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We have measured the fivefold differential cross section d'o IdQQQrdEr for the process
m+p~m+py with incident pions of energy 299 MeV. The angular regions for the outgoing pions
(55'&8~",b&95'), and photons (Bt,'b=241'+10') in coplanar geometry are selected to maximize the
sensitivity to the radiation from the magnetic dipole moment of the b++(1232) resonance. At low

photon energies, the data agree with the soft-photon approximation to pion-proton bremsstrahlung.
At forward pion angles the data agree with older data and with the latest theoretical calculations for
2.3p~ (p& (3.3@~. However at more backward pion angles where no data existed, the predictions
fail.

I. INTRODUCTION

In radiative pion-proton scattering, mp~mpy, one
studies the strong mp interaction with a we11 understood
electromagnetic probe. In doing so, the range and validi-
ty of the soft-photon approximation to the bremsstrah-
lung cross section as well as the electromagnetic proper-
ties of intermediate resonances and the off-mass-shell mp
interaction can be examined. The experimental history of
this type of measurement is almost entirely restricted to a
1975 experiment performed at the Berkeley 184-in. cyclo-
tron by the UCLA group. ' The UCLA experiment has
looked at both m+ and m scattering at several incident
pion energies and photon angles, but in many cases with
limited statistics due to the low intensity of the pion
beam. There are also data on the m p system from the
OMICRON experiment at the CERN Synchro-
cyclotron (SC). The small amount of data available has
presented a considerable challenge to theoretical inter-
pretations with a majority of the models failing to repro-
duce the features of the data.

In the most straightforward model, the soft-photon ap-
proximation (SPA), one expresses the bremsstrahlung
cross section as an expansion in powers of the photon en-

ergy k. In the soft-photon limit, Low has shown that the
amplitude M for a radiative process is expressed as a
power series in photon energy:

mo
M = +m)+m2k+. . .

where the first two terms mo and m, are calculated ex-
actly from the elastic amplitude and its derivatives with
respect to energy. These two terms are the usual soft-
photon calculation and the graphs contributing to

mp harpy are shown in Figs. 1(a)-1(d). In the standard
SPA calculation, one considers only the external brems-
strahlung, but in trying to extend this model to higher or-
ders, internal bremsstrahlung needs to be included [Fig.
l(e)]. Comparisons of simple SPA calculations to the
UCLA data' show that these calculations are valid for
photon energies below 35 or 40 MeV. Another SPA-type
model is external-emission dominance (EED). In EED
only the first term in the SPA expansion of M~ is used
which gives a 1/k falloff with photon energy. This agrees
well with the UCLA data out to the highest measured
photon energies; however, there is no good understanding
of the dynamical reasons for this result. The most recent,
refined SPA calculations, by Liou and Nutt7 fit the
UCLA data quite well out to photon energies of 100
MeV.

Since the NX interaction is modeled in terms of meson
exchange where the meson is typically off mass shell, a
better understanding of the off-mass-shell rp interaction
could lead to a better understanding of the NN interac-
tion. In principle, pion-proton bremsstrahlung can be
used to probe the off-mass-shell mp interaction. However,
the success of the SPA models indicate that the coupling
of the photon to the strongly interacting system is too
weak to significantly inhuence the mp interaction. In the
geometries of mp~npy experiments performed so far,
the photon is detected in a backward direction relative to
the scattered pion and proton. This geometry leads to
constructive interference between the external pion and
proton radiation for negative pions and destructive in-
terference for positive pions. As it is radiation from the
external particles which leads to off-mass-shell effects, the
m p system is better suited to this study than m+p.
Furthermore, the radiation from the intermediate 6 in
the m. p system is minimal [the 6 has zero charge and,
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FIG. 1. Diagrams included in an SPA (soft-photon-
approximation) calculation for mp ~spy: (a-d) external

bremsstrahlung, (e) internal bremsstrahlung (not considered in

normal SPA calculation). T(s, t) is the mp scattering amplitude
evaluated at (s, t).

according to SU(3), zero magnetic dipole moment]. Of
course the off-mass-shell effects are still present in the
2r+p system, although mixed with radiation from the in-
termediate 5++ and minimized by the destructive in-
terference.

Finally, it is possible to probe the electromagnetic
properties of the intermediate 5 by studying the process
2rp~h~hy ~2rpy, where the b, decays to itself due to
its large width, proceeding primarily through a magnetic
dipole interaction. For nr+p, one has both destructive in-
terference of the external radiation and the maximum
internal contribution (5++}. It is primarily this feature
which has motivated the trp bremsstrahlung program.

In order to obtain information about the electromag-
netic properties of the intermediate b„one has to be able
to relate a measured cross section d o/dQQQ dE„ to
the various electromagnetic moments of the h. Fischer
and Minkowski have worked on this in terms of the SPA
model by calculating the terms of order k in the expan-
sion for Mr. Alternatively, one may describe the trp in-
teraction with an isobar model, and then add the brems-
strahlung terms according to the rules of quantum elec-
trodynamics. We will not discuss the history of this type
of calculation, but instead refer to the literature. ' The
most recent isobar calculation is from MIT (Refs. 14-17),
and details of this model will be discussed later.

Theoretical predictions for }tea can be obtained from
any model which predicts magnetic moments of the
baryon octet. Predictions from SU(3), SU(6) (Ref. 18),
and the quark model, ' all give p& ——2.0@~. Bag-model
corrections to the quark model predict a value 17-21%
smaller. When the MIT theory is fitted to previous
data, ' a value between 2.5 and 3.5p is obtained for p~.

Our primary interest in performing this experiment has
been to extract information on the magnetic dipole mo-
ment of the intermediate 6++(1232). This goal is strong-
ly motivated by the MIT theory, and in particular a pre-
diction of the theory that a measurement of the spin
asymmetry with a polarized proton target,

dsa f jdQQQ dE„—d o'L jdQQQrdEr
d cr f/dQQQ&dE&+d of jdQQQ&dE&

is a very sensitive probe of pa while being particularly
insensitive to the ambiguities and uncertainties of the
model. The experiment is divided into two parts: (1)
measurement of the unpolarized cross section
d o /dQQQpdE» and (2) measurement of the polariza-
tion asymmetry y. This paper reports on the first half of
the measurement of pion-proton bremsstrahlung,
m+p~~+py with 299-MeV incident pions on an unpo-
larized hydrogen target. Pions are detected in the labora-
tory at angles between 8 =55' and 8 =95', while the
photons are detected near 8r =119' on the opposite side
of the incident beam in a coplanar geometry. A second
measurement, to be reported later, uses a polarized hy-
drogen target to make a measurement of the spin asym-
metry y in nearly identical geometries.

II. THE EXPERIMENTAL APPARATUS

A drawing of the experimental apparatus is shown in
Fig. 2. We detect all three particles in the final state, and
measure pion momentum and direction, photon energy
and direction, and the proton energy and in-plane direc-
tion. Our coordinate system has its origin at the center
of the target. The +z axis is along the incident pion
beam, +y is vertical, and +x points away from the mag-
netic spectrometer.
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FIG. 2. Experimental setup for the experiment. AEB: pion
spectrometer magnet; ASK: bending magnet; QSK: quadru-
pole triplet; S: lead shielding. Ml,M2 ply, M4: multiwire pro-
portional chambers, P,H, E, A, B, AC, I1,J2, V; m&. plastic scin-
tillators; T: liquid-hydrogen target; Vac: shows the radius of
the vacuum jacket around the target; NaI: sodium iodide array.
The m+'s are the incident and scattered pions, p' is the fina1-

state proton, and y is the detected photon.

A. The pion beam

The experiment has been performed in the SIN IIE1
area ' using a 421.6-MeV/c beam of positive pions. The
momentum of the beam has been measured during the
run by time-of-flight difference between pions and pro-
tons. The beam composition is measured to be
p /2r+=13 /1 and e+/2r+ &0.01/l. After insertion of
carbon absorbers into the beam, the composition is mea-
sured to be p/ +2r&0. 005/1. The experiment has been
performed with the carbon absorbers in place. The muon
contamination is calculated by Monte Carlo methods to
be p+ jnr+=0. 045/1. The divergence of the beam is
measured to be 7 mrad, and the beam spot at the center
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of the target is 13 mm [full width at half maximum
(FWHM)] wide and 19 mm (FWHM} high. The incident
flux has been monitored by a telescope of two scintillators
J1 and J2 which looks at the upstream side of the target's
outer vacuum jacket. These counters are calibrated
against an in-beam counter (m i in Fig. 2) at 0.50, 1.0, and
2.0 MHz. J1 and J2 are then used to measure the 26-
MHz flux used in the experiment. The beam momentum
at the center of the target is 415.8 MeV/c with a momen-
tum byte (bp/p) of 0.6% (FWHM).

B. The detector

The main component of the pion spectrometer is a
large picture-frame magnet of active volume 1250
X650X520 mm . The central field is 0.68 T, and the
pions are tracked with four multiwire proportional
chambers (Ml,M2,M3,M4) and three arrays of plastic
scintillators (E,B, A).

The E array identifies pions entering the spectrometer
and consists of two counters 150)(200)&3 mm located in
front of M1. The B and A arrays define the pion's exit.
Both of these arrays consist of eight counters
300X500X3 mm which sit behind M4. Pulse-height
and timing information from E and B is recorded for
each event. The time of flight between the E and B ar-
rays gives a sharp peak of width 3.1 ns (FWHM) for
pions, while protons appear in a 100-ns-long tail. A com-
bination of pulse-height and time-of-flight information
suffices to distinguish between pions and protons and has
been used at the lowest level of the analysis.

Ml (144X 144 mm ) and M2 (1000X480 mm } track
pions entering the magnet, while M3 and M4 (2120X480
mm } track exiting pions. Ml has sense planes at 90', 0',
45', and 135', while M2, M3, and M4 have planes at 60',
90', and —60'. All wire spacings are 2 mm, and each
sense wire is individually read out. A more detailed
mechanical description of the chambers, and of the
readout electronics can be found elsewhere. The mag-
netic Geld is monitored by a Hall probe mounted in the
inagnet. The Hall probe has been calibrated against a
proton NMR signal.

The proton detector consists of three parts: a hE
hodoscope of 12 counters, H, an array of 3 thick plastic
blocks P, and an array of 3 veto counters, V. A proton is
defined as H' P; ~ V;, where the HJ is in front of the P;.
There is also pile-up logic to tag those events with more
than one particle arriving per 150 ns in any P counter.

The hodoscope array H consists of strips of NE102A
plastic scintillator (34X480X 5 mm ) with a Hamamatsu
R1450 photomultiplier tube on each end. The time-of-
flight resolution is insufficient for particle discrimination
due to the short flight path.

The large plastic blocks P and V are 150 mm thick and
read out at one end with a Philips XP-2041 photomulti-
plier tube. The P will stop up to 150 MeU protons and
their performance is described elsewhere. A light-
emitting-diode (LED) fiash systein connected to the plas-
tic blocks is used to monitor the gains of the detector.
The stability of the flash system is checked by looking at
the pulse height of elastic protons in the large plastic
blocks during each run. The elastic protons from mp

scattering are selected by requiring a pion within a nar-
row momentum and angular window to be present. The
gain constants vary by less than 8% from the calibration
run, and run by run corrections are applied. Calibration
of the system is accomplished by examining protons from
elastic ~p scattering in conjunction with reconstructed
pions.

The resolution of the proton detector is measured by
examing elastic events. We obtain an angular resolution
of 3.8' (FWHM) which is in agreement with the angular
width of a hodoscope strip of 4.75'. The energy resolu-
tion of the proton detector is measured to be 5.2 MeV
(FWHM) at 100 MeV. An additional uncertainty of 6.0
MeV (FWHM) stems from an uncertainty in the interac-
tion point within the target.

The photon detector is a square array of 64 NaI(T1}
crystals ( 63.5 X 63.5 X 400 mm, 15.4 radiation lengths
deep) and has been described previously. The crystal
array is surrounded by plastic scintillator counters on the
top, bottom, left, and right for vetoing cosmic events and
a 1-cm-thick plastic scintillator in front to veto charged
particles. The shielding of the NaI crystals, except for
the entrance window, is made up of 5 cm of lead, 20 cm
of borated polyethylene, 1.5 mm of cadmium, and anoth-
er 10 cm of lead. Each crystal is looked at with a Philips
2202 photomultiplier tube which is optically coupled to a
flash system via an optical fiber. The array is positioned
at 8„=119' and sits 107 cm from the center of the target.

The photon trigger requires a minimum energy depos-
ited in the NaI(T1) array. This is done by forming all pos-
sible sums over 2-by-2 subarrays of crystals, and requir-
ing at least one sum to be above a minimum threshold.
This hardware threshold is set at 13 MeV, but because of
slight differences between individual crystals an off-line
cut of 15 MeV is applied. The time resolution obtained
with constant fraction discriminators is 1.8 ns (FWHM).
The crystals are calibrated with a ' Cs source, cosmic
muons, and photons from the reaction ~ p ~ny (where
the n stop in the liquid-hydrogen target). We measure a
resolution of 9.5% (FWHM) at the 129-MeV line, while
the energy dependence of the detector resolution can be
parametrized as

R (%FWHM)= +8200

Er (MeV)

for photon energies above 10 MeV.
The liquid-hydrogen target is a Mylar cylinder 45 mm

in diameter with domes on both ends. The overall length
of the target is 140 mm, and it presents about 1 g/cm to
the incident pion beam. The target walls are about 75
p,m thick at the entrance and exit, and average about 130
p,m thick over the rest of its surface. The vessel is
wrapped in superinsulation and sits inside of a vacuum
vessel with approximately 500-pm-thick Mylar windows.
The support member for the target is placed between the
incident pion beam and the scattered pion. The hydrogen
is cooled with liquid helium and a control system main-
tains the pressure above the target to within set limits.
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The liquid-hydrogen density is determined from standard
density tables.

C. The acceytance of the detector

The effective solid angle of the apparatus is calculated
by Monte Carlo methods (see next section} using spy
events from a phase-space distribution (Fig. 3). The
sharp cutoff in the ~p acceptance at high photon energy
arises from undetected forward protons. Corrections for
experimental inef6ciencies are applied as follows.

In the analysis, events with a photon energy below 15
MeV are discarded. Because of resolution and efficiency
effects, some photons with E &20 MeV are lost in this
cut. Using the known response of the detector, the
fraction lost as a function of energy can be calculated.
This correction is 18% at 20 MeV, and negligible above
25 MeV. Shower leakage into the veto counters contrib-
utes a nearly energy-independent inefficiency of
8.7+3.0%. This is dominated by electrons ( ositrons)
backscattered into the entrance veto counter. Correc-
tions are also made for photons which hit one of the cen-
tral 6-by-6 crystals, but deposit most of their energy in an
outside crystal (6% at 20 MeV and 12% at 100 MeV).
Events which are not centered in one of the 6-by-6 inside
crystals are rejected because of large shower leakage.

The acceptance of the proton detector is corrected for
protons scattered in the target, the target vessel, the air,
and the hodoscope and also for nuclear interactions in
the detector itself. These corrections are energy depen-
dent and are computed from published data. i ' They
vary between 5.2% at 50 MeV and 19.5% at 150 MeV.
For two energies these corrections have been checked ex-
perimentally by requiring only a reconstructed pion to
define a mp-elastic event and recording the number of
protons actually found in the expected proton counters.
For two of the proton counters we measure 14.3+3.5%
and 10.922.6%, respectively, while calculations for the

same counters yield 15.2% and 9.1%. Finally, pile-up
corrections [more than one proton arriving in the same
analog-to-digital converter (ADC) gate], between 3% and
7% are applied.

The acceptance of the pion spectrometer has been
corrected for pion decay, chamber reconstruction
efficiency, multiwire proportional chamber (MWPC)
efficiencies, and inefficiencies of the pion counters. The
latter are determined from separate runs in which a given
counter has been left out of the trigger. The combined
inefficiency of all the plastic counters is measured as
2.521.4%. The combined efficiency of the wire
chambers are measured on a run-by-run basis and varies
from 30% to 55%. The low efficiency and the large vari-
ation in efficiency results from a random, but easily
identified noise in M2 (more than 40 wires firing). This
inefficiency only affects the statistics of the final data sam-
ple. A measured reconstruction efficiency of 95+2% has
also been included. Pion decay and pole-tip scattering
are studied by Monte Carlo simulation. The corrections
vary from 15% for 220 MeV/c pions to 10% for 330
MeV/c pions.

III. DATA REDUCTION AND ANALYSIS

A. Particle reconstruction

Reconstruction of the final-state pion is done with a set
of tracking functions. The arguments of the functions
are linear combinations of the fired wires in an event, and
the values of functions are the pion momentum, initial
angles, and interaction point. To determine the tracking
functions, about 4000 Monte Carlo pion tracks which fill
the phase space of the spectrometer are generated. A
principal-components analysis is performed on these
tracks to obtain the transformation from wire space to
principal-component space. The principal components
g; can be written in terms of the wires w; as

g, =A(w; —c),

160-
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8 o 0 0 p & 0~Q o 0 0-

where A is a rotation matrix and c is an offset. The
Monte Carlo tracks are next used to generate a set of
functions of the principal components for momentum,
angles at the target, and target traceback. These func-
tions are of the form
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FIG. 3. Effective solid angle of the NaI array and the mag-
netic spectrometer. NaI array: 0, the entire magnetic spec-
trometer requiring that the proton be detected: 0, the magnetic
spectrometer for pions between 55 and 75: 4, pions between
75'and 95: 0.

rf p 1(91)p 2( 12)

where the P;(rij ) are the ith Chebychev or Hermite po-
lynomial of the jth principal component for the ath term
in the function. A typical function contains 50 of the
above terms with between 1 and 7 principal components
in each term. A more detailed description of this method
for a different arrangement of the chambers and magnet
used in this experiment is given in Ref. 22. With the re-
sulting functions, we are able to reconstruct the Monte
Carlo moinentum to k4. 2 (MeV/c) (FWHM}, the pion 8
and P angles to +0.80 (FWHM) (this includes effects due
to multiple scattering in the detector), and the target
traceback to +3 mm (FWHM}.

Tracking of particles in the Monte Carlo simulation is
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performed using a Runge-Kutta integration procedure on
the equations of motion. The magnetic field is deter-
mined from a map measured at 0.80 T and scaled down
to the 0.68 T used in the experiment. The physical posi-
tions of the chambers have been surveyed at the end of
each run period and chambers are aligned by software us-

ing straight tracks taken from field-ofF runs.
Track finding consists of locating at least one B-array

element within allowed time-of-flight windows. The
wire-chamber information is then examined to determine
if suScient wires fired in all four chambers to reconstruct
the event. Fired wires are grouped within a given
chamber such that their intersections form suSciently
small triangles. These triangles are then associated to
form tracks. The reconstructed tracks are required to
come from within the target volume and point toward an
in-time B paddle. Finally, p„, 8„,and P„are reconstruct-
ed.

The resolution of the reconstructed events is measured

by examining elastic ny events. We calculate the
difference between the measured elastic momentum, and
the elastic momentum as calculated from the scattering
angle of the pion. We then unfold the angular resolution
of the system, the angular distribution of incident pions,
the momentum distribution of incident pions, and the un-
certainty of the depth in the target from which the pion
came. When these effects are removed, a pion momen-
tum resolution of 5.3 MeV/c (FWHM) is obtained.

Reconstruction of the protons is done by first identify-
ing all hodoscope bars which fired within allowed time-
of-flight and pulse-height windows. These are then
matched to fired proton counters (without pile-up or
veto). If a hodoscope can be matched with two fired pro-
ton counters, it is associated with the one containing the
most energy. The proton's energy is then calculated as

Ep =Ep)istI& +EEhodo +AEVI g +EEIIf +EEw&Ipp&zgs

where E~~ „,and EEh,d, are measured in the detector (I'
and H) and the other quantities are calculated based
upon the protons trajectory. The energy lost in the target
b,E„, is an average formed by computing the energy loss
of the proton from three points along the pion's trajecto-
ry through the target. hE„, is the energy lost in the air,
and b,E„„;„,is the energy lost in the material wrap-

ping the plastic scintillators.
Reconstruction of the photon begins with a search

through all the fired crystals to identify the one with the
most energy deposited in it. All bars with less than 0.4
MeV in them are ignored, which removes noise coming
from pedestal subtractions and activation of the crystals.
The bar containing the most energy must be within al-
lowed time-of-flight windows, and not be one of the 28
bars around the outside of the array. If the above condi-
tions are met, a search of the 5-by-5 subarray of crystals
centered on the one containing the most energy is made
and all bars with a nonzero ADC reading are added into
the total energy. No time-of-flight cut is placed on the
secondary bars because if the amount of deposited energy
is small, it is unlikely that a time-to-digital converter
(TDC) stop would be recorded. The time of the event is
then computed by taking the energy weighted average of

the times of all bars in the event which are within +3 ns
of the maximum bar. Finally the position of the hit is
calculated by forming an energy weighted sum of each
crystal which fires.

The time-of-flight window in the hardware trigger has
been left quite wide in order to study background contri-
butions to the trigger. These backgrounds are discussed
in the next section. In order to remove most of this back-
ground, only events in a 6.1-ns wide window about the
central photon time are accepted. With the 1.8-ns
FWHM time resolution of the NaI(T1) array, this cut is at
the 4o level. About 20% of the trigger survives this cut,
and good photon timing is critical in minimizing the sur-
viving background.

B. Backgrounds

Because of the good timing and pulse-height informa-
tion available in the pion and proton detectors, it is
unambiguous to identify these particles. Backgrounds
arise when a photon is included in the event. Figure 4 is
a typical time spectrum of all photons from a
n+p~m+py trigger. The photons can be divided into
two sources: correlated and uncorrelated with the beam
pion. The backgrounds have been divided along these
lines.

The dominant source of random NaI triggers comes
from muon-decay positrons. Pions which backscatter
into the NaI(T1) array will stop near the middle of the
detector and decay (n+~p, +v„), the muons then decay
(p, + ~e+v, v„) producing positrons which are distributed
uniformly in time. Another source comes from pions
which charge exchange on material in the target
(m+N~noX). This reaction can occur when there are
more than one pion in a given beam burst, or when the
charge-exchange pion comes from one of the adjacent
bursts. Except at the very lowest photon energies both
these triggers require an inelastic pion or proton in order
to survive the analysis. One inelastic source is pions
which decay in the magnet and have the wrong momen-
tum assigned to them. Nuclear reactions can also gen-
erate inelastic events, e.g., m+N ~m+pX.

To study these uncorrelated backgrounds, a software
cut has been made which selected events in which the
NaI trigger comes from one beam burst after the pion
and proton triggers. When this sample is analyzed in ex-
actly the same manner as the in-time NaI triggers, a sub-
traction for all the uncorrelated backgrounds is obtained.
This subtraction removes the contributions from elastic
or quasielastic mp s in coincidence with muon-decay posi-
trons and NaI triggers caused by more than one pion per
beam burst.

A source of correlated NaI triggers is quasifree brems-
strahlung, which may occur in the target walls. In this
reaction, the bremsstrahlung is off a bound proton, which
is then knocked free. Evidence for this reaction is looked
for by analyzing events which come from near the target
windows. The spectrum from this region is no different
from that at the center of the target. In particular if the
reaction is present to any large degree one expects a small
peak in the energy balance at the binding energy of car-
bon in the reaction m. + ' C~m. +p "By. No such peak is
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FIG. 4. Time spectrum of all detected photons during a
~+p ~~+py run.

visible. The reaction m. +n~m p can occur on bound
neutrons in the target walls. If the pion then decays via
tr ~ye+8 and the e+ is misidentified as a tr+, a false-
bremsstrahlung signal could occur. Because of both the
kinematic constraints on the final system, and the kine-
matics of this decay, it could only contribute for Er & 30
MeV. In this region we calculate that its contribution is
less than 1% of the rr+p~tr+py signal. Analysis of
empty target data, and study of the signal coming from
near the target windows show no evidence of back-
grounds at a level of 4% of the signal. No target subtrac-
tion is performed. The reaction rr+p~rr+rr p is also a
beam-correlated background, and is discussed in the next
section.

C. Event determination

The data written to tape contain a large number of
events in which a proton is seen in the magnetic spec-
trometer, and either a pion or a beam muon is seen in the
proton detector. A very small fraction of these events are
actually data from the reverse rr+p ~rr+py reaction (the
pion seen in the proton detector, and the proton seen in
the magnetic spectrometer), but most are just unwanted
background. In order to remove these events, a cut on
pulse height and timing in both the pion and proton
detectors has been made. This cut removes about 60% of
the fr+petr+py events written to tape. We did not try
to analyze the reverse rr+p~tr+py reaction because (1)
there is a very small solid angle for it, particularly at high
photon energies and (2) there exists a large muon back-
ground in the proton detector at low photon energies.

The surviving events are reconstructed for (p, t)tt, 8„),
(E~,a~), (Er, (ttr, 8r), and (y„„zs„, )s. Requiring only
that an in-time n.+, p, and y are reconstructed, reduces
the data set to 2.2% of that written to tape. The lost
events in the order of cutting are made up of 60%%uo m and

p not correlated, or in the wrong detectors, 25% have
insuScient recorded data to reconstruct, and 13% do not
have an in-time photon. This remaining data set is re-
ferred to as the raw data set.

Most of the events in the raw data set are elastic
scattering in coincidence with a random NaI trigger. By

FIG. 5. Pion momentum difference p„"'—p""' ' for the raw
data sample. The peak labeled elastics contains elastic np events
in coincidence with a random NaI trigger. The peak labeled m

arises from the reaction m+p~m+m. p. The region labeled
bremsstrahlung contains the events from m+p ~a+py.

pmeas pe(as(8i () g6E (MeV)

and by cutting at

p
mess elas(8) 9 0 MeV /C

we lose less than 2% of the good events in the lowest-

energy range, and none above that.
In order to remove more of the elastic events, the

charged-particle energy balance E p is formed (see Fig.
6):

E;„ is the energy of the incident pion, m is the proton
mass, E is the detected pion's energy, and Ez is the
detected proton's energy. This quantity should be zero
for elastic events, and have a long positive tail for brems-
strahlung events. In order that fewer than l%%uo of the
events in the lowest-energy bin are lost, a cut at

E )0 MeV

has been made.

1.2—)
0)

m 08—

~ 0.4-
O

elastics

rernss trahlun yr production
0

0.0 0 80 160

Energy Balance ot the trp system [Mev]

FIG. 6. Charged-particle energy balance (the reconstructed
photon is ignored).

examining the pion spectrometer alone, it is possible to
eliminate most of theses events. Taking p„"' as the
reconstructed pion momentum, and p""' ' as the calcu-
lated momentum of an elastic pion at an angle 8, the
difference p

"'—p'"" ' (see Fig. 5) is small for elastic
events. For ~+p ~~+py events, it can be parametrized
as
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Finally, to remove elastic events in which the pion de-
cays in the magnet, or a pion rescatters in the liquid-
hydrogen target (about 1.5% of the time), a cut on the
proton's deviation from elasticity has been made. Ifp

elas(a )
is the measured proton momentum, and p ~ is the
calculated elastic proton momentum at the in-plane angle

ap then

meas
p P 2 06E

elas(a )

P

600

O
400

200

0 8

160-

o 120-
CO

O

g 80-
0)

40—

0 I I I I

-8 0 8
hap jdegrees]

(b)

for ~+p ~~+py events. A cut at

p
'"—p p &+10.0 MeV/c (3)

(4)

is made. Figure 7 sho~s mz for all events in the raw data
set, and for all events surviving cuts 1-4.

Finally, the difference between the measured in-plane
proton angle aP' and the proton angle which best bal-
ances the spy system is examined:

removes less than 1% of all good events in the lowest-
energy bin.

A background in which the photon is correlated with
the pion and proton arises from the process
n+p ~n+nop. By. defining a mp missing mass (disregard-
ing the photon) as

rnx (E;„+m——p E E~—) —
~

—p;„—po —
pp ~

these events can be cleanly separated from the brems-
strahlung events. E;„,m, E, and E have already been
defined, p;„ is the incident pion s momentum, p is the
scattered pion's momentum, and p is the scattered
proton's momentum. For elastic and bremsstrahlung
events, mz is peaked at 0, whereas for ~+p ~m+m p it is
peaked at m 0 ——18200 MeV . To remove the m 's, the

cut

FIG. 8. Difference between the measured proton angle a~
and the angle needed to best balance the overall momentum of
the system. (a) All reconstructed events. (b) After cuts 1-4.
The arrows indicate cut 5.

ha =a "'—arctan
P P

Z Z—p —p

The superscripts x and z refer to the components of
momentum in the x and z directions. A 3.50. cut in ha
is made:

/
ha~

/

&6.0'. (5)

For ~p~mpy events, this quantity is equal to the proton
mass. In Fig. 9, the difference m, —m is plotted for the
raw data set, and all events which survive cuts 1 —5. The
clear peak at zero contains the m. +p —+m+py events.
However, Figs. 8 and 9 also show that there is still back-

In Fig. 8 is shown ha for the raw data set, and after cuts.
1 —4 have been applied.

After cuts 1 —5 have been made, 5.6% of the raw data
set remain. This data set is referred to as the real data
set. In order to more clearly see the bremsstrahlung sig-
nal we have defined a quantity m„ the reconstructed tar-
get mass:
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FIG. 7. Missing mass mz calculated from the initial and final

pions and protons. (a) Raw data set; (b) cuts (1-4) applied. The
arrow in (a) indicates cut 4.

FiG. 9. Reconstructed target mass (proton mass subtracted).
This quantity should be peaked at 0 for bremsstrahlung events.

(a) All reconstructed events. (b) Events after cuts 1 —4.
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400-

200-

400-
(b)

ground remaining.
Monte Carlo studies of various possible backgrounds

indicate that this tail arises from nearly elastic events in
coincidence with a random NaI trigger. In particular,
elastic events in which the pion has decayed in the mag-
net. In Sec. III B it has been pointed out that by analyz-
ing mp~mpy events in which the photon comes from a
later beam burst allows one to obtain a subtraction for
this background. As such, the same analysis as above has
been performed on a data set in which the photon came
from a 6.1-ns-wide window centered about the beam
burst after the mp triggering burst. These data are re-
ferred to as the background data set.

The last step in the analysis involves performing a
three-constraint (3C) kinematic fit to the hypothesis that
the event comes from mp ~mpy, and cutting in the re-
sulting 7 -like variable. The kinematic fit includes all of
the measured resolutions and then minimizes the energy
and momentum balance of the spy system. In Fig. 10,
the resulting X for both the real data and the back-
ground data in three ranges of photon energies (Er &40
MeV, 40 MeV & E & 80 MeV, and E & 80 MeV) are
shown. Almost all of the background is in the lowest

range of photon energies. The J is cut at 4.0, 5.5, and
7.0 in the three sets, respectively. These cuts are made
where the X is flat, and results in an error of less than
l%%uo. The nonuniformity of this cut is due to the non-
Gaussian nature of the photon resolution. This cut re-

moves 13/o of the real events and 37% of the back-
ground events, which reduces the errors associated with
the background subtraction. Most of the events rejected
by the kinematic fitting had a fit photon energy below 20
MeV. Finally, a summary of the number of events
remaining after each of the levels of analysis is given in
Table I.

D. Cross-section calculations

The cross section is calculated as

d5o muscat 1 1 1 1

dQQQ&dE& N;„e,h Q„Q& bE& Nz„„„
1 1 1 1 1

X
~n ~p ~r 1decay ~l ( Er )

X„„is the number of events which survive all cuts
minus the number of background events which survive
the same cuts. N;„E,„ is the number of incident pions
corrected run by run for the chamber efficiency. Nppoto„
is the number of protons per cross-sectional area in the
target. Q is the efFective solid angle of the pion spec-
trometer (Fig. 3). Qr is the efFective solid angle of the
NaI array; it does not include any energy-dependent
efficiencies. hE~ is the bin width in photon energy at the
point evaluated; the cross section is plotted at the center
of the bin. e is the efficiency of the pion spectrometer; it
includes scintillator and track-reconstruction efficiency.

is the proton-detector efficiency and includes the
detector efficiency and pile-up corrections. e is the
efficiency of the NaI array and includes both detection
and energy-dependent efficiencies. gd„,„ is the correction
for pions decaying in the spectrometer, and finally eI is a
correction for events lost during cuts 1 —5. The values of
all these quantities are given in Table II.

Table III contains measured cross sections as a func-
tion of photon energy for the entire set in 10-MeV-wide
bins. This is about the energy resolution of the highest-
energy photons. Because of the large angular range ac-
cepted by the pion spectrometer (55' —95'), we also split
the data into a low-pion-angle (55' & 8 & 75') and a high-
pion-angle set (75'& 8 & 95') (these angles are measured

200-

0"-- ..

200-
(c)

TABLE I. A summary of the number of events in both the
real data set and the background (off-time photon) data set
which survive each level of cutting. Reconstruct mp means that
an in-time pion and proton have been completely reconstructed.
mp+y includes an in-time photon. Cuts 1,2,3 remove elastic
events. Cut 4 removes events from n. production. Cut 5 re-
moves quasielastic + random NaI trigger events.

Data cut
Number of surviving events

Data set Background set
0—
0 5

X

10

FIG. 10. 7 distribution after kinematic fit for both the real
data and the background data (shaded histogram). (a) Ey &40
MeV. (b) 40 MeV&Ey &80 MeV. {c) Ey )80 MeV. The ar-
rows indicate cuts.

On tape
Reconstruct mp

~p+r
Cuts 1,2,3 (elas. dev. )

Cut 4 (mz)
Cut 5 (ha~)

Kinematic fitting

1 240000
129 900
27 072

4660
2332
1589
1376

1 240000
129 900
20 740

1560
1560
410
257
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TABLE II. The quantities which go into the calculation of
the cross section. The quantities on which each depend are
shown in parentheses. %'hen a value varies, its range is given.

Quantity¹„
0
0,

EEy

e,h(time)

eI (Eu )

e~(E~ )

Idecay(P ~ )

~I(Ey)

Value

(1.787+0.077) &( 10'~

( 1376+37)—(257+16)
(613+3.7)X10 ' /nb

125 msr
130 msr

10 or 15 MeV
(0.86%0.02)

(0.298+0.005)-(0.546+0.008)
(0.77+0.02)-(0.86+0.02)
(0.74+0.04)-(0.92+0.05)
(0.85+0.01)-(0.90%0.01)

0.95-1.00

in the laboratory frame). In Table IV are the cross sec-
tions as measured for the entire, the low-angle and the
high-angle data sets. These data are presented in 15-
MeV-wide bins in photon energy to maintain the same
statistical accuracy in the subsets as in the entire set in
10-MeV bins. In Figs. 11 and 12, the data in Tables III
and IV are plotted.

TABLE III. The measured cross section for all data,
55'&8„&95'. The photon-energy bin width is 10 MeV. All
variables are in the laboratory frame.

E, (MeV)

20-30
30—40
40—50
50—60
60—70
70-80
80-90

90—100
100-110
110-120
120-130

6f 0 nb

d QQQ~dE„sr~MeV

1.63+0.27
1.23+0.23
1.37+0.20
1.45+0. 18
1.29+0.16
1.19+0.15
1.11+0.15
1.02+0. 14
0.80+0.13
0.67%0.10
0.61+0.11

E. Analysis of elastic data

During the run, one tape of np~mp triggers (30 min)
for every five tapes of np~mpy triggers (10 h) has been
taken. The elastic data have been taken mainly for cali-
bration of the proton detector. However, we have also
analyzed some of this data to check our understanding of
the pion and proton detectors. The results of the elastic
data have been plotted in Fig. 13. The solid curve shows
the Karlsruhe-Helsinki phase-shift results ' for
p„=415.8 MeV/c. These phase shifts fit the m+p scatter-
ing data at 408 and 427 MeV/c quite well. The agree-
ment between our data and the phase shifts is also quite
good, with the X /NDF of the data fit to the line of
10.99/16.

We have also used the elastic cross section as a monitor

TABLE IV. The measured cross section in 15-MeV-wide

photon-energy bins. The entire data set and the two subsets in

pion angle are given. 8 is measured in the laboratory.

E, (MeV)

d'o nb

dQQQ~dE» sr MeV

55 &0 &95' 55'&8 &75' 75 &8 &95'

20-35
35-50
50-65
65-80
80-95
95-110
110-125

1.57+0.23
1.24+0. 18
1.40+0. 16
1.21+0.14
1.12+0.13
0.85+0.10
0.71+0.09

1.23+0.28
1.31+0.21
1.40+0. 18
1.20+0. 16
1.27+0. 17
0.83+0.13
0.82+0. 11

1.91+0.30
1.17+0.24
1.40+0.20
1.22+0. 18
0.90+0.16
0.90+0.13

of changes in the detectors, target, and pion beam. This
is done for every mp~npy run by examining all events
in a photon time window which did not include in-time
photons. These photons are not correlated with the m

and p, and provide a good sample trigger for elastic
events. The resulting cross sections are then fit to the
Karlsruhe-Helsinki phase shifts with one free parameter.
The value of this parameter is the same for all analyzed
runs, and has not been used to normalize the data. '

F. Comparison to previous data
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dG„dA, dE„
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(nb/sr Mevl 1
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0 20 40 60 80 100 120 140

E, [M evl

FIG. 11. The laboratory-frame m+p ~~+py differential
cross-section averaged over all pion angles, 55 &8„&95. The
three curves are theoretical predictions from SPA [ ———],
EED [———], and MIT (pz ——2.8@~) [. . ].

The angular acceptance of this experiment and the
UCLA experiment are not the same. The UCLA experi-
ment has detected pions at 52.5' in the laboratory and
photons from 180' to 260' while our pions are detected
between 55' and 95' and photons are at 241'. In compar-
ing to the UCLA data, only their data in which the pho-
ton angles are the same as ours have been examined
(UCLA G7).

Figure 14 shows our low-angle data set and the UCLA
G7 data. Both sets agree within a factor of 2; exact agree-
ment is not expected as most theories predict that the
cross section rises as one goes to larger pion angles. This
effect is seen in the comparison. It is also noted that a
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FIG. 14. A comparison of the data in low-angle data set
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slight bump at intermediate energies hinted at in the
UCLA data is seen at about the same level in our data.

It is not possible to further reduce the range of pion
angles without seriously affecting the statistics of the data
set. In this regard we are unable to form a data sample
that more closely matches the UCLA geometry. The two
data sets remain essentially complementary. The UCLA
data mapping out the cross section as a function of pho-
ton angle at a fixed pion angle, and this data holding the
photon angle fixed and varying the pion angle.

E, [MeV)

FIG. 12. The laboratory-frame m+p ~m+py differential
cross section compared to theoretical predictions. The notation
isthesame asin Fig. 11. (a) 55'&8 &75'. (b) 75'&8 &95'.

IV. COMPARISON TO THEORETICAL CALCULATIONS

A. The SPA theory

In Figs. 11 and 12, the SPA calculations are compared
to this data [the SPA calculation is of the four diagrams
shown in Figs. 1(a)-1(d)]. SPA gives a good fit to the en-
tire data set for photon energies below 40 MeV. In the
low-angle set the cross section is underestimated, al-
though the shape is correct up to about 60 MeV. For the
high-angle set, SPA agrees at the lowest data point and
then turns sharply up. Our results are in agreement with
the UCLA results that SPA is valid for photon energies
below 40 MeV. We have not compared our data with the
predictions of Liou and Nutt because of the complexity
in carrying out their SPA calculation.

8. The EED model

b

55 60 65 70 75 80 85 90 95

B„Lab [Degrees]

FIG. 13. Measured laboratory-frame elastic cross section
compared to the cross section reconstructed from the
Karlsruhe-Helsinki phase shifts at p =415.8 MeV/c.

In fitting to EED (external emission dominance) we
have encountered some problems for high-photon energy
and large pion angles. The EED cross section starts to
rise, which is not expected from the model with its sup-
posed I /Ez fallofF. This problem has been treated in the
Appendix. All fits are made with the Mandelstam vari-
ables s and t chosen to be their average over initial and
final states.

Comparisons to EED are shown in Figs. 11 and 12. In
fitting the low-angle set, EED underestimates the cross
sections at intermediate energies; however it is quite good
at both high and low photon energies. The poor fit at
middle energies may be indicative of internal structure
(which is not included in EED) or of off-mass-shell
effects. In the high-angle set, there is good agreement out
to about 70 MeV after which EED starts to rise. For this
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data, EED fits the data much better than the MIT theory
(next section).

TABLE V. The free parameters in the MIT theory. There
are two different parametrizations for the P33 wave.

Partial
wave a(fm ')

mg
(MeV)

C. The NIT theory

To interpret this data in terms of electromagnetic mo-
ments of the b, ++, a good theoretical understanding of
the process mp ~~py is required. It is not at all obvious
how a bremsstrahlung cross section d cr /d QQQ dE is
related to the magnetic dipole moment of the h. A good
theory relating the two would include (1) as many partial
waves in the mp scattering as possible, (2} a correct treat-
ment of the off-mass-shell mp amplitudes, and (3) the
correct gauge-fixing terms for the calculated amplitude.
The MIT theory is a dynamically consistent, gauge-
invariant model for ~N bremsstrahlung involving an iso-
bar model which is fitted to experimental phase shifts.
The model includes P33, S31, and P31 partial waves. '

For each included partial wave, the AND, vertex is
parametrized as

A( )=
m (&2+q2

giving two free parameters g and a for each partial wave.
There is also a mass parameter, m &, in the spin- —', propa-
gator Gz.

Gg (E —mq —X——q)

where X& is a self-energy correction. The free parameters
are obtained by fitting to the experimental ~N phase
shifts for each partial wave (Table V). For the P33 wave

P33
P33
S31
P31

a=1.2
a =2.2

a, =5.75

ap ——2.09

g =2.12/(m )

g =1.79/(m )

gz
——0.36/m

gp =2.74/m

1445
1322

two different sets of the parametrizations result, both giv-
ing good fits to the data. The first set is slightly better,
and is used in the bremsstrahlung calculation. ' When
bremsstrahlung is calculated in this model, the elec-
tromagnetic moments of the 6 enter as parameters. It
has been shown that the effect of the quadrupole moment
is beyond the sensitivity of an experiment of our type. '

The only moment to which one is sensitive is pz, the
magnetic dipole moment. When the MIT theory is fitted
to the UCLA data, ' 2.5p~ &pz & 3.5p is obtained.

When comparing with the MIT theory, there are un-
certainties in the off-mass-shell treatment and ambiguities
in the parametrization of the ONE vertex which make it
impossible to obtain p& to an accuracy better than
%.25pz (Ref. 16}from an unpolarized measurement such
as this one. Also, the model is valid only for E~ &I z
(116 MeV) and when compared to our data, Er ——100
MeV might be a more realistic limit.

In fitting, a program provided by a member of the MIT
group has been used to average the theory over the
detector acceptance for several values of p&. We have
also done point calculations in which we assumed all
events came from the center of the target, and all parti-
cles were centered in their detector. The results of the
folding and of the point calculations are given in Table
VI. With the averaged theory values, a X /NDF for each
value of pz is then calculated:

dso '"/dQQQrdEr(E&); do ' idQQ—Q„dEr(Er, ljq};
DF

n 1 o, (Er )

TABLE VI. The MIT theory averaged over the detector acceptance, and point calculations at several values of pz. The low-angle
point calculations are at 0 =67', 0~ =241 . The high-angle point calculations are at 0 =83, 0~ =241'.

(MeV)
pg =2.0pp

Pt. Avg.

55'&0 &75'

ph 2.5'
Pt. Avg.

pg =3.Opp
Pt. Avg.

pg =2.0pp
Pt. Avg.

75'& 0„&95'

pg =2.5'
Pt. Avg.

pg =3.0pp
Pt. Avg.

27.5
42.5
57.5
72.5
87.5

102.5
117.5

1.04
0.81
0.79
1.00
1.32
1.74
2.12

1.10
0.87
0.87
1.01
1.36
1.81
2.31

1.05
0.87
0.95
1.11
1.17
1.19
1.34

1.11
0.93
0.99
1 ~ 12
1.17
1.21
1.44

1.07
0.97
1.20
1.49
1.42
1.05
0.89

1.13
1.03
1.24
1.50
1.39
1.05
0.92

1.54
1.38
1.47
1.61
1.66
1.65
1.63

1.71
1.45
1.52
1.58
1.64
1.67
1.76

1.58
1.46
1.60
1.71
1.54
1.26
1.13

1.74
1.53
1.65
1.69
1.52
1.23
1.17

1.62
1.57
1.82
1.99
1.71
1.17
0.85

1.78
1.63
1.87
1.99
1.69
1.13
0.85
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FIG. 17. MIT theory at several values of p& compared to the
low-angle data set (55'& 8„&75'). The notation is the same as
in Fig. 16.
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FIG. 15. g~ per degree of freedom for the fits of the MIT
theory to the data. All data: 0; data with E~ & I &. ~. (a) En-
tire data set; (b) low-angle data set; (c) high-angle data set. The
arrows indicate the minimums of the restricted (~ ) data.

where o;(E ) is the 1rr error of each measured point,
d o "' is the measured cross section, and d o ' is the
averaged MIT cross section. The results both including
and excluding points with E & I & are shown in Fig. 15.
The fits obtained for the entire data set and those for the
high-angle data set are not particularly good. The
minimum of X /ND„being greater than 4 in both cases.
For the low-angle set, a minimum at pz ——2.80p with a

2
t ' p

X /NDF of just under 2 is obtained. From only the low-

angle data, we obtain

The errors have been added linearly because of the nature
of the theoretical errors; the ambiguities in the choice of
the vertex form factors causes a shift in the theory, and
cannot be treated as a random error. Finally, a fit to only
the data with E &100 MeV still gives a poor fit to the
high-angle data set, but a slightly better fit to the low-
angle set, and nearly the same value of p&. Figures 16,
17, and 18 show the MIT theory at several values of pz
plotted against this data.

In examining the fits to the UCLA data, ' ' we ob-
serve that the MIT theory gives the best fits to the UCLA
data when the photon is out of plane by 36' (in the angles
defined in the UCLA experiment, tana = tan& cosg and
sinp=sin& sing, this is at pz

——36'). The fits to the UCLA
data at pz ——0' appear no better, and perhaps worse than
the fits to our data. Also as the angle between the pion
and photon became smaller, a„z, the MIT theory begins
to overestimate the UCLA data (az ——160'). This is the
same effect observed in our high-angle data set. In the
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FIG. 16. MIT theory at several values of pz compared to the
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FIG. 18. MIT theory at several values of pz compared to the
high-angle data set (75'& 0 & 95'). The notation is the same as
in Fig. 16.
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center-of-mass frame, our high-angle data set, and the
UCI.A data at a = 160', P =0' have nearly the same E»,
p, and a . The fact that the theoretical cross sections
are too high for both data sets may imply that there is
some off-mass-shell effect which needs to be examined.

In the geometries for all may experiments to date, the
detectors are located near the point of maximum destruc-
tive interference for external radiation, thus maximizing
the contribution of any internal radiation. It is near this
point where the MIT fits the data quite well. However, at
the most extreme deviations from this optimum geometry
the theory has tended to overpredict the measured cross
sections, while a much simpler prescription such as EED
has continued to fit the data reasonably well.

V. CONCLUSIONS

We have measured the cross section d o /d QQQ~dE»
from the process m+p~m. +py as pion incident energies
of 299 MeV. The photon is detected at 119' from the in-
cident beam, while the pion is detected between 8 =55'
and 8 =95' on the opposite side of the incident pion
beam in a coplanar geometry. In comparing this data to
SPA calculations, we find agreement for photon energies
up to 40 MeV. We find that EED underestimates the
cross section in our low-angle data set, but does fairly
well in the high-angle data set up to photon energies of
about 70 MeV. The fact that the EED cross sections are
low in the low-angle data may indicate some underlying
structure in the data.

Finally, we fit our data with the MIT theory in order to
obtain a measurement of p&. We find that the MIT
theory does a reasonable job of fitting our low-angle data,
but overestimates our high-angle data above 50 MeV by
about 507o. In measuring p~, it is not possible to make
use of the high-angle data set because of the poor fit of all
the curves. We are forced to extract a value of p& ex-
clusively from the low-angle data set. From this set alone
we get that JM&

——(2.80+0.25)p . To this we have to add
the theoretical uncertainty of +0.25@ . This gives us

p~ = (2.8+0.5 )p, and is consistent with the result quoted
by the MIT group from their fits to the UCLA data, '

p~=(3.0+0.5)p~. However, these values of JMa are en-
tirely dependent upon the validity of the MIT theory.

ACKNOWLEDGMENTS

We would like to thank the staff and crews of SIN for
their assistance and hospitality during our runs. We
thank J. A. Bistirlich for his work on our hydrogen target
and R. Frosch for his help with the m.E1 beam. This
work was supported by the Swiss Agency for Basic
Research (Schweizerischer Nationalfonds), the Director,
Office of Energy Research, Division of Nuclear Physics
of the Office of High Energy and Nuclear Physics of the
U.S. Department of Energy under Contract DE-AT03-
81ER4000, and the National Science Foundation under
Grant PHY-8519381.

APPENDIX

The EED (external emission dominance) model has
been developed to fit the UCLA experimental data when

= —e A"A
5

dQQQ»dE» " dQ

where

gP pi q2 p2

q, k p, k q, .k peak

and 4 is a phase-space factor given as

1 &s q3k

2(2m) q~ qz(v s —k)+E'„(qz.k)

q &
and qz are the incident and final pion momentums, p,

and p2 are the incident and final proton momentums, k is

e„=so
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FIG. 19. The EED predictions for two choices of s and t at
several pion angles. The solid curves are EED (s&, t, ), and the
dashed lines are EED (s2, t2). s& and t, are defined as the aver-

age between initial- and final-state values of these variables,
while s2 and t2 are the initial s and the elastic value of t. The
vertical scale is linear, and the same for each section of the plot.

other models at the time have been unable to do so. This
prescription has no theoretical footing, it just gives very
good fits to the UCLA data. EED is essentially only the
1/k term in the SPA theory. When we try to fit EED to
our data, we discover what at first appears to be a very
strange behavior in EED. For high photon energies and
large pion angles, the EED cross section begins to rise
with photon energy. A behavior quite at odds with the
expected 1/k falloff. In this appendix we explain the
source of this effect.

The EED model gives the bremsstrahlung cross section
as
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the photon energy, E' is the final pion's energy, and s
and r are the usual Mandelstam variables. There are two
choices of s and t which can be used for bounding the
RED predictions:

si=s=-,'I:(ei+J t) +(e2+P2) ]2 2

it=i=-,'[(ei —e2) +(pl p2) ]

and

where 8 is in the center-of-mass frame. When fits are
made to the UCLA data (8'„' =52') both choices of s and
i give essentially the same cross sections. However as one
moves to pion angles larger than 50' this is no longer
true. In Fig. 19 we plot the EED predictions for both
choices of s and t at various pion angles.

The rising cross section can be understood if we exam-
ine the individual contributions to the EED prediction.
The A„A "4 term is only weakly dependent upon the
choice of s and t and gives essentially a 1/k falloff. How-
ever the do/dQ(s, t) can vary substantially. For the en-

ergies of interest in this calculation we are above the
b, (1232) resonance. This means that as s decreases from
s2 to s&, the total ~p cross section is increasing. Howev-
er, as t goes from t2 to t&, we are moving to more back-
ward pion angles. For forward pion angles, the fall in
cross section as we move to backward angles just cancels
the rise caused by s, and gives us that du/d0 is approxi-
mately constant. However, at large enough pion angles
the cross section stops falling and begins to rise. This
means that the contributions from s and t are both vary-
ing in the same direction, and cause the EED cross sec-
tion to rise.

For the s2, t2 case, the resulting cross sections are seen
to fall with at least the expected shape. However, the
difference between the two choices becomes quite large at
the largest pion angles, and our data at these angles falls
between the two curves. In the case of the UCLA data,
8 was 52', where the difference between the two choices
was never very large (under 15%) and the fits were quite
good. %hile in our data, the place where EED fits worst
is exactly where the large differences begin to occur. In
order to be able to make predictions with EED, it is
necessary that the differences between the two choices of
s and t be small relative to the cross section itself.
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