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Evaluation of the conformal anomaly of N = 1 superstring theory
by the stochastic quantization method
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A generalized Langevin equation for the Majorana fermion field is first derived within the frame-
work of stochastic quantization. Based on it, the conformal anomaly of N = 1 superstring theory is
calculated. As a result, the standard dimension, D = 10, is correctly reobtained.

Stochastic quantization' is a relatively new method
for the quantization of field theories. Since the original
paper by Parisi and Wu, ' a large number of new results,
generalized schemes, and new applications have been
found. It is noticeable that some of this progress now
sheds some insight into the quantum origin of the
anomalies. ' On the contrary the anomaly calculation
has been a useful tool to test the newly generalized
schemes of stochastic quantization method. ' With
respect to the fermion field theory the generalized
Lang evin equation for the Dirac fermion field" is
confirmed by the evaluation of the chiral anomaly,
parity-violating anomaly, and conformal anomaly. 9 The
generalized Langevin equation for the Weyl fermion field
is confirmed' by the evaluation of the anomaly in the
chiral Schwinger model. In this paper, we first show how
the Langevin equations must be handled when Majorana
fermions are present and illustrate our proposal by
evaluating the conformal anomaly in %=1 superstring
theory. Then, we reobtain the standard dimension con-
cerning its consistency at the quantum level, within the
stochastic quantization method.

First, let us find the Langevin equation for the Majora-
na fermion field in d =2 Euclidean space. It is well
known that for d =2 there exists an antisymmetric ma-
trix C such that the Majorana condition can be satisfied:

S=fdx —,
' 'QC(y c} )g= f dx —,'g(y & )g. (2)

Here, the P's are two-component, complex, anticommut-
ing variables and the choice

C
—1&mC = &m tC = C,

and the operator C ( y t} +m ) is antisymmetric where
'C is the transpose of C. Thus, we can construct the ac-
tion for a massless Majorana fermion

of the Majorana fermion field is simply decoupled and the
action becomes

S =S~ +S~ (4)

where

Sy = x
2 ) )+l 2 )= x

~ (D x ) 5

and

S& =f dx —,'g (t},+iti )g =f dx ,'g D (x)f—. (6)

gi(x, r) = D(—x)D (x )g, (x,—r)+ ri, (x,r)

The generalized Langevin equation for an arbitrary field

P(x) is given by

8 5S~
P(x, r)= —f dy E(x,y) +g(x, r),

'r 5 y

where E( yx) is a heat kernel chosen in such a way to
precisely cancel negative eigenvalues from 5S&/5$(y)
and g(x, r) is a stochastic noise field which gives the fol-
lowing expectation value (see Ref. 2 for details):

(g(x, r}g(x', r'})&=2K(x,x')at, (r r') . —

Now, a~(r —r') is a regulator function introduced by
Breit, Gupta, and Zaks. ' Noting that

5S~ 5S~
=D(y)f, (y) and =D (y)fz(y)

50(y) 5 2y

and assuming that DD and D D always have finite posi-
tive eigenvalues, ' we choose K(x,y) such that
IC (x,y) = D(y)5(x —y) —for f, and K(x,y)

D(y)5(x —y) fo—r l(2. Then, the Langevin equations
become

0 1 0 —i

i 0 Qz(x, r) = D(x)D (x)gz(x, r—)+r)2(x, r) .cl

a7.

1 0 0
0 —1 ' +1 0

C=

satisfies the conditions in (l). Therefore, each component

Next, using the above set of Langevin equations for the
Majorana fermion field we will calculate the conformal
anomaly of %=1 superstring theory. Since the space-
time is effectively Hat in Fujikawa s string path-integral
formalism, ' it is useful to express the conformal anomaly
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of N =1 superstring theory' in Fujikawa's string path-
integral formalism so as to apply the stochastic quantiza-
tion method. Using the results of Bouwknegt and van
Nieuwenhuizen' and neglecting the nonpropagating

I

fields and regarding the conformal gauge field p(x) as the
background field, the involved partition function of N = 1

superstring theory becomes (our conventions are those of
Ref. 14)

Z = f2)X '(x) 2+(x)2)g(x)2)X '(x)2)C(x)2)C(x)

Xexp f dx[ —
—,'B„(X'p ' )8"(X'p ' )+gp' 8(p 'g) —

—,'(X'p ' ))'L)}(X'p ' )+Cp' 8(p ' C)]

=lnW[p] . (10)

Now,

X '(x)=p'/'(x)X'(x), q(x) =p(x)rl(x),

X'(x)=p' (x}A,'(x), C(x)=C (x),

C(x)=p'/ (x)C(x)

and X'(x) and V(x ) form the D scalar multiplets
(x', V,F'), a = 1,2, . . . , D, and ri(x) and g(x) are gen-
eral coordinate ghosts and antighosts and C(x}and C(x)
and local supersymmetry ghosts and antighosts, respec-
tively. A,

' is now a Majorana spinor in d =2 and
X'='(A, '}C and B=y 5 . The conformal anomaly is
defined for the variations

W[e p] = W[p] . (13)

The existence of a conformal anomaly means that this re-
lation is not valid and the functional W[p(x)] is not con-
formally invariant. Therefore, we intend to calculate a
variation of 8'by the infinitesimal conformal transforma-
tion

The action in (10) is invariant under (12). Therefore, if
the integration measure of (10) is also invariant under
(12), we should obtain

X a(X} eaix)/2X a(X) pX) e
—a(x)/2p

ri(x)~e '")g(x), X'(x)~e '")/~X'(x),

C(x)—+e '"'/ C(x), C(x)~e '"' C(x),

p(x}—+e '"'p(x) .

(12)

where

=5W1+5W2+5W3+5W4,

5W= fdx)a(x))p(x)) 5W[p]
5 a x, p x,

(14)

r

X' X' Xa ~af2)X '(x) f dx —
—,
) B„B„— — exp fdx —

—,
) B„—B„

X' X'f2)X '(x) exp ) f dx —
—,'5„—8„

p p
r

x g x x '
p

—+ p
—g exp x p —g

p p p

f2)g(x)2)g(x)exp fdx p p8 —ri
1

p

(15}

(16)

and

fg)pa(X) f dX[ )
pap 1/4$(pap 1/4) 1p ap 1/4' 1/4/a] exp fdX[ )

pap 1/4$(p 1/4/a))

f2)X'(x) exp fdx[ —
—,'X'p '/48(p )/4X')]

(17)

f2)C(x)2)C(x)fdx[ ,'Cp'/ 8(p —/C )+—,'Cp'/ Pp C] exp fdx(Cp'/ 8p / C)
W4= (18)

fX)C(x)g)C(x) exp f dx(Cp' ")t}p / C)

5W& and 5W2 were calculated in our previous paper. 5W3 will be calculated using the generalized Langevin equations
(8) and (9) for the Majorana fermion fields and the stochastic quantization method similar to that for the Fermi fields"
will be used for 58'4. In these calculations, we also use the ultraviolet regularization scheme introduced by Breit, Gup-
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ta, and Zaks' and the infrared regularization scheme ' which assume finite, nonzero eigenvalues for the involved
operators.

We calculate 5W3 first. Taking into account each component of the Majorana fermion fields separately, 5W3 be-
comes

5Wz =—[5W3(A])+5W3(Az)], (19)

where

5W3(X])=
f2)X,fdxX, [p

'
(
—i)]+i8 )p

'/ ]X]exp f dx( —
—,')X][p '/

(
—(3, +i(3z)p '/ ]X,

f2Q]ex, p fdx( —
—,
' )X,[p

'/
( —(3]+iBz)p

' ]X,
(20)

and

fXIX f dx X [p
'/ ((),+i() )p

' ]X exp f dx( —
—,')X [p

' (8, +i(3 )p
' ]X

5 W3(Xz)
2exp x —

—,
'

2 p
' &+i 2 p

'
2

(21)

Our actions for X] and Xz are

S-„=f dx —,'X, [p '"(—()]+i()z)p '"]X,

= f dx —,'X,D (x)X, (22)

where tr denotes the trace in spinor space and
—

( n + ] ) /zy ng
—

( n + ] ) /2

we obtain, with n = —
—,',

(29)

and

S = x—' p
' +l pi2 22

= fdx —,'XzDt(x)Xz . (23)

5W&=D lim f dx ()„()„lnp— A
A —+ oo 24~ » 8m

(30)

Next, we calculate 5W4. From the form of 5W4, our

action for C(x) and C(x) reads
Using Eqs. (8}and (9), the Langevin equations read

X](x,r) = —D (x)D (x)X](x,r)+ri](x, r)

and

S=fdx CgC,
(24)

where

y ] /4y —3/4

(31)

(32)

Az(x, r)= —D (x)D (x)Xz(x, r)+riz(x, r) .
(31

According to the stochastic quantization prescription,

The Langevin equations are

C(x, r) = C(x, r)9 I() +—5(x,r),
(33)

5W3= — lim f dx X,(x, r)D (x}X](x,r)
7~ OC

7l

+ lim xA2x, ~D x A2x~
7—+ co '92-

(26)

Substituting the solutions of (24) and (25) into (26) and
following the same calculation procedure used in our pre-
vious paper, 68'3 becomes

5W3= —lim f dx tr f e
D d k
4 A- (2m )

X e)' (1/A ) ikxe'

C(x, r) = 88C(x, r)—+8 5(x, r) .

Since C(x) and C(x) are bosonic supersymmetry
antighost and ghost fields, stochastic noise fields 5(x, r)
and 5(x, r) give the following expectation values:

(5 (x, r)5&(x', r'})s=(5&(x',r')5 (x, r))s
=25 P(x —x')aA(r —r') . (34)

According to the stochastic quantization prescription,

Recalling the well-known formula'

lim tr e
—k e

—H/A e
'kd k

(2~)z

(27) 5W4= lim fdx[ —,]C(x,r)p' 8p C(x, r)7~ QC

+-,'C(x, x)p'~'Bp '"C(x,x)]) . (35)

lirn 2 (
—8 () lnp)+ A, (28)

3n+1
24~ » 4~

Substituting the solutions of (33) to (35) and also follow-
ing the same calculation procedure of Ref. 9, 58'4 be-
cornes
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2
i—kxt (

( p' Sp Sp (I/A )+ 3ep Bp ilp ()/A ))ei&x
4 (2~)2 4 4 (36)

Using Eq. (28) with n = ——' and n =—', we obtain

5W4= lim f dx
7 15

(()8 inp ) + A . (37)
24~ » 4~

Cotnbining (30) and (37) and the results of our previous
paper, we finally obtain

5W=5W, +5W2+5W3+5Wg

= lim fax
A~ oo

D+ 30

B„B„inp
24m

(38)

There, for D =10 the anomaly contributions cancel.
In conclusion, we first derived the generalized

Langevin equation for Majorana fermion field and using
this Langevin equation we calculate the conformal anom-
aly of N =1 superstring theory. As a result, we correctly
reobtain the standard dimension confirming its consisten-

cy. Although the Majorana fermion field is a Fermi field
and the action is in bilinear form, we do not use the re-
sults of Sakita" but choose the new appropriate kernel,
since X(x) and J(,(x) are not independent fields. Since the
action of C and C is in bilinear form in C and C, we can
use the kernel that is used for the Fermi fields by Sakita. "
However, we used the commuting noise fields since C and
C are the bosonic antighost and ghost fields.

Although the regularization scheme' ' ' and assump-
tions taken in our previous paper work very well also in
this calculation, a more detailed analysis remains to be
performed.

Qne of us (J. W. Jun) would like to thank S. H. Yi for
interests and helpful discussions. This research has been
partially supported by Inje Research Foundation and by
Korea Science and Engineering Foundation.

'Present address: Department of Physics, Inje College,
Kimhae, Kyungnam, Korea.

G. Parisi and Wu Yong-Shi, Sci. Sin. 24, 484 (1981).
P. H. Damgaard and H. Huffel, Phys. Rep. 152, 227 (1987).
Mikio Namiki, Ichiro Ohba, Satoshi Tanaka, and Danilo M.

Yanga, Phys. Lett. B 194, 530 (1987).
4R. Kirschner, E. R. Nissimov, and S. J. Pacheva, Phys. Lett. B

174, 324 (1986).
5J. Alfaro and M. B. Gavela, Phys. Lett. 1588, 473 (1985).
E. R. Nissimov and S. J. Pacheva, Phys. Lett. B 171, 267

(1986).
~R. Tzani, Phys. Rev. D 33, 1146 (1986).
M. Reuter, Phys. Rev. D 35, 3076 (1987).

J. W. Jun and J. K. Kim, Phys. Rev. D 37, 2238 (1988).
'OH. Montani and F. A. Schaposnik, Ann. Phys. (N.Y.) 181, 161

(1988).
' B. Sakita, in Lattice Gauge Theories, Supersymmetry and

Grand Unification, proceedings of the 7th Johns Hopkins
Workshop, Bad Honnef, West Germany, 1983, edited by G.
Domokos and S. Kovesi-Domokos (World Scientific, Singa-
pore, 1983).

' D. Breit, S. Gupta, and A. Zaks, Nucl. Phys. B233, 61 (1981).
' K. Fujikawa, Phys. Rev. D 25, 2584 (1982).
)~P. Bouwknegt and P. van Nieuwenhuizen, Class. Quantum

Gravit. 3, 207 (1986).


