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The expansion formula of the effective action in terms of the connected S-matrix elements is de-
rived. They are expressed in terms of the on-shell quantities. The correct stability criterion of the
given solution is discussed. It is free from any ambiguities which are the subjects of recent contro-

versy.

I. INTRODUCTION

One of the powerful and systematic methods to study
dynamical problems in quantum field theory is through
the use of the effective action or the potential. It has be-
come a popular tool particularly when one wants to look
for the nonperturbative solution corresponding to
dynamical symmetry breaking.

The stationary requirement of the effective action
determines the ground-state solution, and expanding
around it we get the off-shell Green’s function as the ex-
pansion coefficients. The stationary requirement and the
vanishing of the external source J are equivalent. Re-
cently, one of the authors developed' an expansion
scheme without violating the relation J=0 in the course
of expansion. By examining the equation for small devia-
tion and by keeping the lowest term, the correct stability
criterion for the chosen solution was derived. These
studies started from the complete analogy with classical
analytical mechanics.

The purpose of the present paper is twofold.

(1) The previous analysis is extended to higher orders.
The result is the appearance of the scattering matrix (S-
matrix) elements as the expansion coefficients. It is a
novel formula for the effective action and is derived in
Sec. II.

(2) The lowest-order equation is used in Sec. III to pro-
vide an ambiguity-free criterion of the stability. In fact
there is much debate on the ambiguities about the stabili-
ty criterion in terms of the effective potential. We clarify
the sources of ambiguities and keep the criterion free
from ambiguities. This is possible because we are always
on the mass shell. Two examples are discussed in order
to illustrate the point. Section IV is devoted to several
discussions.

II. ON-SHELL EXPANSION
OF THE EFFECTIVE ACTION
AND THE S MATRIX

In this section several hitherto unobserved important
properties of the effective action are discussed. They are
the statements about the formal on-shell properties of the
effective action and are summarized in three formulas:
(13), (29), and (33). Equation (13) has been derived in
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Ref. 1 but we recapitulate it for the completeness of this
section. We discuss them before showing their derivation
in detail.

A vacuum solution is first found by the stationary re-
quirement of the effective action. Our three formulas are
obtained by considering the motion in the vicinity of the
chosen solution where the deviation is small. These anal-
yses are analogous to the ones we perform in classical
mechanics when we discuss the stability of a given solu-
tion. The effective action is replaced in the classical case
simply by the classical action.

Once the ground-state solution has been fixed, the re-
sult (13) for the lowest order in the deviation gives the
condition to determine the excitation level or the particle
spectrum—the “on-shell” condition. The form of (13) is
more general than the conventional criterion that the
particle spectrum is determined by the pole of the
Green’s function. Our criterion includes this case and
can also be applied to the situation where the convention-
al one cannot be used. It can be utilized, for example, in
the case where the space and/or time inhomogeneous
background field is present. In such a case, there does
not exist at present any precise statement about how to
define and determine the spectrum. Equation (13) is used
as a stability criterion in the next section.

The second result, Eq. (29), includes the higher-order
contributions to the deviation and we expect that they
are related to the scattering amplitudes of the on-shell
particles determined by (13). Indeed we find the connect-
ed S-matrix elements as coefficients of the higher-order
terms.

The final result, Eq. (33), is the expression for the value
of the effective action corresponding to the motion we are
considering. It is also given by the connected S-matrix
elements.

By these observations we can say that the effective ac-
tion is really a generating functional of the on-shell quan-
tities; it determines the ground state and the excitation
spectrum above the ground state and the scattering am-
plitudes of these excitations. (To set up the whole Hilbert
space, we have of course to prepare the field variables as
arguments of the effective action which couple to all the
channels with different quantum numbers.)

Let us start by defining the effective action I'[¢] where
we have taken for simplicity a multicomponent scalar
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field ¢,(x) (i =1-n) and the Lagrangian density is as-
sumed to be L(¢). Now W/[J] is first defined by the
functional integral as

expliW [J)= [ [dlexp [i [~ a*x[L(8)
x)¢;(x)] |,
M

where the summation over the repeated index is under-
stood. The definition of ['[¢] is given by

Tle)l=WJ]— [ d*x J(x)6W[J1/8J,(x) , )
¢, (x)=8W[J]/8J;(x) . (3)
We shall frequently use the well-known identities
8T[¢1/8¢,(x)=T; =—J;(x), 4)
r2 wl, =wl L =—8,8,, (5)

where the integration f d*y over the repeated space-time
variables is implied and §,, =8*x —z). We also define

.....

F(I:l/)rl iyx, i,x, ES"F[¢]/8¢,-](XI )8¢i2(x2) T 8¢‘"(X )
(6)

and similarly for W'". By (4) we see that the equation of
motion for ¢;(x) under the theory specified by .L(¢) is the
stationary requirement:

J
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r,=0. (7

(7) be ¢:°(x) and expand
)=¢{V(x)+8¢,(x)

Let one of the solutions to
I'[¢] around ¢¥(x) by writing ¢;(x
Then we get the off-shell expansion

Ll¢]=T[s""1+ }_‘,

llxl Xy, .0, i,x

X5¢i](x1 )8¢i2(x2) SR 84),-'1(x,l ),

(8)

where T is known to be the one-particle-irreducible
(IPI) Green’s function of our theory evaluated at
¢:(x)=¢"(x).

In order to get the on-shell expansion, we have to stay
on the trajectory of ¢,(x) satisfying J;(x)=0. Therefore,
we look for another solution to (7) in the vicinity of
#'%(x). For that purpose we set

6, (x)=¢(x)+ Ad;(x) 9)
and write A¢,(x) as
A (x)=AdV(x)+ AP (x)+ AP (x)+ -, (10

assuming A¢!(x
order [A¢tV(x)]".
Consider the equation

0=T,[¢]=T,[4"+Ag], (1

and expand it as

) is small and A¢\"(x) (n >2) is of the

r‘u%)jy ¢(l) y)+ le N sz¢“) y)A¢(k”( r(u% ij¢(2)
1 1
3 Ty ke 10885 () AG (2)AGV (w) +2X - o T3 k885 (0)AGP(2)+ T, A9 () - (12)
[
Here all the coefficients are evaluated at ¢,(x)=¢!*(x).  in the Fourier representation

We now investigate the possibility that (12) is satisfied or-
der by order. This leads us to the on-shell expansion we
are looking for.

The lowest order. The requirement that the first term
of (12) vanishes, turns out to be the zero-eigenvalue equa-
tion for A¢(<“(y) (Ref. 1):

2, 8" (y)=0. (13)
Thus,

det(T?.)=0, (14)

ix. jy

where the determinant is taken regarding ix and jy as the
indices of the matrix I''?), We call (13) or (14) the gen-
eralized on-shell condition. In order to see the reason, let
us take the space-time translational-invariant case
$V(x)=¢!9 where T2 is a function of x —y and (5)

ix, jy
and (13) take the form

L2 (p=—-w;p?, (15)
rP(p*)Agi(p)=0, (16)

FE})(p2)=fd4(x _y)eip(x =),

ix, _/y

w1th p?=(p*)*. Equations (15) and (16) mean that

A¢'V(p) has the support only at the pole of ,~j(p2), and

qS(” (p) is the elgenvector corresponding to the pole of

(p?). Let U;; (p ) be the orthogonal matrix which di-
agonahzes (pz) and W, 2)(p ) as

[U—l(p F(Z)(p YU 2)]’j—f(2

=8,17,(p ) »

and let the solutlon of 7/ ( 2)=0 be p’=m}. We first
so]ve f (12) A¢ with the solution
A¢ C;(p)d(p —mz) where C;(p) is an arbitrary

J
functlon Then the pole part of W(2 (p?) is given by

1

W(p?) =
u P ¥ (mE) mE—p?)

Ui (PZ)

ug'ph  an

with y'(p2)=dy(p?)/dp>.
(16) is thus

Now the general solution of
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A MV(p)="3 Uy (p®)Ci(p)dlp*—m}) (18)
k=1
= kzz;l Ci(p)AgSY . (19)

We assume m? >0. (The Goldstone particle with m? =
is expected if the theory has a continuous symmetry and
if ¢!*) breaks the symmetry.) We also assume y'(m})>0
because otherwise the particle of mass m; becomes a
negatlve norm state by (17). Since there are two solutions
p =+(p*+m})/*=+w(p?) for the on-shell condition
pi=m ,f, we can always write

C(p)=C(p)6(p°)+C, (—p)o(—p°)

If

S Ci(ep)6(ep?) . (20)

e==+

These coefficients C(+p) are to be determined by the
boundary conditions on A¢!'(x). We have to specify, for
example, A¢'"(z,,x) and dA¢”) tg,x)/dt, at some time
t =ty. For each k, A¢; ;(p) in (19) is an elgenvector cor—
responding to the particle with mass m,. Since W2

the causal two-point Green’s function, our Eq. (13) com-
cides with the usual definition of the particle spectrum.

Higher-order terms. By (12), A¢\?)(x) is given by

BB = 2 W), T 1, A2 01 )
1
= Wi Wi Wi )
XAdH(z') , 21)

where we have used the following identity derivable from
(5):

F W(S)

(2) 1 (2) 1 (2)—1
i'x",j'y’", sz Wi sz kz - (22)

I)cjykz i'x'ix "V j'y', jy

In the solution (21), we do not have to add the solution of
the homogeneous equation I'i?), A¢‘?'(y)=0 since in the
sum (10) it can be absorbed by redefining A¢!'(x). For
Ag; (3)(x), a new feature arises; we recover the one-
particle-reducible graphs and get W'*. We differentiate
(22) with respect to ¢;(w) and obtain the relation between

'Y and W w® W, Using this formula, A¢*® in
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By a straightforward mathematical induction we can
easily show that the recovery of the one-particle-
reducible graphs persists for general A¢!"(x) and it is
given by

(M) )= L g+ ' 2)-1
A¢i (X) n! ix,il)cl,izx2 ..... I"X"W'lxl 'lx’l
KWL
‘2"2"2"2 InXprtnXn

XA D(x A (x5) - - A V(%) . (24)
1 1 12 l"
Equation (24) can also be derived by a similar procedure

as in the case of the proof the tree theorem for any field
theory. Insert (9) in (7) and expand (7) in the power series

of A¢,‘(.x)2
0=T[4]
=T, Ad,(p)+ - rﬁ;jgy 200 (p)Ad, (2)+

The solution is given as

Ad;(x)=A¢%x)

+ W.(xzjy rﬁ)kz 1wl (z)Ad, (w S

(25)

where Ag%(x) is the solution of the homogeneous equa-
tion (13) so that we can set A¢%(x)=Ag,"(x). The itera-
tive solution of (25) is known to produce all the “tree dia-
grams,” but in our case the bare vertex is replaced by the
full 1PI vertices T3, I"*, ..., and the bare propagator
by the full propagator W'?. Since all the “tree dia-
grams” exhaust all the one-particle-reducible diagrams,
we have proved (24).

Now Eq. (24) is well defined since W'¥"!A¢ cancels
the pole of W"*! and we are just takmg the residue of
the pole of W'" 1. Therefore, A¢\" is expected to be re-
lated to the S-matrix elements. In order to see this, let us
suppose again that ¢°/(x) is a constant. By (17) and (18)
we have

(2)-1 (D)= —
(12) can be solved as Wi A¢j (p)=—U; (p )y (m )Cj(p)
_1 - —
AP (x =3 W(x‘t‘)/ykzlszfvz;ylng)kzl X(p? m; })8(pi—m}), (26)
X Wiy AP (p" ) AGR(z') AP (w’) . (23)  which is inserted into (24). Then with (20) we get
J
n — 1 “
A¢§ )(P)“;Tf T f 2 2 Wl(pnltl)—elpl ,,,,, iy —€,P,

€€y -y €, =t iy s Jn=1

ﬁ Ui j, (p2)y'(m} )8(pa—m2 )0(€,p%)C; “(eapa

By defining the wave-function renormalization factor of the kth channel through Z,

ed S matrix §(l,n)by

4

d
P gy
(27m)*

=y'(m})”}, we define the connect-
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§um g i
ip3jiPyraPas - j,,p,,_n 1m

a= 1pa~>m2 '\/ Ja

2 (n+1)
J put)H/ip,il—elpl,iz—ezp2 ..... i, —€,p, * (28)

of wa (p2)6(ep2)(m

This represents the scattering of n + 1 particles where the first particle is off the mass shell and the remaining n particles
are on the mass shell. Each particle has the corresponding internal quantum number and if €, is + (—) then the ath
particle is incoming (outgoing) with the four-momentum p,. Thus, our final formula for A¢;(p) is

3
— 2P sum .
p; sJaPys - ’
(2m)2w; (py) — PH1PvIP b
a

Ad(p) =0 V(p)+ 3 —L

w2 nl"

EHf “(pg)

Jgr€ga=1

(29)

where C’€:C /\/Z
matrix elements st

If we take the residue of the pole corresponding to the first particle, the usual connected S-
) emerge:

d*
AK[C]Ef(—Z;T%Aqﬁ,»(p)Uij(pz)(mjz—pz)S(pz—-mjz) C/“(ep)6(ep”)
e=*
- T T d’p, .
a n§3 (n—1) jn aI=11 f (27T)42Cl)ja(p (p") 11P1 JaPys s inPy * (30)

Equation (29), with (18) and (20) for A@\!(p), is the formula for Ag;(p) in terms of C H *(p) and the connected S-matrix

elements. Since C; *(p) is fixed by the initial data for Ag;(p), we see that the connected S-matrix elements completely

determine A¢;(p) or Ad;(x).
Conversely, if we consider A¢;(
obtained by the formula

p) as a functional of the initial data C; *(p), then the connected S-matrix element is

n re; CYTRNe L 1 1 A 1 (n)
68K [C1/6C] pBC]HRa) - 0G0 = 1oy 1 T oty Shiu i 31)
Our final formula is obtained by inserting (24) into (10) and then into I'[¢]:
(
[[¢]=T[¢'"*A¢]=T[¢'"1+ 2 W iyt DB AG () - - A x,) (32)
where W (" is W™ with the external legs amputated by W2~ It is evaluated at ¢,(x)=¢\"(x). The above formula is

easﬂy obtained by a simple mathematical induction. Compare (32) with the off-shell expansion (8); in (32) the term n=2
is missing and A¢{!(x) specifies the on-shell condition. In terms of the connected S-matrix element S we get the on-

shell expansion for the value of the effective action:

——znf

Ja€qa=1

3

— [ 4(0) S o dn (2
FI$1=TIs*1+ 3 - 21r)“2w .(p2)

This has the structure that once ¢’ and C/™(p) are
given as initial data, ['[¢] is fixed by the connected S-
matrix elements. I'[¢] can also be regarded as a generat-
ing functional of "

Since we always stay on the configuration satisfying
(11), it looks at first sight strange that we have
I'[¢1~T[¢'?] (Ref. 2). The answer to this question lies
in the fact that the stationary requirement (11) does not
determine ¢,(x) completely and we have C*(p) left un-
determined. These freedoms are utilized in order to ar-
rive at the configuration which has a different value of
the action. Note also that in the classical analytical
mechanics, the variational principle leads to the equation
of motion without taking the variation at the boundary.
The function C*(p) corresponds to this freedom of the
boundary value.

a (n)
C/ (IS i (33)

There are ample applications of our formula in various
fields. We list several examples below.

(1) Although our discussions have been given in terms
of the relativistic quantum field theory, the results given
above are applicable to any quantum-mechanical system
where we can calculate the effective action in a straight-
forward way (even easier than the field-theoretical case).
To determine the spectra and the scattering among the
modes corresponding to these spectra is the central prob-
lem of any quantum theory.

(2) Restricted to the quantum field theory, it appears to
be an interesting application to introduce a source J (x,y)
coupled to a bilocal field ¢(x)@(y). In this case, (13) be-
comes an exact bound-state (BS) equation’* and we can
obtain an exact expression for the S-matrix elements of
the scattering of these bound states. These can be done
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as a straightforward extension of the present method

(3) Our method is in contrast with the approach of
several authors*~® who make use of the c-number field,
the background field, satisfying the classical equation of
motion. In particular, Jevicki and Lee® derived a full or-
der relation which expresses the S matrix implicitly in
terms of the effective action evaluated at the stationary
solution. Our scheme, however, does not rely on the clas-
sical field and the particle spectrum itself is determined
within the formalism and the S-matrix elements among
these calculated eigenstates naturally emerge. Extension
to the bound-state problem will be impossible for the
background-field method.

(4) The effective action for the system of the finite tem-
perature has been discussed in several papers.’”° By our
formalism, we can study the spectrum and the scattering
matrix for the finite-temperature system in a systematic
way.

III. AMBIGUITY-FREE CRITERION
FOR THE STABILITY

It became recognized and has been discussed by many
people'®~ ! that the effective potential possesses ambigui-
ty especially when we choose a composite operator as an
argument of the potential. In fact the second derivative
of the effective potential evaluated at the stationary solu-
tion is not unique and it depends on how one calculates
the effective potential.'®"'® Moreover, it has been
found'®~!? that in some cases the effective potential is not
bounded from below. There is also a case where the
chosen solution corresponds to the state of the lowest en-
ergy yet the second derivative of the effective potential at
the solution is not positive definite. The stability of the
solution seems to depend on the procedure one has em-
ployed in evaluating the effective potential.

The purpose of this section is to answer the above con-
troversial problems using formula (13). Based on this
equation the general criterion for the stability has been
given in Ref. 1. The crucial observations which consti-
tute our starting point of this section are summarized in
(i)-(iii) below. For this purpose we need the effective po-
tential ¥ [¢] which is obtained by the first term of the lo-
cal expansion of ['[#]:

T[6]= [ d*x [~ V($(x))+1Z($(x))3,8;(x)8"$,(x)
+07. (34)

Now we state our observations.

(i) The stability problem is essentially a time-dependent
phenomenon and it cannot be discussed by the effective
potential. In order to make clear this point, let us take a
classical mechanical system with the particle coordinate
q (t) and the Lagrangian

L(g)=1mg2—V(q) (§=dq/dt) .

Let one of the static solutions to the equation of
motion 8I[q]/8q(t)=0 be q'© where I is the action
defined by I[g]= [ L(q)dt. The stability of ¢'*’ is deter-
mined by  inserting q(1)=¢'P+Aq(r) into
81[q]/6q (t)=0 and retaining the linear term in Aq (¢):
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mAG()=—V"(qg'")Aq(t) (V'=d*V/dq?) .

The requirement that Ag (¢) does not contain a blowing
up solution is equivalent to ¥"'(¢'”)>0, which is the
well-known stability condition of the solution ¢'*. Note
that the condition ¥"'(¢°) >0 follows because the kinetic
energy term is known to be tmg 2. In any quantum sys-
tem, however, we have to calculate Z(¢(x)) and also all
the terms with higher derivatives for the discussion of the
(space-)time dependence of the solution. The condition
V'’ >0 is not necessarily the stability criterion.

(i) The original theory is recovered only at J,=0
which is equivalent to the equation of motion (7) of ¢,(x).
We have always to satisfy (7) in order to discuss our
theory governed by .L(¢). This is quite different from the
variational approach where the theory itself is not
modified. The second derivative of the effective potential
is, however, an off-shell quantity in general (except for
the case where it has the vanishing second derivative) so
that it involves the information of the theory with
Ji(x)50.

(iii) The stability of a given solution is a physical state-
ment and it is determined once the theory is fixed. It fol-
lows that the stability criterion should not depend on (1)
the gauge we have chosen in the case of the gauge theory
or on (2) the renormalization scheme or on (3) the opera-
tor we have chosen to study the stability. The last state-
ment needs clarification. We choose the operator O to
study the ground state which might have the finite expec-
tation value of O. But we can equally utilize another O’
and should get the same physical results (such as the en-
ergy of the condensed state and the stability) as long as O
and O’ have the same quantum number and therefore
mix. The fact that we get different answers to the stabili-
ty problem for different operators is precisely the ambi-
guity problem stated above.

Now we state our stability criterion' which clarifies the
points (i)—(iii) above: any solution to (13) does not blow
up for large t. If ¢°(x) is space-time independent,
3'%(x)=¢'9, then we have the solution (18). In x space,
we see from (18) that the stability condition of our solu-
tion ¢! is that there do not exist any poles of W' (eval-
uated at ¢; =¢.”) in the spacelike region (m? <0), the ab-
sence of the tachyonic pole. Otherwise A¢!')(s,p) for
p2< ~mj2 blows up for large ¢, as exp[ i (p2+mjz)1/2t].

Our derivation naturally answers questions (i)—(iii)
since it is the position of the pole of the Green’s function
which determines the stability. Several examples are
given below for composite operators since it is for this
case that the ambiguity has been pointed out.

A. The local field

We take as an example the Gross-Neveu (GN) mod-
el,'” the O(N)-symmetric two-dimensional fermionic
model, with the Lagrangian

LON=4(i3)+Lg(Py)? .
The source J (x) is introduced in two ways.

(D) J(x) couples to the auxiliary field of o(x). In this
case we add the term —1(oc—gyy)*+Jo to LON and
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calculate W;[J] by the Lagrangian

L N=gidy—Lo’+gopyp+Jo .

(I1) J(x) couples to g(x)y(x). We consider here the

Lagrangian

LON— Lo —gdp—JI)P +glgyp=L N—-1J? .
The only difference between (I) and (II) is the term —1J 2,
We have to calculate the effective action I' for two cases
in order to discuss (13). We use o in what follows as an
argument of I" in conformity with the usual notation.

For case (I), I'} is known to be obtained, for large N, by
the stationary-phase contribution of ¢ satisfying
—o(x)—iNg Tr[ A " Yx,x)]=—J (x)
=8I [o]/80(x),
) (35)
A(x,y)=[id+go(x)]16%(x —y) .

We use in the following this o(x) for
o(x)=8W,[j]1/8J (x). For the space-time-independent
solution 0'”(x)=0'" of 8I';/80 =0, after renormaliza-
tion we get, in Fourier space,

8 /80,=c{—1+(A,/27)[In(ad/0'*?)+2]}
=0, (36)
' (p?2)=8T,/80%(p?)
=—1+(A,/27)[In(0}/0*?)+2—B] ,
\/—p2+M2+\/—p2
1/_1,2+M2_.1/__p2

(37

B=V(1—-M?/p?)n

)

where A, =gN, M2=4g2>'"2 and r denotes the renor-
malized quantity. We have employed the renormaliza-
tion condition'> 82V /302 0,=0,=1 With V representing
the corresponding effective potential. From (36) and (37),
we find that Eq. (16) becomes [we delete the superscript
(1) for Ac{" in the following]

' (p2)Ac(p)=0

and has the following nontrivial solution Ac(p) for (i)
p>=M?>0 (stable) corresponding to the symmetry-
breaking solution |o,|=0exp(1—7/A,) and (i)
p*=—glofexp(2—2m/A,) <0 (unstable) corresponding
to the symmetric solution 0'’=0. These agree with the
well-known results.

Consider the next case (II). Since Wy=W,—1J 2
on(x)=0Wy /87 (x) is given by ox)—J(x)=0c(x)
—J(x) where o(x) satisfies (35). We see therefore that
Wi, =8"Wy /8J (x)8J (y) equals 8o (x)/8J (y)
—8%(x —y). Using this relation and the equation ob-
tained by taking 8/8J of (35), we get, for a space-time-
invariant solution o',

W(I%)(pZ)z_F(Z)(p2)—l_2;l ,
where Z, is the renormalization constant of the o propa-
gator. It is given, by using the cutoff A, as
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Z,=—1+(x,/2m)[In(A%/g}03)—2] .

Note that the solution ¢'® is the same for (I) and (II)
since at J=0, oy(x)=o(x). Therefore, Eq. (16) takes
the form

CTr'2(pHAoy(p)=0,
cC=Z, [T%p>H+2z,17".

Since the factor C does not vanish for finite pz, we get the
same stability condition as case (I). The second deriva-
tives of the effective potential are different for the two
cases and are given by

Vi(e=1—=(,/mn(ay/0®),
Vigta')={Z,/[Z,—1+(A, /m)n(o,/0'")]}
X[1—(A, /mIn(gq/a™)] .

They are renormalization-scheme dependent and for Vi
it depends even on the cutoff.

The result is easily understood in terms of W[J]: It is
clear that —1J 2 does affect the second derivative of the
effective potential but it is also clear that it does not have
any effect on the position of the pole of W2, It can also
be shown that the ambiguity of adding an arbitrary poly-
nomial'* of J does not affect the stability.

B. The bilocal field.

We next discuss the following action of the N-
component boson field:

S =1igiGg 00+ (1/4N)$2°V, dld? (38)

where a,b =1-N and G, represents the free propagator.
The subscripts i,j, ..., represent the space-time coordi-
nates as well as other degrees of freedom. The action (38)
includes most of the models discussed in the literature if
we take V; ;; as the nonlocal potential. We now intro-
duce a bilocal auxiliary field o;; by adding the term

—(N/8)[o;—(1/N)651V;; Lok —(1/N)ps 671
to (38). We thus consider
S =1¢NiG o+ Vi o) — (N /4)o ;i Vi 101y (39)

(I) We add the source term NJ;;o;; to (39) and define
W [J]. For large N, it is easy to obtain

Wi[J1/N =1i Trin(Gy ' —iVo)

=50V tJoi (40)
where o satisfies the stationary-phase conditions
—1_; —1 -
%V'ij,kl(GO x_‘lI/U)k[ —% ij,k10k1+Jij_0 N (41)
where Vo represents Vi ,,0,. We use this o for

oy =(1/N)SW[J]/8J};.
action is given by

The corresponding effective

FI/N =—;—l Tr ln(G(;l _IVG')_%UU Vij,k,crk,



38 ON-SHELL EXPANSION OF THE EFFECTIVE ACTION: S... 3753

so that we get the Schwinger-Dyson (SD) equation as a
stationary equation; since we have

8T1/80,;=iNV, u[(Gy'=iVo)y'—oul,

by introducing ¥ ~! through V,j‘kll Vi, mn =8im 8, we find
0;'=Go —iViuoy -

Denoting one of the solutions by ¢'?, Eq. (16) takes the

form

1 (0) L(0) _ (0)—1__(0)—1 i =
TNVij,anmpaqn( Upk Ulq +1qu,k1 )AUIkI 0.

(42)

This is the BS equation in large-N limit. %!

(I We adopt the source term J;;¢{¢; and calculate
WyulJ]. The large-N limit is obtained by the similar pro-
cedure as in (I). We find, after some calculations,

WulJl/N=W\[JI/N —=J,;V; iJu

where W[J] is given by (40) and (41). The term
—JV~1J is the source of the ambiguity of the effective
potential. Now, by defining oy;; through 8W[J]/8J
we calculate I'yf[o(;]. The result is

Cylol/N=14iTrine "'+ 1i TrGy o+ 1o, V) 4oy -

ij»

This agrees with the one calculated from the diagram-
matic rule.'®' The stationary equation 0=8I"\ /80y is
the same as for case (I) since at J=0, oy; =oyy;;- The sta-
bility equation is

—(N/2) (=R o) +iV,; 1) Ao 1y =0 . (43)

We conclude that the stability criteria (42) and (43) are
the same. %

We can generalize the above formulation easily to the
fermion field and can discuss QED. It has been found'%!?
in QED-type theory that the effective potential ¥, (aux-
iliary field method) predicts the stability of the chiral-
symmetry-breaking solution while Vgr (Cornwall-
Jackiw-Tomboulis method) leads to the conclusion that
the solution is at the saddle point. Our criterion (16)
leads to the identical condition for these two methods. In
order to determine whether or not the solution which
breaks chiral symmetry is stable, we have to solve (43).
This amounts to solving the BS equation for the fermion-
antifermion system, where the coefficients are evaluated
at the solution of the SD equation.

C. Free field case

For V; ;; =0, the effective action for o;; =(1/N)¢i¢; is
given by

[[o]/N=(i/2)Trlno ~'+(i /2)TrG, ‘o

so the effective potential is not bounded from below.®°
But it does not cause any trouble. Since 8T /80 =0
means 0 =G, Eq. (16) takes the form

A, (P,q)A_(P,q)Ac(P,q)=0,
A, =(P/2%q)?—pu?,

where P(q) or p is the total (relative) momentum or the
mass of the two-particle system. The nontrivial solution
of Ao exists when (1) 4, =0, 4 _50,0or A_=0,4 .50
and (2) A, = A _=0. The condition (1) is actually relat-
ed to the stability in the single-particle channel. Since
P?> 442, the condition (2) predicts the stability of the
solution 0 =G, in the two-particle channel if the one-
particle channel is stable, i.e., u?> 0.

IV. DISCUSSIONS

From the discussions of the previous sections, we can
say that the effective action is really a generating func-
tional of the physical quantities. Expansion coefficients
appearing in (33) are all physical: T'[¢'*'] is the value of
the action of the ground state. If ¢© is a time-
independent solution, then I'[¢''] is the negative of the
total energy of the ground state times the whole time in-
terval. The higher-order terms are on-shell scattering
amplitudes. They are (i) gauge invariant (remember that
C'™* is gauge invariant) in the case of the gauge theory,
(ii) independent of the renormalization scheme, and (iii)
independent of the choice of the operators as the argu-
ments of the effective action as long as these operators
have the same quantum numbers.

The first property may open the possibility of the
gauge-invariant approximation scheme. The third is
equivalent to the well-known statement that we can use
any operator as an interpolating field provided that it
couples to the channel we are interested in. The applica-
tions of the formula (33) are reserved for future study.

We want to emphasize again that our procedure is a
general one and it can be applied to a system as long as it
is described by a Lagrangian or a Hamiltonian. We can
also discuss the static case and the time-dependent case
(stationary or nonstationary) by the same formalism.
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