =10.3555 GeV, 1(e+e }=0.43+0.03 keV,

Y(4S}: M=10.5770 GeV, 1(e+e )=0.24j0.05 keV,

Y(5S): M =10.8650 GeV, I (e+e )=0.31+0.07 keV,

Y(6S): M=11.0190 GeV, I (e+e )=0.13+0.03 keV .

(2.6)

The I (e+e ) values of the first three resonances include
the latest (surprisingly large) corrections to the e+e
widths. ' ' Using the relation (assuming 5-function reso-
nances)

Imll(s)= g 2M+I' i(ie e+ )5(s —Mz)
4a

$0
Mtheor s Imiltheor(& }n

7T 4m~ Sn+1
(2.8)

This implies that the a„and A„ in (2.3) become functions
of so as well. Second, we shall not use a, as an indepen-
dent variable, but calculate it via the formula

+continuum contributions, (2.7)

we can calculate the experimental moments M„'" '. The
error in M„'"~' is determined by the error in 1(e+e ),
which we take to be 5%.

Before going over to a comparison of M„'""' and M„'" '

a few remarks are in order. First, we shall not assume a
simple 8-function behavior for the continuum contribu-
tion as is done in Ref. 10, but instead subtract the in-

tegral from the continuum threshold so to infinity in the
theoretical moments, i.e., M„'""'becomes

a, (4m )= 12m. 1

in(4m /A )
(2.9)

with A=100—150 MeV. Third, we have to note that the
renormalization point of m is p = —m (in the Landau
gauge). The choice of a different normalization point
would affect the values of a„ in (2.3). The normalization
point p = —m has been chosen" to ensure that the a,
corrections in (2.3) are sinall in order that the approxima-
tion makes sense. Having determined m (p = —m ) it is

TABLE I. The values of the coeScients a„and b„ in Eq. (2.3) for n =1—10; the resonance contribu-
tion to the experimental moments for the resonance set (2.6) and to the theoretical moments for the pa-
rameter set (2.11) and A=150 Mev.

1

2
3
4
5

6
7
8
9

10

a„

0.734
0.706
0.508
0.216

—0.140
—0.543
—0.981
—1.448
—1.938
—2.449

3.4
13.3
32.7
64.6

112.0
177.9
265.2
377.1

516.5
686.4

102& + 1~theor
n

0.126
0.128
0.132
0.138
0.146
0.156
0.167
0.180
0.192
0.202

102n + l~exPt
n

0.125
0.128
0.133
0.139
0.146
0.155
0.166
0.178
0.193
0.209
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easy to transform to the gauge-invariant on-shell quark
mass m (p = +m ) via the formula"

m(p =+m )=m(p = —m ) 1+ ln2 (2.10)

ni(p = —m )=4.17+0.02 GeV,

+so=11.6+0.2 GeV,
(2.11)
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We can now compare the experimental moments M„'""'
calculated by substituting the resonance part of (2.7) into
(2.1) with the theoretical moments M„'""'which are given
by (2.8). The parameters to be determined are so and
m(p = —m ) while A can vary between 100 and 150
MeV. For A=150 MeV and for several values of m and
so we have plotted in Fig. 1 the theoretical moments
against the experimental ones (for A=100 MeV we get a
similar picture), and in Table I we have listed the experi-
mental and theoretical moments for m (p = —m }
=4. 17, +so=11.6 GeV, and A=150 MeV, which give
the best fit. In fact, it turns out that the range of values
for m (p = —m ) which reproduce all moments within
the relatively large error of 5% is extremely narrow
reflecting the strong dependence of (2.4) on m. We con-
clude

for A=100—150 MeU. %e note that the discrepancy of
(2.11) with the value found in Ref. 10 is entirely due to
the changed situation for the experimental values of
I (e+e ), but the value (2.11) has smaller error bars since
six resonances could be used in calculating M„'" ' com-
pared to four resonances in Ref. 10. This implies a
higher value of so and smaller continuum contributions
making the determination of nt more reliable. The value
(2.11) for m is the most accurate determination of any
quark mass to datg. A similar determination of the
charmed-quark mass is also possible and has in fact been
carried out in Ref. 7. However, the uncertainties in the
charmed sector are larger than in the beauty sector, since
gluon condensate contributions cannot be neglected.

In order to check whether the values (2.11}are particu-
lar to the moment method, we have performed a similar
analysis for the Borel-transformed polarization function.
In this case, instead of taking derivatives at Q =0 [as in
(2.1)] we take the limit Q, n~ pp with Qi/n =M2,
which gives

II(M )= f ds e '~ ImH(s) .
1

nM
(2.12)

Again we compare II'" '(M ) [calculated by substituting
the resonances (2,6) into (2.12)] with the theoretical ex-
pression H'"""(M ) [which is the integral (2.12) from
4m to s&&]. The theoretical expression of ImH(s) can be
found, for instance, in Ref. 7.

Of course, we cannot expect that H'""'(M ) and
H'"i"(M ) coincide (within errors) for all M, but they
should do so in a range of M, where the approximations
make sense (a, corrections small). In Table II we have
abulated H'" ' and II'""' for 5&M &100 GeV . It can

be seen from the table that for M & 10 GeV the polar-
ization functions agree within a few percent. Slight
changes in m and/or so would destroy this agreement,
confirming the values (2.11). We note that for large M
(for M ~70 GeV the continuum contribution amounts
to more than 50% of the total polarization function) the
continuum contributions become dominant and we do
not expect the two functions to coincide, while for
M &10 GeV the first-order a, correction is too large for
the approximation to make sense.

Using (2.11) in (2.10) we can calculate the value of the
on-shell quark mass m (p = +m ). We find

0.11--
m (p =+m )=4.55+0.05 GeV . (2.13}

0 10--

2 3 ~ 5 6 7 8 9

FIG. 1. The experimental and theoretical resonance contri-
butions to the moments M„ for various values of m {p = —m )

and 1/sp and for A=150 MeV. The bars denote a Sgo error in
the experimental moments. The parameter values for the vari-
ous curves are, m =4.15 and Qsp ——11.7;
m =4.16 and 1/sp= 11.4; ———m =4.16 and Qsp

——11.7;
m =4.17 and 1/sp= 11.6; + + +, m =4.18 and

Qsp ——11.7.

The error in (2.13) is due to the variation in a, and in
m (p'= —m').

In conclusion of this section we note that the errors in
(2.11}are almost entirely due to the (relatively large) er-
rors in the e+e widths of the Y and its radial excita-
tions. The main theoretical uncertainty is the unknown
second-order a, correction.

III. CALCULATION OF fs
To calculate the leptonic decay constant fz we shall

consider two sum rules. The first one, which has been
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F II. The experimental and theoretical Borel-transformed polarization functions for the parameter set m (p = —m ) =4.16

Gey +s = &1.6O Gey, aud A= lg0 Me&. This parameter set gives the best results in the case of Borel-transformed polarization

functions.

M in GeV

5

10
15
20
25
30
35
40
45
50

IIexPt(M2)

9.13x 10-'
8.31X10-'
1.87y10 '
9.11X10-'
2.38 X 10
4.54 X 10
7.21X 10-'
0.102
0.134
0.167

gtheor( M 2
)

4.56 X 10-'
8.94X 10-'
1.90X 10-'
9.12X10 '
2.38 X 10-'
4.54' 10-'
7.24x 10-'
0.103
0.136
0.169

M in GeV

55
60
65
70
75
80
85
90
95

100

gexpt( M 2
)

0.200
0.232
0.264
0.294
0.323
0.351
0.377
0.403
0.427
0.450

IItheor(M 2
)

0.203
0.236
0.269
0.300
0.330
0.359
0.387
0.413
0.439
0.463

ImII &(s)

2s —q
(3.1)

used before in Refs. 6 and 7, is constructed from the
two-point function of two pseudoscalar currents (1.3):

II,(q ) =if d x e'~"(0
~
T[P(x)P(0)]

~
0)

Expressions for the bare loop and the first-order a,
corrections to ImII, (q), as well as for the gluon conden-
sate, quark condensate, and some higher-dimensional
operator contributions to H&(q) can be found in Ref. 6.
[We note that we have corrected the sign of the (inessen-
tial) gluon condensate contribution. ] Here we just give
the final results for the Borel-transformed sum rule:

Hres(MZ) d
—s/M~

Sg2M2 m 2 s

4+s m
a

3 7T S

—m/sr ~G2 —m/M m
(

—
G ) I

—m/M2
2

M2 12M 2 ~ 2M4 2M 2

m' m4
tz (M2)( qq )2

27M4 2M2 6M4
(3.2)

II',"(M } contains only the resonance contribution from Ms since we have taken into account the continuum contribu-

tion on the right-hand side of (3.2) by integrating from m to so', su is the continuum threshold and serves as one of the

parameters to be determined. As noted in Ref. 6 the last two terms of (3.2} are very small and do not play a role of any

significance in determining ftt. The function a (x) reads' 's

a (x)= ~+21(x)+Inx ln(1 —x)+—,'ln
1 —x

x—ln(1 —x)—x ln
1 —x

lnx,x
1 —x

(3.3)

where l (x)= —fodt t 'ln(1 —t) is the Spence function. In this expression as well as in (3.2) the b-quark mass m is re-

normalized on shell, i.e. , m =m (p =+m ).
To obtain the phenomenological expression for H',"(Mz) we insert as usual a 5-function resonance for ImH, into the

dispersion relation in (3.1). This gives

H"'(M )= e
m M

(3.4)

Equating (3.2} and (3.4}gives the first sum rule for fs.
The second sum rule is derived from the two-point function of the currents (1.3) and (1.4):

iq„ 1mHz(s)
iq„H (q )=ifd x—e'~"(0

~
T[P(x)A„(0)]

~
0) = " f ds ds .

7T s —q
(3.5)

Calculating the same contributions as for II& we find, for the Borel-transformed sum rule,
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11"'(M )= ds e ' 1—
8~2M 2 ~ 2 g

4&s m1+— g
3 7T S

(qq )
e

—m /M G2 (1 —m /M } ~ 2( —
G )

1

+ ma, (M )(qq)2 +1 e
27M' (3.6)

Comparing (3.6) and (3.2) we see that

M II2(M )=mM II,(M ),
d( —1/M )

(3.7)

which is a consequence of the relation s ImII2(s) =m ImII l(s).
Again we saturate the dispersion relation in (3.S) by a 5-function resonance which gives, using the couplings of the 8

meson to the pseudoscalar and axial-vector currents,

II"'(M )= e
mM2

Equating (3.8) and (3.6) gives the second sum rule for fs.
Summarizing our two sum rules read, from II&(q ),

(3.8)

Pl
2 4 -8/' 3ln 0 dx 2 -xm /M 4

f&M~4e = f (1 x) e—" / 1+ a,a(x)
8m' 3'

m'(qq)e — ' +—'m' ' G' e ' — ( oG ) 1 — e

Sm m m' m4877 m (M2)( )2 2
m m

27 M2 2M2 6M4 (3.9a)

and, from II2(q ),

8~2 ) ~2 3'

12 m 4M'
G2 (1 e'M—)+ (qoGq)e

8 2 2

(M2)( — )2 1+ m
e

—m /M+27M, , qq +6M2 ' (3.9b)

The ratio of (3.9a) and (3.9b) gives a sum rule for Mll,
while both equations can be used to determine fe.

As usual we search for a region in M where fz (or
M~) is approximately independent of M and where the
power and perturbative corrections are under control
(i.e., small enough in order that corrections from higher-
dimensional operators and from higher orders in a, can
be neglected}. For a reliable determination of the reso-
nance parameters we also have to demand that the con-
tinuum contributions be not too large.

For the vacuum expectation values of the various
operators in (3.9) we employ the standard values (see,
e.g., Ref. 7)

(qq) =( —2S0 M V)',

(3.10)

(qaGq ) =mp(qq) with mp-0. 8 GeV2 .

For a, we use formula (2.9) and in the perturbative
corrections we take a, (m }. The continuum threshold sp
will be determined by the sum-rule method itself; as we
shall see the requirements of a stable region in M and
that sp be the same in (3.9a) and (3.9b) will fix sp almost
uniquely.
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We recall that the quark mass in (3.9) is renormalized
on shell. In that case the a, corrections turn out to be
large (about 40% of the total perturbative correction).
This is a serious defect and the QCD sum-rule calcula-
tions of f~ in Refs. 6 and 7 suffer from this. The usual
remedy" in such a situation is to choose a different mass
renormalization point, as in the previous section where
the mass renorrnalization was shifted to p = —m . So,
also here we search for a mass renormalization point at
which the a, corrections are small. At p = —m the
corrections are about 20% of the zeroth-order contribu-
tion (for M ) 7 GeV ) which is still tolerable. The choice
of m (p~= —m ) is especially convenient since its value
(2.11) has a very small error. The a, corrections are even
smaller at p = ——,'m, 0, or +—,'m, but the correspond-
ing masses at these points have larger errors than (2.11),
since we have to use a formula similar to (2.10) to per-
form the shift.

As said before, 'for a reliable calculation of resonance
parameters we need a sizable contribution of the reso-
nance to the sum rule. Therefore, we restrict M to
M 15 GeV for which the contribution of the B meson
resonance is larger than -20% (for so=32 GeV ). For
the power corrections the situation is varying. The
( qq ) terms are negligibly small for all M . The
(qtTGq ) corrections are less than about 10% of the lead-
ing term for M ) 5 GeV . For the first sum rule the
gluon condensate gives negligible contributions for all
M, while for the second sum rule it is 20% for M -6
GeV ~ For the quark condensate corrections the situa-
tion is the same for both sutn rules ((30% for M )6
GeV ).

So, from the above we conclude that it should be possi-
ble to determine the resonance parameters in the region

which agrees within errors with (1.2), but has somewhat
smaller error bars. However, we stress that, since we
have two sum rules at our disposal, we have much better
control of the parameters m and so. A drastic reduction
of the error in (3.12) would be possible if the second-order
a, corrections to the two-point functions (3.1} and (3.5}
were known.

IU. DETERMINATION OF Mg

200"

190-- «0
0

———X——X—k 0
0

0« so= 34

As mentioned above we can also use the sum rules (3.9)
to determine the mass of Mz. Of course, the values of
the parameters m and so have to be the same as for f~ in

Sec. III. The first sum rule for M& is given by the ratio of
(3.9a) and (3.9b), a second sum rule can be constructed by
taking the derivative of (3.9a) with respect to —liM
and subsequently dividing the resulting expression by
(3.9a). The more derivatives we take the more we
enhance the continuum contribution in the sum rule.
Therefore, we expect the second sum rule to be less reli-
able than the first. In Fig. 3 we have plotted M~ as a
function of M for so=32 GeV and for several values of
m (p = —m ). It can be seen that the dependence on the
quark mass is very weak, and that in each case the curves
reasonably converge to the same value which is in good
agreement with the experimental value of Mz. The
upper curves correspond to the first sum rule, which be-
comes stable at the end of the M range shown in Fig. 3.
The lower curves corresponding to the second sum rule

7(M ~15 GeV (3.1 1) 180--

fs ——170+20 MeV, (3.12)

In Fig. 2 we have plotted fa as a function of M for the
two sum rules (3.9) (with the mass m renormalized at

p = —m ) for m(p = —m )=4.17 and for various
values of so. It is clear from the figure that for this value
of m the two sum rules coincide for so ——32 GeV . For
higher and lower so the two sum rules start to diverge
and we lose stability very quickly. Varying m within the
limits of (2.11) makes very little difFerence, fz changes
only by a few MeV and stability is reached for the same
so. Changing A to 150 MeV also has a very slight effect,
it pushes down the value of f~ by 3 or 4 MeV. If we
choose a different mass renormalization point we have to
allow a larger error in the mass value and consequently a
bigger spread in f~. For instance, at p =+—,'m, where
the a, corrections are less than 10%, we have m(p
=+—,'m ) =4.35+0.05 GeV which results in a spread of
about 10 MeV in the value of fa. Stability is reached at
the same so as before. Further uncertainties are due to
the neglect of second-order a, corrections and higher
power corrections. In total we believe that conservatively
estimated the total error cannot be larger than about
10% which gives, as our final value,

190--

180-- o= 33

te

170--

180--

170.- so= 32

160--

170--

160--

X~
X
0-—~

0~ X———-X- --X——-X

150--

7 8 9 10

M

ll 12 13 14

FIG. 2. fa as a function of M~ from the two sum rules (3.9a}
(upper curves) and (3.9b) (lower curves) for A= loo MeV and
various values of so.
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5.4-

53--

5.2 .

0

0
0 0-—-0—

x —-x- ——x———
—x m=4. 19«X

x

MB

54--

5.3.-

52--

0

0~
~0

—x-
x x

~X

0

m =4.17

54.

53--

5 2-.

0~
0

g
m =4.15

x x
X

5.1--

6 7 8 9 10

M

11 12 13 14

FIG. 3. The prediction for Mz from the two sum rules men-
tioned in the text for so ——32 GeV, A = 150 MeV, and various
values of m(p'= —m ).

(4.1)

which covers the range of parameter values m (p
= —m ) =4. 17+0.02 GeV, so ——32+2 GeV, and
A = 100—150 MeV.

We note that thanks to the new sum rule (3.9b) this is
the first time that the mass of an open heavy flavor meson

Mz ——5.25+0. 15 GeV,

do not show a stable plateau, but are ever increasing (be
it very slowly), reflecting the poor reliability of the corre-
sponding sum rule. As a function of so the spread in the
value for Ms is somewhat larger, but still rather small.
As our final result we quote

has been determined via Borel-transformed sum rules.
The moment method has been used before in Ref. 5.

V. CONCLUSIONS

In this paper we have constructed two sum rules for
the decay constant fs of the B meson, one from the two-

point function of two pseudoscalar currents, the other
from the correlation function of a pseudoscalar and an
axial-vector current. The latter sum rule is new and in
combination with the first one made it possible to fix the
sum rule parameters almost unambiguously.

We also reanalyzed the vector channel for the upsilon
system with the aim of determining the b-quark mass,
which led to the extremely accurate values (2.11) and
(2.13). Apart from the errors in the experimental data
the main uncertainty here is due to the unknown second-
order a, corrections. A calculation of these corrections
would be of great interest.

In the sum rules for fit we used the quark mass (2.11)
renormalized at the point p = —m, which is different
from Refs. 6 and 7 where the on-shell mass was used. We
found that for m(p =+m ) the ct, corrections are too
large for the sum rules to be reliable. Also here, a calcu-
lation of the second-order a, corrections would be of
great importance.

We have used the same sum rules for determining the
mass of the 8 meson. The resulting value is in very good
agreement with the data and provides a useful check on
the calculation of fit.

Our results can be summarized as

fit ——170+20 MeV, Ms ——5.25+0. 15 GeV . (5.1)

As mentioned in the Introduction the value of fit is of
special significance in connection with BB mixing in
determining the matrix element (1.1). The value of f~
used is often considerably smaller than (5.1), which has
led to the prediction of a large top-quark mass. A
definite conclusion on the value of the matrix element
(1.1) can only be made if the parameter B is also known,
the calculation of which is in progress.
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