
PHYSICAL REVIEW D VOLUME 38, NUMBER 3 1 AUGUST 1988

Analysis of the mixing matrix in a model with coincident quark electroweak and mass eigenstates
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A new approach to relating quark masses and mixing angles was proposed by del Aguila, Kane,
and Quiros, in which the mass matrix for the weak eigenstates was assumed to be diagonal in the ab-

sence of mixing with heavier quarks. The purpose of this paper is to examine in detail the con-
straints of CP violation and B -B mixing on the quark-mixing-angle matrix of the model and the
range of n, for which the description could hold. For the case where CP violation and B -B mix-

ing arise from the quark mixing matrix the result is that, for at least some values of the parameters,
m, can be as small as 85 GeV but not less. In addition,

~ V„»
~
i

~
V,» ~

is required to be larger than
0.11, an important constraint on the model. Mixing and CP violation arising from flavor-changing
currents present in the model are also examined.

I. INTRODUCTION

Even though the standard model with three genera-
tions is in agreement with all the available data from
low-energy phenomena it is still unable to explain some of
the features of the world. The number of generations and
the origin of the masses, among others, are still not un-
derstood.

In Ref. 1 an extension of the standard model with a
heavy SU(2)L-singlet down-type D quark was proposed,
with the quark electroweak and mass eigenstates coincid-
ing before mixing. If the hierarchy m„&mz is imposed
to the electroweak states, the relation mz & m„,between
the physical masses of the lightest family, arises from the
mixing of d with the vectorlike D quark. In addition the
Cabibbo-Kobayashi-Maskawa (CKM} matrix of the ap-
proach only depends on mass ratios and, as we will show
later, is consistent with experimental constraints.

Models with extra D quarks have been considered in
the literature but the approach of Ref. 1 gives to the
mixing matrix some special features (leading to predic-
tions such as

~ V„» ~

=
~

V,„~,for example), that make at-
tractive the study of the mixing properties of the model
with the present data on the K -K system, meson de-
cays, and B -B mixing. Bounds to the matrix elements,
as well as the range of m, values that makes compatible
the approach with the experimental data, will be extract-
ed from the study.

The paper is organized as follows. We first briefly de-
scribe the approach and the mixing matrix. The extrac-
tion of constraints for the elements of the mixing matrix
from the data on meson decays,

~

e
~

parameter, and
8 -8 mixing will be presented in some detail afterwards.
Finally, we summarize the bounds to the matrix ele-
ments, coming from different data, and present the re-
sults and conclusions.

II. THE MODEL

We consider a model with three families of ordinary
quarks and a vectorlike down-type quark D. We take the

M„=uL
m„0 0

0 m, 0

0 0 m

(2. 1)

D„
m& 0 0 m&

dL 0 m, 0 m2

0 0 mb m3

DL m& m2 m3 M

(2.2}

where DL and D„areSU(2)L singlets. We assume there
is no mixing for the u-type quarks so m„,m, , and m, are
the physical masses m„,m„and m„respectively. For
the d-type quarks we start with mz & m„, m, =m„
m» =m» and only mz will be qualitatively changed. As
in Ref. 1 we will take the M (b,I =0) mass of the same or-
der as the electroweak scale: M-Mz to within factors of
2. The m,'(EI =—,') has to be suppressed with respect to
M and we assume m;-1 GeV. For m;, even though
SU(2} breaking is not required, we will choose m, —1

GeV as in Ref. 1. Only mass ratios occur in the results,
so different choices giving the same ratios could be made.
The matrix Mz can be diagonalized by unitary matrices

D U, W, U„ (2.3)

In order to get a manageable expression for the matrices
and eigenvalues it is convenient to give the result of the
diagonalization as an expansion in powers of m, /M and
m /M. Then the eigenvalues are

m&= —m&m&/M, m, =m, , m»=m», mD=M, (2.4)0 0

and the diagonalizing matrices are given by

u-type-quark mass matrix to be diagonal whereas, for the
d sector, we allow the D quark to mix with d, s, and b.
Then the quark mass matrices have the form

ug
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V i2/m, Pi3/mb —m') /M

UL =d

—p )2/m,

—V»/mb

m', * /M

m
2»3+

mb —m, mb

m2* /M

mb m,

mb —m mb

m 3* /M

—mz/M

—m3/M

(2.5)

where

p; =m, 'm /M (2.6}

and

Ua ——UL"(m; m;") . (2.7)

The weak-interaction Lagrangian reads as

—W„uz;y"dL A +H. c.+—
&

Z„(uL;y"ul; dL y"d—z&B &
2sin H—wJe" (2.8}

where the mixing matrix A is the 3 X4 sector of UL
r

A = pz/m,

—p, z/m, —~»/mb

mb m,
P23+ P32

mb —m, mb

m', /M

mz/M (2.9)

mb m,
iz&3 mb z z izz&+ iz32

mb —mq mb
m3/M

and

B~& 5& (UL )~4—( UL
'—)& . (2.10)

The last term in Eq. (2.10) is responsible for flavor-changing neutral currents (FCNC s) at the tree level in the model.
The mixing matrix A (2.9) can be written in the form

T

v
I

12

—i+l2—
I V&z Ie

Vz3 I
e

(2.11)

with

I V„I
e '= 8„/m„i =—2, 3,. V4I e '=m /M, i =1,2, 3,

(2.12)
mb mb

P23 + P32
mb —m, m,

Some of the phases of the A matrix can be changed by redefining the phases of the physical fields

(2.13)

such that the mixing matrix becomes

A,-' ~ A,
' e '—:A;, i = 1,2, 3, a= 1,2, 3,4 (2.14)

To make the 3 )& 3 sector of A,- resemble as closely as possible the usual CKM matrix with three generations, we
choose the elements A», Azz, A33 A]z and A» to be real. Then, after rephasing as in (2.13), we get
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A. =ia

I Vi21 I Vl3 I
e "

I Vi4 I
e

I Vz41e

I V34 I
e

(2. 15)

with

+13++23+ +12& 1 +14+~
(2.16}

+2 +24+ +12+~ +3 +34++23++12+V

(2.17)

and y is an arbitrary phase that we can choose to fix

3
——0, for convenience.
It is worth noticing that for two families we can still

have CP violation (in the FCNC sector for ordinary
quarks, for instance) due to the remaining 4 phase

I Viz I

g (2)

III. CONSTRAINTS

Let us now discuss the implications that the data on
CP violation in the K -K system and B -B mixing
have on the parameters of the mixing VJ (2.19), assuming
no effects from the FCNC part of the Lagrangian (2.8).
As in the standard CKM matrix, we have three indepen-
dent moduli and one phase; some of them can be directly
determined from the experimental data on flavor-
changing decay of mesons.

A. Constraints from meson decays

The analyses of the hyperon P decay and semileptonic
kaon decay fixes the value of the

I V~2 I
element:

Jk=
2 g

dr.,}'"dI.
I V, s I I Vk31 e' " "

2 cos8a I Vi2 I
=0.220+0.002 . (3.1)

k&j= 1,2 . (2.18)

From (2.15}one can write the 3 X 3 mixing matrix as

I V121 I V131e '

The data on semileptonic B-meson decay allow the
determination of

I V23 I
. Since the b quark is heavy com-

pared with the scale of strong interaction, the B-meson
decay can be approximated by the decay of a free b
quark, and one can write

—
I Vi21

—
I Vz31

(2.19) 8 (b ~cev) 192m
23

7 g 6
1 1

mb f ( m, /m~ ) rIO

To compare with the standard CKM matrix, consider
the Maiani parametrization for small angles

1 $12 $13e

(3.2)

where the phase-space suppression factor f is given by

i5'
U — $12 $23$13e $23 (2.20)

f(z)=1—8z +.8z —z —24z In(z) (3.3)

i5'
S12$23 —S13e $23

and rio is a QCD correction rio ——0.87. From experimen-
tal data ' we find

One could identify the parameters
I V» I

-s&z and

V23 I sz3 but the condition
I U, 3 I

=
I U» I

fixes the
CP phase,

8 (b ~cev) =0.123+0.008,

r& ——(1.11+0.16)X 10 ' s .
(3.4)

$12$235' =arccos
2$13

(2.21)
Concerning the choice of values of m, and mb we follow
Ref. 11 and take

whereas, in the V; matrix (2.19), the CP phase 4 remains
absolutely free. In addition it turns out to be impossible
to make compatible both conditions:

I V,31 —
I V3]

and V» ——V», with the elements of the U matrix. This
shows the qualitatively diferent structure of our mixing
matrix (2.19), even in the case of small mixing of the ex-
tra D quark with the rest of the d-type quarks, compared
with the three-generation standard CKM matrix. Anoth-
er implication of the diS'erence wi11 appear from the
analysis below, when we can conclude that the model of
Ref. 1 can only be consistent with the data if

V]3 I
/ I Vz3 I

)0. 1 1, a result that does not hold for the
general pararnetrization.

m, =1.5+0.2 GeV,

mb ——5.0+0.3 GeV, (3.5)

m, /mb ——0.30+0.03,

where the smaller range of variation in the ratio m, /mb
is justified by the closeness of the physical quark and
meson masses to the lower and upper limits of m, and
mb, therefore, it seems very unlike1y that m, and mb at-
tain their opposite limits in the computation of the ratio
m, /m&. Using (3.3) and (3.5}one finds
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f ( m, /mb ) =0.52+0.07

and with (3.2) and (3.4) the value of V23 that we get is

(3.6) If the main contribution to e comes from the Z ex-
change, the present value a=2. 3 &(10 imposes

I
V23 I

= ( 2.3+0.8 ) X 10

I V23 I

=0.048+0.008 .
(3.7)

R= I (b ~uev} I
Vi3 I 1 '9o

I (b cev)
I V231 f(ttt, /mb) r/,

' (3.8)

where the QCD correction r/o is given in the previous
paragraph and r/I) =0.82 (Ref. 8). In the very conserva-
tive limit' R & 0.08 we get

I
V, 31 &0.012, (3.9)

where both upper bounds to f (3.6) and
I V23 I

(3.7) have
been used. For our purpose, following Ref. 11, it is more
interesting to use the ratio

An upper bound to
I V» I

can be obtained from the
experimental measurement of the ratio

Im[(B,2) ]=
I
B»

I
sin(2/3) =2.4x 10 (3.14)

in agreement with Ref. 4. On the other hand, I(:~p+p
restricts

I B»1 &2X10 (Ref. 15) so that p~18' in or-
der to satisfy (3.14), and there is no bound to the tp phase
of V; (2.19). However, we are interested in the opposite
limit, where the box diagrams are responsible for the
value of

I
e

I
. Therefore we impose

I
B (2 I

sin(2/3) & 2.4 X 10 (3.15)

X [ I Vi2
I
t)3S «„x,) —

I V23 I
'q cos@r/2S'(x, )]

This constraint can be easily compatible with our as-
sumption of m /M —10 and, probably, small angle P.

In this limit, and with the parametrization (2.19), the
I
e

I
parameter can be written as

GF m~ M2 2

fKBK I
V231q»n@6n2 v'2 bm

&0.22 .
23

(3.10)
(3.16)

B. Constraints from K -K mixing

We will use the usual formula for the
I
e

I
parameter

ImM, 2 2 ReM, 2

b, m hm
+ (3.11)

where the g parameter, which takes into account CP
violation in the It, ~mw amplitude, on being proportion-
al to Im( V,d V„)=q

I V23 I
sin@, is much smaller than

the rest of the contributions coming from the first term in
Eq. (3.11) and can safely be dropped.

The Lagrangian (2.8), unlike the standard model, al-
lows a tree contribution to the

I
e

I
parameter through

the exchange of a single Z. The off-diagonal matrix ele-
ment due to this diagram is given by

0.4
mt= 50oeV BK=0.9

0.3

with the QCD corrections t/2 ——0.6, r/3 =0.4, and
S(x„x,),S(x, ) taken from Ref. 8.

In Figs. 1 and 2 we show the allowed region, in the 4-q
plane, for a top-quark mass of 50 and 150 GeV, respec-
tively. The upper (lower) curve corresponds to minimum
(maximum) values of

I V231 and m, . (4,q) pairs which
fit the data are in the region between curves and q (0.22
(shaded area).

z 2GF
2M, 2

—— —(fKBK ™Kt)(B(2)
33/2

(3.12)

and the usual box contribution is read as

G2
M t2" ——

2 mKMt4, (fKBK )[iD (x„x,)+F(x„x,)] .
12m.

(3.13)

~"0.2

II
V'

0.1

The functions D and F are given in Refs. 8 and 13, in
terms of the elements of the mixing matrix, and
x; =m; /M ~. m z is measured experimentally, and we
will take hm/mK=0. 71X10 ', fK =160 MeV, and
M~=82 GeV. The "bag factor" B& has values, depend-
ing on estimations, ranging from 0.2 to 1 (Ref. 14). We
will use B~=0.9 and results with other values will be
studied. g is a QCD correction equal to 0.76 (Ref. 8),
and B&2, given in Eq. (2.10}, is B t2

= —
I vt411 v241e ' ' —= —

I vt411 v241e'~.

0.0
0 50 100 150

I (deg)

FIG. l. Bounds from
I
e I: Allowed values of the CP phase

4 and q (=
I

V„~I
/

I
V~ I ), for m, =50 GeV and 8„=0.9.

Solid lines are the upper ( V» ——0.040, rn, = 1.3 GeV) and lower
( V/3 —0.056, m, =1.7 GeV) bounds to the values allowed by

I
e

I
. The dashed line is the upper limit on q ( &0.22). Shaded

area is the range of (q, 4) pairs permitted by
I
e

I
data.



38 ANALYSIS OF THE MIXING MATRIX IN A MODEL WITH. . . 869

mt= 150GeV B„=0.9 B—B MUdng: Bounds (solid), Central (dotdash)

0.4 I I I I

I

I I
1

I

I

I i 200

V~=0.04
m —13G

150—

"0.2

II
U'

0.1

V~=0.056
m, =1.7GeV

0.0
0 50 100 150

1(deg)

50

0

IIi. . . , I' ). . . I

O. i 0.2 0.3
q=lv bl/Iv. bl

s: Bounds (dash), Central (dot)

I I I I

0.4

FIG. 2. The same as Fig. 1 but for m, =150 GeV and

BK ——0.9.

C. Constraints from (B -B )q mixing

The degree of mixing r can be seen as the probability
that B oscillates into a B relative to the probability
that it remains a B (Ref. 13):

P(B ~B )

P(B ~B ) 2+x
(3.17}

with x =26M/(I L +I a). To an accuracy of 1% (Ref.I we wi» identify ~M =21M 121 ~

The Lagrangian (2.8), through the FCNC sector, can
correctly explain the amount of the B -B mixing only if

B„I = B»1=6X10-'. (3.18)

62
x —= =~

1 V231 ma(Bafa}q rl~(x (3.19)

We will use ma =5.275 GeV, g=0. 85 (Ref. 8), and

1
V&31 ra=(3. 81+1.3)X10 GeV (3.20)

from (3.2), (3.4), and (3.6).
The "bag parameter" Bz is expected to be close to 1

since the vacuum insertion becomes more accurate with

This is about 30 times larger than 1B,2 is allowed to be,
so presumably the observed B -B mixing should not be
interpreted as due to this tree-level effect. On the other
hand, values of 1Bdb1 at least one order of magnitude
smaller than (3.18) are still compatible with our approach
and lead us to consider the usual box diagrams as mainly
responsible for the mixing. In this assumption, and in the
parametrization (2.19}for the mixing matrix, the evalua-
tion of the transition matrix element gives

B—B Mixing: Bounds (solid), Central (dotdash)

200» «1
)

I

1

!
I

I

I
150

I

I

I

I

I

I

I

I

I

I

I

50 l
, il

~ 200—

I I I I

0 0.1 0.2
q=lv bl/lvobl

e: Bounds (dash), Central (dot)

0.3 0.4

FIG. 4. The same as Fig. 2 but for 4=80 .

FIG. 3. Combination of 1e1 and B Bbound-s, for a CP
phase 4=60' and B& ——0.9. Solid lines give the upper
(x =0.73+0.18, b, =5.9—2.0) and lower (x =0.73 —0. 18,
6=5.9+8.3) bounds to the (m„q=

1
V„1,1/1 V,b 1

) region al-
lowed by B -B mixing; the dot-dashed line corresponds to the
central value (x =0.73, 5=5.9). The dashed line is the upper
bound ( V» ——0.040, m, =1.3 GeV) from 1@1, and the dotted
line gives the central value (V» ——0.048, m, = . eeV . The
dashed vertical line gives the upper limit on q ( &0.22). Shaded
area is the range of (m„q) values allowed by both 1@1 and
B -B data.
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B—B Mi~ng: Bounds (solid), Central (dotdash) B—B lr&~ng: Bounds (solid), Central (dotdash}

Q

~ 100—

200 i s ~i s. I

I

I

l

1

150— 1

1

l

1

1

l

l

'l

50— I. . . I i . .. , I

0 0.1 0.2 0.3
q=/V //[V, Js: Bounds (dash), Central (dot)

0.4

200

150—

~ 100—

50—
s I

0.3
I I

0.1 0.2
q-lv„,l/Iv. ,l

e: Bounds (dash), Central (dot)

0.4

FIG. 5. The same as Fig. 2 but for 4= 100'. FIG. 6. The same as Fig. 2 but for 4= 170'.

the increase of the meson mass. For the evaluation of fz
QCD sum rules' give values between 130 and 190 MeV,
depending on the mass of the b quark. Other calcula-
tions' give values in the region 50 &fz & 150 MeV. We
take"

Bsfs ——(150+50 MeV)

Writing Eq. (3.19}in the form

x =q S(x, )b,

the limits to b„,

(3.21)

(3.22)

5—5 ~ 9 2 o

can be extracted from (3.20) and (3.21).
The quantity that the ARGUS group' found for the

mixing is

rd ——0.21+0.008

which gives
x =0.73+0.18 .

(3.24)

(3.25)

The formula (3.22) with the value (3.25) will define the
allowed region, in the m, -q plane, for different extremes
(3.23). In Figs. 3—6 (solid and dot-dashed lines} we
present the results, taking (b, =5.9, x =0.73) as central
value (central curve) and (b, =14.2, x =0.53), (6=3.9,
x =0.91) as upper and lower bounds, respectively, in the
m, -q plane. In the same figures (3—6), dashed and dotted
lines show the region of (m„q)pairs compatible with the

[ e
f

data.

IV. RESULTS

We will present the results of our analysis in a collec-
tion of figures which will restrict the allowed values of

q =
~

V, 3 ( /~ Vz3 ~

and 4 parameters. We work in the
range 50(m, (200 GeV and will require q (0.22.

As we show in Figs. 1 and 2, the combination of data
for the s parameter (3.16) restricts q to be in the range
0.06&q &0.22, depending on the value of the CP phase
4. Small phases are not allowed for large m, and 4) 40'
has to be imposed if m, y 50 GeV. This lower bound to
4 increases up to 70' for m, & 150 GeV.

Variations of the "bag parameter" Bz do not change
the shape of the curves and the only effect on them is to
increase (decrease} the values of q, for smaller (larger) Bz.

Because the x parameter of the B -B mixing (3.22}
does not depend on the CP phase 4, one can get direct
constraints on m, and q ( =

~
V„&~

/
~

V,b ~
) from the

data of ARGUS. The analysis determines q )0. 11 (Figs.
3—6) if m, & 200 GeV. This is an important constraint on
the approach of Ref. 1 and illustrates again how different
is the mixing matrix we are using, from the general one.

In Figs. 3—6 we combine the B Band
~

e
~

-results to
see the intervals of m„q,and 4 that can fit simultaneous-
ly both data. Values N &60 are forbidden (Fig. 3), even
though this limit can be slightly decreased by increasing

Figures 3 and 4 show that m, = 85 GeV is allowed for
60 &@&90 and q=0.22. Larger m, ( & 100 GeV) and
smaller q ( =0.19) are required for 100 & 4 & 140', as we
see in Fig. 5. From Fig. 6 we conclude that values of m,
as small as S5 GeV (if q =0.22 ) are allowed for
150'&4&175.

Results on Fig. 6 (5) are only shown for 4=170'
(4=100'}but the preceding qualitative conclusions can
be extended to the range 100'& N & 140 (150' & 4 & 175'}
as we veri6ed.
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V. CONCLUSIONS

We have analyzed the mixing matrix of Ref. 1 with the
data of the K -K system, meson decays, and 8 -8 mix-
ing. %e have found the matrix compatible with the ex-
perirnental measurements for a mass of the top quark not
less than 85 Ge&. The ratio q =

( &»
~

/~ V,& ~

is re-

stricted to be in the range [0.11, 0.22] and it is not possi-

ble to have a CP phase 4 smaller than 40'—60'.
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