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Polarizations of Z and y in the reaction e+e ~Z y near the Z peak are obtained through the
density matrix of Z and Stokes parameters of y, respectively. Their dependence on the linear po-
larizations of incident electron-positron beams and their influence on the decay of Z into two spin-

~
fermions f and f are discussed in the standard model. It is shown that the longitudinal polariza-

tion of incident electron beam can enhance the circular polarization of the outgoing photon beam.

I. INTRODUCTION

Many Z 's are anticipated to be produced at the e+e
colliding machines, the SLAC Linear Collider (SLC) and
CERN's LEP, leading to ample possibilities for checking
the standard model of electroweak theory and a possible
deviation from it.

One interesting process to search for additional neutri-
no generations is the process e +e ~vvy (Refs. 1 —3)
and it is shown that when the incident energy is near the
Z peak, the major contribution to the cross section is
the Z exchange, that is, near the Z peak the process
e+e ~Z y and the subsequent decay of Z is impor-
tant.

The purpose of this paper is to obtain the density ma-
trix of Z and the Stokes parameters of the outgoing pho-
ton beam in the process e+e ~Z y and also to obtain
the cross section and the angular distribution of one of
the Z decay products. Once the density matrix of the
Z beam is obtained at their production, it can be used
for its various decay processes. Here we have considered
the cases that the incident e+ and e beams are linearly

l

polarized and that Z 's decay into fermion and antifer-
mion pairs. In particular, it is shown that the longitudi-
nal polarization of the incident electron beam can
enhance the circular polarization of the outgoing photon
beam, which is free from the QED background. This can
be extended to the cases that incident particles are trans-
versely polarized and also that Z 's decay through other
processes.

II. DENSITY MATRIX

When the Z and y are produced from the e+e col-
lision, Z can be identified by considering the invariant
mass of its decay products and it will be relatively easy if
the decay products are charged particles. The
e+e ~Z y process can be described in various ways.
Here we consider the lowest-order process described in

Fig. 1.
The Proca vector e", of the Z vector boson which is

produced by the process of Fig. 1 can be described in the
standard model as

e".=
2

U(pz)
k y.[&i( I ys)+&~—(I+ys) l(It't~"
k&.p,

+ (2p2 e' —E'"g, )ye[EL(1 —ys)+e„(l+ys)] u(p, ) g Z 'Z" .k).p2 SPin

Here the wave vector is unnormalized, and k, =(co„k,),
p t =(E,,p, ), and p2 are momenta of outgoing photon, in-

coming electron, and incoming positron, respectively.
Also e" in Eq. (1) is the photon wave vector and g, eL,
and ez are defined as

g=(&26FM )'~

eL, ——T3L —Q sin 8@f f

eftt ———Qf sin28~ .

(2)

(3)

(4)

From now on, we consider the process in the e+e
c.m. frame neglecting the electron and positron masses.
When the incident electron and positron beams are unpo-
larized, one obtains, after averaging over the spin states
of electron and positron,

(b)

FIG. 1. Feynman diagram for the reaction e+e ~Z y.
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Here B", and B~z are defined as

(5)

M
B","= I"—'(k, kz) e E'. — p, ep. ,

e* ~M e.@*K"K' 2k—, p, k, pz[(e"+X")(E'+X )*+c.c. ]1 1 2
kl plkl p2

1 1

M kl-hkl k2——,'[(k) kz) +(k( b ) ][(e"+X")(e"+X')' c—c ].—. [p, e(K e"* KE"—') —c.c.],
2k

1
'p

1
k

1 'p2
(6a)

BIz'=i I"'k—, b, e(k, kz«')+ —crl'e"(k, ee')+cr"e"(k, «")+ (rr"kz+cr"kz )e(k, kzee')

kl k2
+k, kz[e"e"(p,pze*)+e'e"(p, pze*) —c.c. ]—,[(e"kz+e"k", )e(p, k, kze*) —c.c.]

+k, 6E e*E""(k,kz) —k, kz[p, Ee""(kze')+c.c. ]— p~'6p~'E E""(
kzo )

1P1 1P2
(6b)

where the following notation is introduced:

II = gv +
M

K~= k~ — k~
k, k2

M2

QP —pP pP

0."=k .5 k 1 +kl.k26",

P 1
'E'

gP — OP
2k

1
'p 1 k

1 'p2

e""(ab)=e"" '(az b, ),
e"(abc)=c"" '(a„bzc,),
e(abed) =e"" '(a„b,czd, ),

and k~z ——(roz, kz), the momentum of Z, satisfies k z
——M .

Then the density matrix p"' of Z can be obtained:

(10)

(12a)

(12b)

(12c)

pgv ( ~P~vgc ) /g ( ~@~vill ) ] IPv ~PYATk P ]
Q

/Jv
pv 2M 2A T 2

Explicitly one obtains the denominator of Eq. (13) from Eqs. (5) and (6) as

—eg Ao
2 2

—g „(EE )=
2@i kl 'p

1
k

1 p2

where a subscript 0 implies that incident particles are unpolarized and Ao is defined as

(13)

(14)

M (k, kz)
~o=(

I
~~ I

'+
I
~i

I

') ~.E*[(ki.kz)' —2k' pike pz] — pi ~pi. ~* +~(
I ~~

I

' —
I
~i I

')ki. kz~(~kz«*) .
kl plkl p2

(15)

The polarization vector Pz and polarization tensor Qo" of Z are given by

~o= ~" 'p pkz = [(
I
~z I

+
I

~L I
)B i+( I ~z I I

~L
I )+elM ' 2MAO

(16)

where R", and R I2 are defined as
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k, -k2
R~) ——i [(ki k2) +(ki b ) ] e"(k2&e )+ [pi e6~(k25e }—pi e e~(k26e)]

1 Pl 1 P2

k, .A
+ [(k, k2) +(k, .h) +2M k, k 2][p i'eei'(kik2e) —pi ee"(kik2e')]

2t, P, k, .P2

k1 k2
Ri2 ———2M k, he e*K-"+k, k2(p, ee"*+p, e'e"}+ p, ep, . e*(k, b kii'+ki. k26")

kl Plkl J2

(17a)

(17b)

and

Qg" = ,'I"'—+—[(
I ea I

'+
I eL. I

'}G""+(
I
e

I

' —
I eL

I

'}G""]
0

where 6", and 6~2'are de6ned as

6ii'" Me ——e'K "K' 2k i p—, k i p 2 [ e e*I""+[(e"+X") ( e"+2") '+ c.c. ]I, (19a)

G2 =E 2k, k2e(p, p2ee" )I""+—o "e'(k, ee*)+o "e"(k,ee' )+, (o "k2 +o "k~2 )e(k, k, ee*)

+ki k2[e e (pip26 )+e e (plp2e } c c ] 2[(ei'k2+e ki2)e(pikik26 ) —c.c. ] (19b)

III. PHOTON POLARIZATION

When the Z polarization is not measured in the process e+e ~Z y, only Eq. (14) needs to be considered. Our
method of density-matrix formalism for the photon is applied here to obtain the outgoing photon polarization. The
photon polarization can be specified by Stokes parameters g; (i =1,2, 3) which are contained in the photon density ma-
trix in the helicity-state basis as

T

p22 ———,
' 522.+ —g, (A, —A, ')+ —,'g2(A. +A, ')+-,'(2(AA, ' —1)

1+(2

2

(3+i g—,

1 —(2
(20)

The photon density matrix can be obtained explicitly from Eq. (14) after replacing e"e"* in the equation by

e ( A, )e ( A,
'

)
' =— ( 5'J —k ' k ' )5zz ——( A, + A,

'
)e'J"k ", ——( A, —A,

'
)[a '( k i Xa )' + a~( k i X a )']

+-,'(AA' —1)[&'» —(k, Xa)'(k, X a)i] (21)

here k1 is the unit vector along k1 and a is a unit vector perpendicular to k, . In particular, if s is chosen to be norma
to the reaction plane of e+e ~Z y, one can obtain the following relations from Fq. (21):

e(A. ') e(A, )*= —5&2. (22a)

pi «~')pi «~)*=-,'(piXki)'[522. ——,'(~~' —1)] (22b)

e(bk2ee*) =i(3,+k')co2(p, .k, ), (22c)

and, therefore, Eq. (14) becomes
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2 5k' (kl pl)'+(kl. p2)'+

2k . (plxkl)
2m k, p, k, .p2 1 Pl 1 P2

M (k, ki)—
—,'(l, l.' —1) (pi xk, )

2k' pike p2

(
I &~ I' —

I &L, I')
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2 q
2ni2(k, k2)p) ki

(l&~ I'+ I&L ') (23)

The first term of Eq. (23) gives the contribution to the reaction when the photon polarization is not measured. The
differential cross section is then

do a
( M2) 2(s +M )

2s sin 8(s —M )
(24)

where s is (p, +pi ), 8 is the angle of the outgoing photon relative to the incident electron (Fig. 2), and F(8a, ) is defined

as

4g'(
I
~~ I

'+
I eL, I

')
F(8g )=

——s1n Op +2 s1n Op

sin Ogr cos 0~
(25)

Then the total Born cross section becomes

2 2 42tra F(8 )
s +M

s
fV

s —M 2 m
—(s —M ) (26)

The Stokes parameters which specify the polarization of the outgoing photon can be obtained from Eqs. (20) and (23):

)
——0, (27a)

M4
2 cos8 1—

I ~~
I

' —
I ~1. I

' s

I ~R
I

'+
I

&L
I

'
4M&

+ 1 — (1+ cos 8)
s s

(27b)

M2
1+ 1 — (1+ cos 8)

s 4M

(27c)

The result of (2 which characterizes the circular polarization of the outgoing photon beam has been obtained by Re-
kalo in the reaction e+e ~vvy. The linear polarization of the outgoing photon is independent of the electroweak

02 I 1 I I I I F I I I I I

= p s*-l.0—p
". --O.e—

p s~-06

00-
p s=0.0

I i i ( i i I i i )» I

0 50 60 90 120 1 50

& (deg)

p-s 06
p. s 0.8

A—p s~ l.0

FIG. 2. Choice of coordinate axes in the c.m. frame of
e (p& ) and e+(p2) to describe the reactions
e+e ~Z (k2)y(k, ) and Z ~f(p', )f(p2).

FIG. 3. The dependence of the degree of circular polariza-
tion ((2) on 0 for the cases of p, .s, = —1.0, —0.8, —0.6, 0, 0.6,
0.8, and 1.0.
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couplings when the incident beams are unpolarized.
It is obvious that the polarization of the outgoing photon will be changed if the polarization of Z 's are considered

and the decay distribution of Z 's depends on the polarization of the outgoing photon beam.

IV. EFFECTS OF INCIDENT PARTICLE POLARIZATION

Since experiments on the positron and polarized electron beams are planned at the SLC, it would be useful to consid-
er the e+e ~Z y reaction via polarized electron beams. At high energy, one can write the electron and positron pro-
jection operators as

u(p~s& )u(p&5~ ) = (1 —p] s]) 5 s'/T$5)
4m

(28)

U(p2s2)U(p2~2) — (1+P2 s275 ~2T3 5)
4m

(29)

where s, and s2 are spin vectors of electron and positron in their rest frame, respectively.
If the linearly polarized incident beams are considered, the results given in Secs. II and III can be extended accord-

ingly. The (e",e,"') for Z now becomes

2 2

I(1—
P& s&P2 s2)l( I &R I

+
I &L

I
»i +(

I
&R I

—
I &L, I »2 1

4ttl k i 'p i k i 'p2

+(Pi si —P2 s2)l( I &R I' —
I &L I »i +(

I &R I'+ &L I'»z")1 (30)

In particular, for the unpolarized Z one obtains, instead of Eq. (14),
2 2—e g—g„„(e,e, )=

22m k& p&k& p2

where A is defined as

(31)

A =(1—p, s,p2 s2)AO+(Pi s, —p2 s2)A,

and A
&

is the same as Ao except that (
I eR

I
+

I eL ) and (
I eR I

—
I eL

I
) are interchanged in Eq. (15), i.e.,

(32)

M (ki k2)
&'&*[(k&'k2) 2k&'peak&'p2] p&'&p&'&" +&(

I
&R I +

I &L, I
)"i'k2&(~k2«')

k, pike p2

(15')

Also using Eqs. (21) and (22), one obtains

2 2

l(I —Pi sip2 s2)( I &R
I

+
I &L, I )+(Pi si —P2 s2)(

I
eR I

—
I &L, I

)I2' k i 'p i k i 'p2

M2(k, k2)
522, , (k& Pi) +(k& P2) + (PiXk, )

1 Pl 1 P2

M (k, k2)——,'(ll, ' —1) (pi X k, )
2k) p&k& p2

+l(1 —Pi s&P2's2)(
I &R I

—
I &L I

)+(Pi's& —P2's2)(
I &R

I
+

I &L. I
)1

X —,'(A, +A, ') 2co2(k) k2)p). k) (33)

The Stokes parameters of the outgoing photon beam in this case are

)
——0,
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I
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I
+ I &L

I
)
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eR
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—
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M
2 coso 1—

S 2
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M1+ 1 — (1+ cos 8)
S 4M
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Therefore, only the circular polarization is affected by the incident linear polarizations. When the positron beam is un-

polarized and the electron beam is polarized, (2 can be increased compared to the case that both are unpolarized as
shown in Fig. 3. From Eqs. (30), (33), and (34), Eqs. (5), (23), and (27) can be recovered by setting sl ——s2 ——0.

The polarization vector P' and polarization tensor Q&' in this case become

Pl'slP2 s2)[( I &R I
+

I &L
I

)R l +(
I &R

I

—
I &L I

)~~2]
2MA

+(Pi sl —P2 s2)[(
I

eR
' —

I
~L

I

')~
l +(

I
FR

I

'+
I

eL I
')~~2] (35)

r

Q" = ——,
'I" += (1—pl slp2 s2)[( l&R I + ILL I

)Gi +(leR I

— &L
I

)G~2 ]

+(Pi sl —P2 s2)[( I &R
I

' —
I

&L I

')G
i +(

I
&R I

'+
I &L

I

')G2" 1 (36)

V. DECAY DISTRIBUTION OF Z

Once Z 's are produced, they will decay into various decay modes and one can calculate the decay distribution ac-
cording to the models which specify the processes.

In particular, when Z is produced by e+e near its peak and it decays into two fermions ff where f can be v, e, lM,

~, or quarks such as u, d, s, b (and also t if the toponium mass is smaller than the Z mass), the transition amplitude for
the process in the standard model of electroweak theory becomes

eg 1
2

M= u(p2) Y [eL(1—Ys)+eR(1+Ys)](~lg —27l & )
2 k, p,

+ (2p2 e*—g'kl)Yq[eL(1 Ys)+eR(l—+Ys)] u(Pl )
ki p2

k12k 2—g" +
@PI )Y [eL(1 ) 5)+eR(1+Vs)]U(P2»

k —M +iMI
(37)

where p', =(E', , p', ) and pz ——(E2,p2) are the momenta of two decay products f and f, and eL and eR' for the outgoing
fermions are defined in Eqs. (3) and (4). The other amplitude contributing to this process is neglected near the Z peak.
If the unnormalized Proca vector e, given in Eq. (1) is used, Eq. (37) can be written as

ge, u(K )r„[~L(1 rs)+e'R(1—+Ys)]U(n2M=
k —M +iMI

(38)

This amplitude can be used to obtain the differential cross section of the reaction as well as the decay process of Z . In
the latter case, k2 —M +iM I is omitted and 0," is replaced by the normalized one, e" i.e.,

~decay g~ ~(P1 )Y [~L(1 Ys)+eR(1+Y )] (512U) '

If the decay products are unpolarized, the absolute square becomes

(39)
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2

g IM I d y 2 [( I ~R I
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I eL I
)(M m—f'}+6rnf'AREL

+ 3(
I &R I

' —
I eL I

')Mp
1 P+ 3(

I eR
I

'+
I &L I

'}Q""p1~1.],
where mf is the mass of decay products and P' and Q"" are determined by the density matrix of Z given by Eq. (13)
when it is produced is used. Equations (39) and (40) are used in Ref. 4 (there has been a typographical error in sign in
the last term of the above equation), but now P' and Q" are different from those in Ref. 4 since we are considering a
different process.

The absolute square of the transition amplitude for the whole production and subsequent decay processes corre-
sponding to Eq. (37) or (38) becomes

, , ( g—„,&Cs, &» IM Idecay &

ff (k2 —M ) +M I ff
(41)

where —g„„&e, e, ) is given by Eq. (31) for linearly polarized incident beams and by Eq. (14) for unpolarized incident
beams.

The decay distribution of one of the outgoing fermions can be obtained (in the coordinate system given in Fig. 2) as

r= lnf pl' g I

M
I decay

2(2n. ) d32 p 1 d12+011E 1 co&

where 7 is the angle between the outgoing fermion and photon directions, with the relation

M —2E', co2 —2~Lp &
cosX=0 .

(42)

(43}

In reality the Z 's can be considered rather as the products of the e+e collision than the normalizable initial state
in the decay process since the Z lifetime is expected to be small. So we consider Eq. (41) of the whole process and ob-
tain some results from it. Using Eq. (21), Eq. (41) becomes, in the limit MI ~&s,

e2 4

010} . Cofila + 01(~—~ )+—02(~+ ~ }+—4(~~ —1}
ff 2MI E)co)m mf sin 8

(44)

where 010= El —M l4E1 and g's are defined as follows: Flo —— ,'M E, [03,—co—s 8+2p 1 COSO'(dllcosO+p 1cosO')
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+
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03 ™f~RsLF31~1+ (I sR
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I eL

I
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+(
I eR

I
+
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Here A.'s and F's are defined as

(45a}

(45b)

(45c)

(45d)

+E', +E2 ],
Fi2 ——M EicogiS,2 2

F,3 2E
1
rdlp'1S(03——1E'1 cosO+p'1 co2COSO'),

F2&
———4E

&
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F22 = ,'M E1031[—M—2032EI+dl,—cosOCOSO'

+dl1(1+cos 8)],
F23 = —E 1M [ci)lE2cosO+p 1 cosO (E2 —E 1 )],
F3) ——2E ]M

F32 =M El (011E1 cosO+p1032cosO )

(47c)

(47d)

(47e)

(471)

(47g)

(4711)

(47i)

(47j)

~1 =(
I ~R I

+
I &L

I
)(1—pl slp2 s2)

F33 El [col(E1 cos 8 pl si——n 8}+pl co—s 8'(2031+M )
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I
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where

+dl lp 1
cosO(4d12E 1

—M )

+(—,'M —E', )0+12—,'M ], (47k)

and S= sinO sinO' sin(P' —P } . (471)

F0, ———2E1(011cos 8+co, +M ),
F02 M E, ( dl, E2COS8+ 012p ', cosO' ),

(47a)

(47b)
From Eq. (44) we can see immediately that the Stokes pa-
rameters of the outgoing photon beam are
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~-)IO I I g I I I I f f I t t I I I where m1 and m2 have the values

C

CO
O
CJ

p 8 &-06
p. s~ 0.0

ps» 06

M
ctP1 =E1-

4E1

M
N2 =2E1 —N1 —E1+

4E1

(5 la)

(51b)

1P 11 ~ i I i I I i I I I I I I j I

0 30 60 90 120 l 50 1 ep

8'(de)

FIG. 4. The differential cross section with respect to the an-

gle 8' for the reaction of e+e ~Z y~~~y when the incident
electron beam is polarized, such that pl s& ———0.6, 0, and 0.6,
and the polarization as well as the direction of the outgoing
photon is not detected.

and Eq. (43) also holds for X. An angular distribution
with respect to the direction of the outgoing ~ lepton is
shown in Fig. 4 for the simple cases when the polariza-
tion as well as the direction of the outgoing photon is not
detected and the incoming electron beam is linearly po-
larized. For this case the forward-backward asymmetry

0o
' '

0o
' '

0o
(48)

cos8'= 1 cos8' =0
dcT— dcT

cos8' =0 cos8' = —1

FB cos8' = 1 cos8' =0do+ do
cos8' =0 cos8'= —1

(52)

Now these depend on the decay distribution of one fer-
mion of the Z decay products.

When the polarization of outgoing photon beam is
detected as specified by Stokes parameters gf (i =1,2, 3),
the differential cross section is obtained by multiplying
the matrix form of Eq. (20) by

1+~1 -~f+ ~f

gf gf 1 gf

becomes —0.052, 0.027, and 0.12 for p, s1 ———0.6, 0, and
0.6, respectively.

Finally, the effects of transversely polarized incident
beam can be considered similarly by using Eqs. (28) and
(29). This will be considered further.
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