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Stochastic properties of multiparticle production processes in high-energy heavy-ion reactions,
especially those connected with the multisource model are discussed. The concept of number of
effective sources (NES) is deduced from the multisource model; and the existence of a new kind of
scaling (NES scaling) is shown. Transverse-energy distributions for different projectile-target com-
binations at different incident energies are calculated. The obtained results are compared with the

recent data. Some new experiments are suggested.

I. INTRODUCTION

Recent high-energy heavy-ion experiments!'~> have at-
tracted much attention in the nuclear-physics as well as
in the particle-physics community. These experiments
are of great interest not only because quark-gluon plasma
may become feasible® in this kind of reaction (provided
that such plasma indeed exists in nature); but also be-
cause understanding the reaction mechanism of high-
energy nucleus-nucleus collisions is itself a challenging
problem. In fact, there has been much discussion”®
about the possible relationship between the mechanism of
multiparticle production processes in hadron-hadron col-
lisions and those in hadron-nucleus and nucleus-nucleus
processes. It is expected that these measurements, as well
as future experiments of this kind, will yield useful infor-
mation on the reaction mechanism in general, and will be
able to differentiate between the various proposed mecha-
nisms”® in particular.

Multiparticle production in the midrapidity region of
high-energy nucleus-nucleus collisions plays a special
role. This is because it has been observed in hadron-
hadron processes that the “central rapidity plateau” not
only becomes broader but also becomes significantly
higher—showing that more and more particles are pro-
duced in this kinematical region—at higher and higher
incident energies. In high-energy nucleus-nucleus col-
lisions it is in the midrapidity region, where most of the
exotic phenomena-—especially those associated with the
existence of quark-gluon plasma—are expected.

This paper is organized as follows. A brief summary of
the underlying physical picture of the multisource model
is given in Sec. II, where the concept of “number of
effective sources” (NES) is also deduced. In Sec. III we
discuss the geometrical aspect of the multisource model,
and show how to calculate the NES distributions for
different projectile-target combinations. In Sec. IV we
show the calculated transverse-energy distributions. The
incident energies and the projectile-target combinations
in the calculated examples are chosen in such a way that
the obtained results can be directly compared either with
the presently available data or with those expected in the
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near future. In Sec. V we discuss a method of calculating
transverse-energy distributions in other kinematical
regions—in particular in limited 7 and ¢ (pseudorapidity
and azimuthal angle) intervals. Some concluding re-
marks are made in Sec. VI.

II. MULTISOURCE MODEL AND NES
(THE NUMBER OF EFFECTIVE SOURCES)

A model—the multisource model (MSM)—has been
proposed® recently to describe multiparticle production
in high-energy hadron-nucleus and nucleus-nucleus col-
lisions. According to this model, hadrons observed in the
central rapidity (midrapidity) region in high-energy
nucleus-nucleus collisions are decay products of the cen-
tral systems (C*’s) formed by the effective-projectile
(EP)—effective-target (ET) pairs. The multiplicity of
charged hadrons and the transverse-energy flow in the
midrapidity region in such a collision event are directly
related to the materialization energy (or excitation ener-
gy) E& of the system C* formed in that event. In fact, it
is envisaged that every nucleon in the EP-ET pair may
donate part of its kinetic energy to form the system C*
when the colliding EP-ET pair “go through” each other
(and become the corresponding ‘“leading particles”). In
other words, each nucleon in the colliding EP-ET pair
may act as an energy source in the formation of the sys-
tem C*; and the amount of materialization energy each
source contributes is random. Thus the materialization
energy EZ of the system C* is the sum of 4 random vari-
ables, where p is an integer less or equal to the total num-
ber of nucleons in the EP-ET pair. That is, & < vgp+ver
where vip and vgy are the number of nucleons in the EP
and ET, respectively.

The multisource model is an extension of the statistical
model for nondiffractive hadron-hadron collisions in
which the hadrons observed in the central rapidity region
are produced via the central system C* formed by two
energy sources.” In fact, the multisource model for
nucleus-nucleus collisions reduces to the corresponding
model for hadron-hadron collisions when we identify the
incident hadron with the EP and the target hadron with
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the ET. In this connection, it is useful to recall the fol-
lowing.

(I) A central emitting system C* is formed in every
event of nondiffractive hadron-hadron collision at
sufficiently high energies. In such an event, the two col-
liding hadrons act as two energy sources in the formation
process of the C* system [we shall from now on call it
C*(2) in order to indicate the number of sources]. Each
of them may donate a random amount of its kinetic ener-
gy [in the hadron-hadron c.m.-system (c.m.s) frame] to
create the system C*(2). The materialization energies
donated by each of the two energy sources are not associ-
ated with any specific intrinsic quantum number which
could maintain the identity of these two parts after the
system C*(2) is formed. That is, the state of the system
C*(2) after its formation is characterized by the total
amount of materialization energy EZ&, but not by the indi-
vidual contributions from the two sources. In this sense,
the system C*(2) “forgets its history” after it is created.
Hence, in the proposed model,’ the relevant quantities
which characterize the particle production process in the
midrapidity region of nondiffractive hadron-hadron col-
lisions are the following: first, the integer 2, the number
of sources which contribute materialization energy E& to
the system C*(2); second, the quantity ( EX|2), the mean
value of the materialization energy EZ& in the system
C*(2). As we have shown in Ref. 9 (here, we use the
same formulation as that in the second paper—in terms
of materialization energy) the probability P-(E&|2) for
the system C*(2) to be in a state characterized by the
materialization energy EZ is given by

* *

(EZ12)P.(EE|2)=4 ——C
C C C (Eg[2>

exp (2.1)

_-c
(E&I2)

(I) A high-energy hadron-nucleus collision is a col-
lision between the incident hadron and an effective target
which is the group of nucleons along the path of the in-
cident hadron inside the target nucleus. The concept of
“effective target” (ET) has been proposed a long time
ago;'? and it is based on the following well-known facts.
(a) At sufficiently high incident energies, the overwhelm-
ing majority of hadron-hadron collisions are inelastic,
where in general many particles are produced. This, tak-
en together with the fact that the average multiplicity of
high-energy hadron-nucleus collisions depends only very
weakly on the mass number of the nucleus, strongly sug-
gests that the reaction time for multiparticle production
in hadron-hadron reactions is very long, much longer
than the time interval a high-energy hadron needs to “go
through” a nucleon inside the target nucleus. (b) The nu-
clear force is of short range; and the average binding en-
ergy between the nucleons inside the target-nucleus is
negligibly small compared to the kinetic energy of the in-
cident hadron. This is why in high-energy hadron-
nucleus reactions only the nucleons along the path of the
incident hadron inside the nucleus actively take part in
the collision process. The group of these nucleons is
called the effective target (ET). It should be emphasized
that the ET is not a “coherent tube of hadronic matter”
which has been suggested by other authors.!! This is be-
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cause the ET usually acts gently/softly with the incident
hadron and in such cases it acts as a group of individual
nucleons. It can be considered as a coherent tube only
when it collides violently with the incident hadron. This
implies in particular that each of the collisions between
the incident hadron and the vgy nucleons in the ET can
be either diffractive or nondiffractive. We are interested
only in the nondiffractive collisions between the incident
hadron and the nucleons in the ET, because central emit-
ting systems (which contribute to the midrapidity region)
are formed only in nondiffractive collisions. If the aver-
age chance for a hadron-nucleon collision to be
nondiffractive at the given incident energy is p, the
chance of having v nondiffractive collisions among the
ver hadron-nucleon collisions in this hadron-ET reaction
is given by a binomial distribution

VET I
ET T (2.2)

B(VET,V;p): pv(l—p)

v

(ITT) In a hadron-ET collision event in which a central
system C*(1+v) is formed due to nondiffractive interac-
tion between the incident hadron and v (of the vgp) nu-
cleons in the ET, the formation process takes place as fol-
lows. The incident hadron and the v nucleons act as 1+v
energy sources. During the interaction, each of the 1+v
sources contributes part of its kinetic energy to form the
system C*(1+wv); and the amount of materialization en-
ergy each of the 1+v sources donates is random. After
its formation, the system forgets its history in the sense
that the materialization energy donated by each of the
1+ v sources is not associated with any intrinsic quantum
number, so that it is not possible to identify the amount
of the individual contributions. That is, the state of the
system C*(1+v) is characterized by the total amount of
materialization energy E& contributed from the 1+v
sources. Note that EZ is the sum of 1+v random vari-
ables and hence it is itself a random variable. Therefore,
the relevant quantities which characterize the particle
production in the midrapidity region in hadron-ET col-
lisions, in which the incident hadron and v of the nu-
cleons in the ET interact nondiffractively, are first, the in-
teger 1+v, the number of sources which contribute ma-
terialization energy EZ to the system C*(1+v) and
second, the quantity ( EX|14++v) which is the mean value
of EZ in the system C*(1+v). As we have already point-
ed out in Ref. 8, the probability Pc(EX|1+v) that the
system C*(1+v) is in a state characterized by materiali-
zation energy EJ is

(EX1+v)P(EE|1+v)

_ (4wt E¢ '
C(1+v) | (E¢I1+v)
E¢
Xexp |—(1+v)——— | . (2.3
(EZ1+v)
Furthermore, we have also shown® that
(Egl1+v) (EZX[2)
< = (2.4)

1+v 2
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is valid, provided that the kinetic energy of the 1+v
sources are the same where the materialization process
takes place. This condition is exactly satisfied in the
hadron-nucleon c.m.s. frame, where the kinetic energy of
all 1+v nucleons are the same. Furthermore, it is ex-
pected to be valid also in other Lorentz frames in which
the kinetic energies of the 1+ v sources are approximate-
ly the same. This is because, compared to its kinetic en-
ergy, the amount of energy each of the 1+v hadrons
donates to form the system C*(1+v) is in general an ex-
tremely small quantity. By inserting Eq. (2.4) into Eq.
(2.3) we obtain

1 2 1+v
Po(EX|1+v)= +)”
clBEIT+v)=Fr (E&|2) (ES)
X exp ———Z——E' (2.5)
(Eg2) | '

(IV) The generalization of the multisource model to in-
clude nucleus-nucleus collisions is made by taking the
“effective projectiles” (EP’s) into account. The concept
of EP’s has been introduced! in the same way as that for
ET’s. (In order to see the similarity, consider the case in
which a high-energy heavy ion hits a proton target.) A
nucleus-nucleus collision at sufficiently high energies is,
according to this picture, the simultaneous collisions of a
large set of EP-ET pairs. Since we are interested only in
the production processes in the midrapidity region, we
consider only the nondiffractive processes between the nu-
cleons in the EP-ET pairs. Every EP-ET collision event
is associated with a number g, the number of nucleons
that take part in nondiffractive collisions between the vgp
nucleons in the EP and the vgy nucleons in the corre-
sponding ET. The number p is obviously either zero
(which means that there are no nondiffractive collisions)
or an integer between 2 and vgp+vgr. For a given EP-
ET pair, the probability of obtaining u nondiffractive
nucleon-nucleon collisions is

+vpr—
W(“lvEP’VET)PH(l_P)VEP el

where
u—1 [VEP VET
W([JIVEP,VET)Z 2 o u—o
o=1
vep T VET VEP VET
I " 7 7
+8“,0 . (2.6)

This shows in particular that the system depends only on
the number p, but not on the specific way of composition.
(That is, it does not matter how many of the u nucleons
are from the EP and how many of them are from the ET.)

(V) The formation process of the central system C*(u)
due to the nondiffractive processes among p nucleons in a
EP-ET pair takes place as follows: The u nucleons act as
pu energy sources. During the interaction, every one of
the u sources donates part of its kinetic energy for the
formation of the system C*(u); and the amount of ma-
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terialization energy each of the u sources donates is ran-
dom. After it is formed, the system C*(u) forgets its his-
tory in the sense that the state is characterized by the to-
tal materialization energy E& in C*(u) but not by the u
individual contributions of the p sources. In fact, the
probability P-(E2X|u) that the system C*(u) is in a state
characterized by E} is again given by Eq. (2.3) where the
following replacements should be made: “E& in
C*(1+v)” by “EZ in C*(u),” and 1+v by p. The rela-
tionship corresponding to that in Eq. (2.4) now reads
(E&luw)  (EZ2)
I 2

which is exactly satisfied in the nucleon-nucleon c.m.s.
frame in which all the v participating nucleons have the
same kinetic energy; and it should be valid in all refer-
ence frames in which the kinetic energies of the above-
mentioned nucleons are approximately the same. (See the
discussion in the hadron-nucleus case and that in Ref. 8.)
Note that the quantity given in Eq. (2.7) (EX|u)/u
={el) [which is identical to that given in Eq. (2.4)] is
nothing else but the average materialization energy per
energy source. It implies in particular that the average
materialization energy per source {(el) depends only on
V's but not on the number of sources.

By inserting Eq. (2.7) into Eq. (2.5) we obtain the prob-
ability Pc(E&|u) that the system C*(v) is in a state
characterized by the materialization energy E&(u):

2.7

Pe(Egl=— |2 |"pau
CET W) |(E22y | €
X exp | ——2—E* (2.8)
PIT B2y €| '

(VD) It should be emphasized that the multisource
model gives a macroscopic, rather than a microscopic,
description of the multiparticle production processes in
high-energy nuclear reactions. The relevant quantities in
our model are the number of sources which contribute in
nondiffractive A-ET and EP-ET collisions, and the aver-
age amount of materialization energy ({E*|u)/u) each
source contributes in the formation of the central system.
This is in sharp contrast to the Glauber-type multiple
scattering/cascading models in which the number of suc-
cessive scattering/cascading occurrences is relevant and
the experimental hadron-hadron cross sections at corre-
sponding energies enter as dynamical input.

m=Eg&/{e}) (2.9)
for a given EZ in system C*(u) is of particular interest.
This is because m is uniquely associated with the materi-
alization energy E& in C*(u), and it shows how many
sources there would be if each source contributes the
same amount, (e’c" ). From now on, we call the quantity
m *“‘the number of effective sources” (NES). In terms of
m, Eq. (2.8) reads

Q(ml/.t)=—1—m"‘I exp(—m) ,

) (2.10)
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where we have introduced the “NES distribution”

Q(m|p) by
Qmlp)=(el YP(E&|p) .

The NES distribution given in Eq. (2.10) has several in-
teresting properties.

(a) For a given u, Q(m|u) is a special case of T" distri-
bution in m. The expected value of Q(m|u) is u, and the
variance of ((m|u) is 2u. That is, the fluctuation of NES
increases twice as fast as the mean values of NES —while
the mean value itself is the source number p.

(b) For a given m, Q(m|u) is nothing else but a Poisson
distribution in u. This simple relation can, for example,
be used to find the source number u by measuring the
NES distribution in hadron-nucleus reactions (see also
the discussion in Sec. VI).

(c) The convolution of the two NES distributions,
Q(m,|u,) and Q(m,lu,) characterized by the source
numbers u,; and u,, is again a NES distribution. The cor-
responding source number is i, +u,. That is,

(2.11)

fdm,dmzéi(m —m,—m,)Qm |u)QUm,lu,)

=Q(mlp,+uy) . (2.12)

(d) For a given value of the source number p, the distri-
bution for m is always Q(m|u). It is independent of the
colliding EP-ET pair, and independent of the colliding
energy. This, as we shall see in Secs. III and IV, leads to
a new kind of scaling behavior. We shall call this hereaf-
ter the “NES scaling.” We note that, not only the con-
cept of NES, but also the NES distribution and the ex-
istence of NES scaling are natural consequences of the
multisource model for hadron-nucleus and nucleus-
nucleus collisions.?

III. MULTISOURCE MODEL AND GEOMETRICAL
AVERAGE OF NES DISTRIBUTION

The geometry of the nuclei plays an important role in
high-energy nucleus-nucleus collisions in general, and in
the multisource model in particular.

(i) It has been observed experimentally> that the
square root of the total inelastic cross section of a high-
energy nucleus-nucleus collision is approximately propor-
tional to 423+ 43, where Ap and A are the mass
numbers of the projectile and target nucleus, respectively.

|
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This shows it is a good approximation to consider such
reactions as two colliding spheres of radii 4)"°r, and
A13r, where rg is the nuclear unit radius.'?

(i) Effective target (ET) and effective projectile (EP)
have been introduced!® to describe high-energy nucleus-
nucleus collisions in a physical picture which is based on
the following empirical and/or semiempirical knowledge.
The nuclear force is of short range, and the average bind-
ing energy between two nucleons is only 8 MeV. The re-
action time for multiparticle production processes is
much longer than the time needed for a hadron at high
incident energies (say = 10 GeV/ A) to travel a few fermis
in the nucleus. Geometrically, EP’s and ET’s which in-
teract gently/softly with each other are groups of indivi-
dual nucleons; and the nucleons in each group stand
more or less in a row, so that all EP’s and ET’s can be
considered as nucleons inside cylinder-form envelopes.
The axis of the cylinders are parallel to the incident axis.
The cross section of the cylinders are approximately 773
and the length is typically a few times r;, depending of
course on the size of the nucleus and the position of the
cylinders in the nucleus. The positions of the interacting
EP-ET pairs, and the number of nucleons in each EP or
ET is determined by the geometry of the nuclei in col-
lision. (See Appendix A for details.)

We consider the plane in which the straight line joining
the centers of the two colliding nuclei lies in the plane
perpendicular to the collision axis. We call the distance b
between the two centers in this plane the impact parame-
ter of the corresponding nucleus-nucleus collision events.
Since the impact parameter b characterizes the part of
the projectile and that of the target which go through
each other, we first estimate the number of interacting
EP-ET pairs, A as well as the number of nucleons in each
EP and each ET (vgp;,vgp;; i =1, ..., A) for fixed b (note
that all these quantities depend on the impact parameter
b). In doing so, we assume for the sake of simplicity that
the nucleons are homogeneously distributed in nuclei and
that every EP-ET collision is a head-on collision. The
positions of the A EP-ET pairs are randomly chosen; and
this is performed by using a Monte Carlo program. The
details of this calculation are described in Appendix A.

The NES (number of effective sources) distribution
Q(m,b| Ap, A;) for a given impact parameter b in col-
lision processes between nuclei of mass numbers A, and
Apis

A A VEr TVET _
QUm;b|dp, A)=N 3 Sim’Emi I 3 Wlvesnver ™ (1=p) = 5 Q0m,u,) .
m; i=1 =1 pn =0

(3.1

Here, m; is the NES in the ith EP-ET pair (vgp; nucleons in the EP and vgy; nucleons in the ET); A=A(b) is the number
of EP-ET pairs for the given impact parameter b; 8(m, ¥ m;)=1 for m = 3 m;, and 0 otherwise; and the functions
W (u;|vep,,vEr,) and Q(m;|u;) are defined in Egs. (2.6) and (2.10), respectively; N is a normalization constant. The
prime on the summation sign means that all those terms in which one (or more) of the u;’s (i =1, ..., ) is equal to uni-
ty, and the term in which p;= - - - =pu,; =0 should be excluded. For a nondiffractive nucleon-nucleon process in a col-
liding EP-ET pair to take place, there should be at least fwo nucleons and hence there should be at least two energy
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sources. Furthermore, the ;= - -+ =pu, =0 term corresponds to a process with no central emitting system C*, and
thus the process is not a nondiffractive one.
By using the simple properties of Q(m;|u;) mentioned in Sec. II, we can rewrite Eq. (3.1) in the form
A |VEP1TVETI Vepr TVETI |
Qm;blAp, A)=NS'| S - 3 I Wlvepsver p*(1—p) *umlu) |, (3.2)
=1 uy=2 p=2 i=l

where u and v on the right-hand side of this equation are,
respectively,

(3.3)

v= 2 (vgp; tvey) - (3.4)

i=1

The prime on the summation sign in Eq. (3.2) means the
following. Choose any / out of the A EP-ET pairs; calcu-
late the expression inside the large parentheses; sum over
all the possilibities in choosing !/ from the A pairs; and
then sum over /. The right-hand side of Eq. (3.2) is calcu-
lated numerically. Details on this are discussed in
Appendix B. We now take the NES distribution
Q(m;b| Ap, A7) for a fixed impact parameter b from Eq.
(3.1) [or from Eq. (B1)], average it over all possible b
values, and thus obtain the corresponding NES distribu-
tion Q(m| Ap, A7) for colliding nuclei of mass numbers
Ap and Agp:

max

b bmax
| dp, 47)= [ 2m3bl 4y, Ap)b db/fO bdb

(3.5)

where b, is chosen to be (A}*+ 41/3—1)r,, because
only the nonperipheral collisions are taken into account.
[See (i) in this section and (d) in Sec. IV for further de-
tails.] As examples, we have calculated Q(m| Ap, A7) for

1 T T T T T T T T
1e’()*rmcleus
107
;»—-
< 103
o
< . 3
— 10 -
E
o
107
107°
0

FIG. 1. NES distributions for '®O ion on different nuclear
targets.

r

the following projectile-target combinations: '°O ion on
Au, Ag, Cu, and Al targets; and 328 jon on Au, Ag,
RbBr, Cu, Sc, and S targets.l The results are shown in
Figs. 1 and 2, respectively.

We note that, while the NES distribution Q(m|u) for a
fixed source number p has a simple analytic form, given
in Eq. (2.10), the NES distribution Q(m|A4p, A7) for a
fixed projectile-target (of mass numbers Ap and A, re-
spectively) combination is more useful in practice. In
fact, as we shall see in Sec. IV, Q(ml|u) and
Q(m| Ap, A7) have a number of interesting properties.

IV. MULTISOURCE MODEL AND MIDRAPIDITY
TRANSVERSE-ENERGY DISTRIBUTIONS

In this section we show how to apply the multisource
model (MSM) to calculate transverse-energy distribu-
tions, and why the NES concept is useful.

According to the MSM, transverse energies produced
in the midrapidity region are due to the central systems
which are formed when the nucleons in the effective pro-
jectiles (EP’s) and the effective target (ET’s) go through
one another in nondiffractive EP-ET collision events.
Such an event is characterized by the number of nucleons
which take part in the nondiffractive process. That is, in
an event which u nucleons interact nondiffractively, u en-
ergy sources take part in the formation process of the
corresponding emitting central system C*(u). In this
sense, the system C*(u) remembers its history. The sys-
tem C*(u) consists of a group of (in the midrapidity re-
gion randomly distributed) clusters which subsequently
decay. The properties of such hadronic clusters are as-
sumed to be exactly the same as those in hadron-hadron
collisions. In particular, the clusters are assumed to be
charge neutral, distributed with equal probability in rapi-
didty space, and to decay isotropically on the average
into two or three hadrons (details can be found in the

Q(mlAp-32,Ap)

FIG. 2. NES distributions for *’S ion on different nuclear tar-
gets.
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third paper of Ref. 9). This simple dynamical assumption
is based in particular on the empirical fact that the
short-range rapidity correlations between the observed
hadrons in nuclear reactions are more or less the same as
those in hadron-hadron collisions at comparable incident
energies. (See, e.g., Ref. 8 and the references given
therein.) The sum of the cluster masses is called the ma-
terialization energy EZ& of the system C*(u). The
amount of materialization energy each of the u sources
contributes to form C*(u) is random, so that E& is the
sum of u random variables. Viewed from the nucleon-
nucleon c.m.s. frame, the average amount of energy each
one of the pu sources contributes is the same; it is
(e)=(EZ|u)/u. Furthermore, in processes in which
the kinetic energy of each of the u nucleons is the same
(this is clearly the case in the nucleon-nucleon c.m.s.
frame of EP-ET collisions), (el ) is independent of p.
Hence, the number of effective sources (NES) m defined
as E&/(el) is a useful quantity in characterizing the
nondiffractive EP-ET collision events.

Now, since in this picture,® the transverse energy E,
produced in the midrapidity region is due to the decay of
clusters formed in C*(u), and the corresponding materi-
alization energy EZ is nothing else but the sum of the
masses of such clusters, it is expected that E, and E} are
directly proportional to each other. That is,

E, E¢
= . 4.1)
(E/p)  (E&u)
From Eqgs. (2.7), (2.9), and (4.1), we have
m Et
—_— =, 4.2)
pw  (E|uw)
m=E,/{e,) (4.3)

Here, (e,)=(E,|lu)/u=(E,(hh))/2 is the average
transverse energy each energy source contributes, where
(E,(hh)) is the average transverse energy in hadron-
hadron collisions at the same (hadron-hadron c.m.s.) col-
liding energy. Hence, the corresponding E, distribution
can be obtained by inserting Eq. (4.3) into Egs. (2.9) and
(2.10):

Et
(ey H

Furthermore, since the clusters formed in the central
system C*(u) are assumed to have approximately the
same size, which is in good agreement with the empirical
fact that the multiplicity »n of charged hadrons is approxi-
mately proportional to the transverse energy E, in the
midrapidity region, we have

n E¢

() (Eglp)

1

PC(EILU')ZWQ
1

. (4.4)

(4.5)

Taken together with the fact that the electromagnetic
part of the transverse energy is predominantly due to 7°
decay and most of the produced particles are pions, iso-
spin invariance implies that a similar relationship should
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be valid also for the electromagnetic part of the trans-
verse energy E;™ in the midrapidity region:
Em E¢

= . (4.6)
(Ef™lu)  (E&lp)

Hence, it follows from Egs. (2.7), (2.9), (4.5), and (4.6)
that the NES m can also be written as

m=n/{n,)=E™/{e™) , @4.7)

where (n,)={nlu)/u=<{n(hh)) /2 and
(efm)=(E™u) /u=C(E™(hh)) /2

are the average multiplicity of charged hadrons and the
average value of the electromagnetic part of the trans-
verse energy per energy source at the same incident ener-
gy (per nucleon for nuclear reactions), respectively. This
means, the corresponding n and the E;/™ distribution
Pc(nlp) and Po(ES™|p) are nothing else but

1
Pc(nl,u)=m0 ﬁ u (4.8)
and
Eem
P (ES™|u)= L o d , (4.9)
C t [J, (etem> (etem) #

respectively. That is to say, once we know the NES dis-
tribution, Eq. (2.10), the corresponding distributions for
E, n, and E/™ can be immediately obtained, provided
that the corresponding average values (e,), {n,), and
(ef™) are known.

It should be pointed out that, since the average values
(e,), {(n,), and (ef™) do not depend on p, they are in-
dependent of the geometrical average mentioned in Sec.
III. This means that for a.given projectile-target com-
bination characterized by the mass numbers A, and 47,
we have a unique NES distribution Q(m| 4p, A7). The
corresponding E,, n, and E™ distributions for this
projectile-target combination can be calculated from
Q(m|Ap, Ay) simply by inserting the average values
(e,), {n,), and (ef™) in Qm|Ap, A7) as given in Eq.
(3.5).

Examples of such NES distributions for different
projectile-target combinations have been shown in Figs. 1
and 2. By using the above-mentioned procedures, E, and
E;™ distributions for the projectile-target combinations
0O-Au, O-Ag, O-Cu, and O-Al at 200 GeV/nucleon and
those at 60 GeV/nucleon have been calculated. The re-
sults are shown in Figs. 3—6 together with the new NA35
data.!

In these calculations, the values (e,) and (ef™) for
the two incident energies 200 and 60 GeV /nucleon, have
been determined by fitting the 'O on Au data at these
two energies, respectively. The values are as follows:
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FIG. 3. E, (total transverse energy) distributions for 'O ion
at 200 GeV/nucleon on different nuclear targets. The data are
taken from Ref. 1.

Incident energy (e,) (efm)
(GeV/nucleon) (GeV) (GeV)
200 2.00 0.41
60 1.23 0.28

These values are then applied to all other reactions. It is
interesting to note the following.

(a) The ratio between (e,) at 200 GeV/nucleon and
that at 60 GeV/nucleon is approximately the same as the
{ef™) ratio between these two energies. This is expected
to be the case, provided that the composition of the pro-
duced particles does not change very much when the in-
cident energy is increased from 60 to 200 GeV/nucleon.

(b) The ratio between (e™) and (e,) at a given in-
cident energy is less than 1, which would be the case, if
only pions are produced. This result seems to show that
quite a number of baryon-antibaryon pairs are created at
these incident energies.

(c) Because of the close relationship'® between the im-
pact parameter and the multiplicity in high-energy
hadron-hadron collisions, and the fact that crude approx-
imations have been made in carrying out the geometrical
averaging process of our calculation, it is expected that

1 T T T T T T L

10_, ®0+nucleus at
> 60 GeV/nucleon B
[
O
T 1072 .
®
2
w107 .
kel
3

1074 .

1073 A 1 L

6] 50 100 150 200
E, (GeV)

FIG. 4. E, (total transverse energy) distributions for '®O ion
at 60 GeV/nucleon on different nuclear targets. The data are
taken from Ref. 1.

FIG. 5. Ef™ (the electromagnetic part of the measured trans-
verse energy) distributions for '®O ion at 200 GeV/nucleon on
different nuclear targets. The data are taken from Ref. 1.

(e,) and (ef™) determined from nucleus-nucleus col-
lision data should be higher than those in hadron-hadron
collisions at the same energy. We recall (see Secs. II and
III) that in determining the number of nucleons in the EP
and in the ET, we have assumed that the nucleons are
homogeneously distributed in the nuclei, and that the
EP-ET collisions are always head-on collisions. This
means, we have included in our calculation only those
events associated with small impact parameters in
nucleon-nucleon collisions; and hence the average multi-
plicity and the average transverse energy should be
higher than those in the corresponding minimum-bias
nucleon-nucleon collision events.

(d) For reasons similar to those mentioned in para-
graph (c), especially because we only considered the non-
peripheral collisions, it is not difficult to see that the
values of (e,) and (ef™) for heavier nuclei should be
slightly higher.

The absolute normalization for do/dE, and for
do/dE;™ at different incident energies (E;,.) and for
different projectile-target (of mass numbers Ap and Ar,
respectively) combinations are determined once and for
all by the following conditions:

T T

80+nucleus at
60 GeV/nucleon

1 1

30 40 50
EfT (Gev)

FIG. 6. E;™ (the electromagnetic part of the measured trans-
verse energy) distributions for '®O ion at 60 GeV/nucleon on
different nuclear targets. The data are taken from Ref. 1.
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do do
delgE:(Einc;AP’AT)zfd lem?dE?(Einc;AP'AT)
t

:anonperi(Einc; AP’ AT)
=mri(Ap°+ 417 —1)*,
(4.10)

where 7, =1.2 fm is the unit nuclear radius;'? and O nonperi
stands for the inelastic cross section for nonperipheral
collisions. The term —1 in the parentheses on the last
line of this equation is due to the fact that peripheral col-
lision events are excluded.

Note that the equations in (4.10) imply the following.
(i) The integrated cross sections for E, and E;™ distribu-
tions are the same for nonperipheral nucleus-nucleus col-
lisions. (ii) This part of the inelastic cross section (denot-
ed by 0 onperi) is independent of the incident energy. (iii)
It is the geometrical area of a circle of radius
(A}*+ A}3—1ry. (iv) Nothing has been said about the
peripheral nucleus-nucleus collisions which contribute
much to the total inelastic cross section.

In Figs. 7 and 8 we show the effect of the geometrical
averaging.

The existence of a unique NES distribution for each
given projectile-target nuclei pair, and the fact that the
E, and E™ distributions calculated from the NES distri-
bution agree with the data! suggest that there is indeed a
new kind of scaling— NES scaling. In order to check the
validity of NES scaling in practice, one can plot the
quantities at different incident energies shown in the fol-
lowing:

(e) L4 E
"o dE, (e,) ’
emy 1 do E™
<e’ ) em V3 em) ’
o dE| (ef™)
1 do n
(n)—== vs ,
o dn (n,)
1 T T T T T T
101l ®0+Au at 200GeV/nucleon
>
(]
]
3
®
S
=
e
S
©

50 100 150 200
Et(GeV)

FIG. 7. Dependence of E, distributions on impact parameter
b is demonstrated on the example: 200 GeV/nucleon '°O ion on
Au target (already shown in Fig. 3). The curve marked by 1 is
the contribution from b =0.5 fm, the one marked by 2 is that
from b =1.0 fm, and the one marked by 17 is that from b =9.0
fm. In fact, the difference in b for any two adjacent curves is 0.5
fm.
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1 T T T T T T T

1o 80 +Au at 200 GeV/nucleon

do/dE[ (barn/GeV)

0 50 100 150 200
Ey GeV

FIG. 8. Dependence of E, distributions on impact parameter
b is demonstrated on the example: 200 GeV/nucleon '®O ion on
Au target (already shown in Figs. 3 and 7). The curves marked
by I, II, and III are contributions from the b regions:
0=b<4.0fm,4.0=b<8.0fm, and 8.0=b <9.0 fm, respective-

ly.

for a given projectile-target combination. One will find
that not only does each of the data set for the same quan-
tity at different incident energies (for example that at 200
GeV/nucleon and that at 60 GeV/nucleon) lie on one
curve, but also all three sets (that is, data for different
quantities) lie on one and the same curve. The reason
why this should be the case is that the three sets of vari-
ables on the right-hand sides of the above are only
different expressions of the same quantity—the number
of effective sources (NES)—and the curve is nothing else
but the NES distribution for the given projectile-target
combination. As an illustration example, we show in Fig.
9 such a plot for O-Au collisions at 200 and 60
GeV/nucleon, where the new NA35 data' for E, and Ef™
distributions are used (for details, see figure caption).

1 T T T T T T T T
~ . ald
8 10 )'4 1
T A
—
< 103 .
©
- E)
a &
3 a
_<_ 10 °+ 1SO*AU I 7
13 at 200 GeV/nucleon ¢ total $em 4
o 104 at 60 GeV/nucleon 4 total 4 em *{o |
10'5 1 Il 1 1 1 1 1 +
0 20 40 60 80
m

FIG. 9. Test for NES scaling is demonstrated by plotting the
E, distribution and E™ distribution data for 200- and 60-
GeV/nucleon '°O ion on Au target in the following way:

(e )_LE’E_ vs E. vs E”
" o dE, (e,)’ (esm) -~

Here do /dE, and do /dE;™ are taken from Ref. 1. The values
for (e, ) and (ef™) are taken from the table given in Sec. IV; o
stands for the integrated cross section which can either be ob-
tained from the data or from Eq. (4.10).

em i dU
(e >a dE
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1 5 T T T —T T T

32S(prellmmary) 8

0 10 20 30 40 50 60
Ef™ (GeV)

FIG. 10. Ef™ distribution for 200-GeV/nucleon 'O ion and
328 jon on Au target. The solid curve for %S is the calculated re-
sult for (ef™)=0.48 GeV while the dashed curve is that for
(ef™)=0.41 GeV. The (solid) curve for 'O is identical to that
shown in Fig. 4. The points for *’S are the preliminary data of
NA3S5 Collaboration (Ref. 1).

It is clear that transverse-energy distributions for other
projectile-target combinations can be obtained in a simi-
lar way. As an example, we calculated the E™ distribu-
tion for S on Au at 200 GeV/nucleon and compare the
obtained result with the preliminary data of NA35 Colla-
boration' (see Fig. 10). Here, we used the corresponding
NES distribution for S-Au from Fig. 2.

We see that the ES™ distribution for S on Au can
indeed be reproduced when we set (e ™)=0.48 GeV,
where the value for o ,...i is again calculated from Eq.
(4.10). As we have already pointed out, the slight in-
crease in {ef™) is due to the dependence of Ef™ on the
impact parameter for nucleon-nucleon collisions'* and
the fact that a rather crude approximation has been made
in our geometrical calculations. A more detailed study of
this and other related problems is now in progress;'* the
result will be published elsewhere.

V. MULTISOURCE MODEL
AND TRANSVERSE-ENERGY DISTRIBUTIONS
IN DIFFERENT RAPIDITY REGIONS

Until now, we have only considered the kinematical re-
gion which is completely covered by the decay products
of the clusters in the central system C*. This kinematical
range has been called the midrapidity region, and it cor-
responds to the rapidity interval in which transverse dis-
tributions have been measured by NA35 Collaboration.

In the present section we discuss the following. (a) Is it
possible to describe in the framework of the multisource
model transverse-energy distributions outside the midra-
pidity region? (b) How do transverse-energy distributions
depend on the size of the rapidity window and/or
azimuthal-angle window in which the measurements are
made?

Question (a) can be answered as follows: Transverse-
energy distributions outside the midrapidity interval for
multiparticle production in nucleus-nucleus collisions can
also be obtained by generalizing the multisource model
for hadron-nucleus collisions. We recall that according
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to the proposed model,® where the basic processes in
hadron-nucleus reactions are hadron-ET collisions, and
in a hadron-ET collision event in which v of the vgy nu-
cleons in the ET take part in nondiffractive processes, the
following metastable systems are formed. One C* system
formed by 1+v energy sources, one P* system formed by
two energy sources, and v T* systems, each of which is
formed by two energy sources. These systems are in-
dependent of one another, so that the transverse-energy
distribution for the entire rapidity range can be expressed
as the product of the distributions of the system. To be
more precise, the transverse-energy distribution in the en-
tire rapidity range can be obtained by noting that the
probability that a total amount E* of energy turns into
materialization energy is

P(E*|1+v)= X' P(E&|1+v)Pp(EE|2)
XPr(EF 12) - Pr(EF|2) . (5.1

Here, the prime on the summation sign means that the
sum over EX,EZ,E7, should be taken such that the con-
dition

E*=E+Ef+Ef+ - +ET, (5.2)

is satisfied. Po(E&|1+wv) is the probability that the sys-
tem C*(1+v) is in a state characterized by the materiali-
zation energy E&, where the analytic expression for
P.(E&|1+v) is given in Eq. (2.3). Pq(EA|2) and
Pr(E}|2) (i=1,...,v) are, respectively, the probabili-
ties for the systems P*(2) and T;*(2). The corresponding
expressions have the same form as P&(E2|2) given in Eq.
(2.1).

Hence, P(E*|1+v) can be calculated from Eq. (5.1)
provided that the average values (EZ|1+v), (EA[2),
(E}12) (i=1,...,v) are known. We note that
(E&|1+v) is related to (EX|2) through Eq. (2.4), and
that (E3|2)=(E}|2) (i=1,...,v) are assumed to be
equal to the corresponding values for hadron-hadron col-

lisions at the same incident energy. This means
(EX[1+v) is determined by the integer 1+w,
(el)=(EZ|2)/2,and

(ep)=(EZI2)/2=(E}|2)/2 fori=1,...,v. (5.3)

Taken together with the fact that the transverse energy
is directly proportional to the materialization energy in
the multisource model, transverse-energy distributions in
hadron-ET collisions in which the incident hadron and v
of the nucleons in the ET interact nondiffractively, can be
readily obtained from Eq. (5.1).

The generalization to EP-ET collisions is made analo-
gously to that for the midrapidity region in which only
the C* system is taken into account. Here, we again con-
sider an EP-ET collision event in which u among the
vep+ vt nucleons in the EP-ET collision event interact
nondiffractively.

The probability that in this process a total amount E*
of energy turns into materialization energy is

P(E*|)= 3 P(EE|WQpEX ) , (5.4)
where P-(E&|p) is the probability that the system C*(u)
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is in a state characterized by the materialization energy
E¢}; where the analytic expression for Pc(E&|p) is given
in Eq. (4.4). Qp(Ef|u) is the probability that a total
amount of E¥ energy is materialized in the P* and T*
systems in the projectile and target fragmentation re-
gions. That is,

Qr(Ef|p)=Pp(EF [2) - - Pp(ER,|2) . (5.5)

Here, the index F (fragmentation region) in Py and in Ef;
(i=1,...,u) may be either P or T, which means it may
be either a contribution from a P* or a contribution from
a T* system. Both Pp(Ep;[2) and Pr(Ef;|2) (Ep; and
E7, stand for any two of the Ef,,...,Ef,) have the
same analytic form as Po(E#|2) shown in Eq. (2.1). The
average value (EZX[2) is again 2(el) while (EX[2) is
2{el). The prime on the summation sign on the right-
hand side of Eq. (5.4) means that the condition

E*=E:+Ep+ - +EE, (5.6)

should be satisfied. Hence, P*(E*|u) is determined by
the integer u, the average materialization energy per en-
ergy souce in the fragmentation region (e ) and that in
the central (midrapidity) region {(eg ).

The transverse-energy distributions and multiplicity
distributions for fixed p are obtained again by taking into
account that transverse energies and multiplicities are
directly proportional to the corresponding materializa-
tion energies.

Transverse-energy distributions and multipicity distri-
butions for given projectile-target (of mass numbers A4,
and Ay, respectively) combinations are obtained by first
calculating the combinatorial factor for a given EP-ET
pair with vgp+vgp nucleons and then carrying out a
geometrical average in analogy to that discussed in Sec.
1808

Let us now turn to question (b) mentioned at the begin-
ning of this section. Similar to that'® in multiparticle
production processes in hadron-hadron and hadron-
nucleus collisions, we expect to see the following for each
independent emitting system. In minimum-bias events at
a given (c.m.s.) energy V's, the transverse-energy distri-
bution P, (E, ;s) inside a given window w of a given
kinematical region is

P,(E,;5)= [dE,/€P(E;s)B(E,Ep;qyi€) . (5.7)

Here, P(E,;s) is the E, distribution of the entire
system—in this case the central system C*;
q,=(E,,)/(E,) is the average probability for a unit of
transverse energy to be inside w; ( E,,,) and (E, ) are, re-
spectively, the average value of E,, and E,. (The sub-
script w in P, E, , and g, indicates that they refer to
quantities inside the window w.) B(E,,E, ;q,;€) is the
“generalized binomial distribution” for the continuous
random variables E, /€ and E,, /€ (the energy unit € is in
general an s-dependent parameter):

e . T(E,/e+1)
B3 quw €)= I(E,,/e+1)T(E,/e—E,, /e+1)
'Em)/E E,/G_Exw/e

Xg," (1—g,) (5.8)
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This means the transverse-energy distribution P, (E,, /s)
can be obtained from Eq. (6.1) provided that P(E, ;) and
q,, are known. The generalization to several independent
emitting systems can be carried out in a straightforward
manner similar to that in hadron-hadron collisions.'’

VI. CONCLUDING REMARKS

The agreement between the existing data' and the mul-
tisource model strongly suggests that multiparticle pro-
duction processes in high-energy hadron-nucleus and
nucleus-nucleus collisions are closely related to such pro-
duction processes in hadron-hadron reactions at compa-
rable energies. It is shown in particular that the NES
(number of effective sources) concept deduced from the
multisource model® can be used to organize the
transverse-energy and multiplicity-distribution data in
high-energy hadron-nucleus and nucleus-nucleus col-
lisions in an extremely simple manner. The result of our
analysis leads us to the conclusion that the geometrical
and the stochastical aspects of multiparticle production
play a dominating role in such processes.

In this connection, experimental studies of the follow-
ing kind would be very interesting.

(a) In high-energy hadron-nucleus collisions, one mea-
sures the E, (total transverse energy), the E/™ (elec-
tromagnetic part of the transverse energy), and the n "~
(multiplicity of negatively charged hadrons) distributions
in the midrapidity region for different sets of events
characterized by the number (Np) of identified fast pro-
tons in the forward angles. Since N is proportional to
vgr (the number of nucleons in the effective target in such
collisions), such measurements can be used to check the
validity of NES scaling in hadron-ET collisions, where
the corresponding NES distribution is

VET

(6.1)

Qm|lvg) = P (1—=p)FT "Q(m|v) .

v

v

We recall that m is related to E,, E{™, and n by Egs. (4.2)
and (4.7); and that the explicit expression for Q(m|v) is
given in Eq. (2.10). It is a more direct check of NES scal-
ing, because the collision geometry is much simpler than
those for nucleus-nucleus reactions.

(b) In high-energy hadron-nucleus and nucleus-nucleus
collisions one measures the long-range transverse-energy
correlations in given rapidity windows w. To be more
precise, one chooses a rapidity window (large or small,
symmetric or asymmetric with respect to the center of
the nucleon-nucleon c.m.s. frame or any other frame) in
the entire rapidity range. Divide it into two parts (for ex-
ample, a “forward” and a ‘“backward” region), measure
the E, or Ef™ in these two regions, and make a contour
plot similar to that performed by UAS5 Collaboration!®
for the multiplicities in the entire rapidity region. The
existence or nonexistence of long-range correlations for a
given rapidity window size can be used to study clustei-
ing phenomena (whether, if yet, how large, how many
clusters are formed, etc.) in general, and the size of the
emitting systems in particular.



38 MULTISOURCE MODEL AND STOCHASTIC PROPERTIES OF . ..

ACKNOWLEDGMENTS

The authors thank W. Heck and G. Wilk for helpful
discussions. This work was supported in part by
Deutsche Forschungsgemeinschaft (DFG: Me 470/5-1,
5-2).

APPENDIX A

We consider the collision between a projectile nucleus
of mass number A, and a target nucleus of mass number
A, where Ap < Ay; and define the impact parameter b
as the distance between the centers of the colliding nuclei
in the plane P perpendicular to the colliding axis. We
denote the overlapping region of the colliding nuclei in
this plane by 2(b), and the area of =(b) by S(b).

In order to take the fact that nuclear forces are of short
range into account, we randomly divide the above-
mentioned overlapping region =(b) into subdomains o,
(i=1,...,A); the area of each o, is approximately equal
to mr} where r is the unit nuclear radius. The area o; in
the plane P is the common cross section of two cylinders
which represent the ith interacting EP-ET pair. The
volume of the ith EP (V}p;) and that of the ith ET (V)
can be calculated provided that the position of o; in the
above-mentioned plane is known. The o,’s (i =1,...,A)
are randomly chosen by using a simple Monte Carlo pro-
gram. In this program o; are taken as circles of radius
ro- The center of each circle is determined by a pair of
random numbers, and the circles are allowed to overlap
partially. In practice, the process of random sampling is
carried out under the following conditions.

(1) The distance between the centers of any two circles
should not be less than D ;.

(2) The center of a circle is allowed to be outside the

A
Qm,bl Ap, Ap)=N3' 3 Clu,lvgp;+verp, - ..
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domain X(b), provided that its distance to the nearest
boarder of 2(b) does not exceed a number a_,,.

(3) Let us denote by s; the area of o; inside the domain
3(b). The value s; is determined in such a way that the
overlapping region between any two circles (say, o; and
;) is counted only once, the area of the overlapping re-
gion is always counted to the circle which appears first
(that is, the area o;No j is considered to be a part of s, if
s; occurs first in the random sampling process). The sam-
pling process terminates when the sum of all s; has
reached 95% of s(b). In order to estimate (vgp;,Vgr;),
the number of nucleons in the ith EP and that of the ith
ET, we calculate the volumes of this EP-ET pair
(Vpi» Vi), assume that the nucleons are homogeneously
distributed inside the nucleus, denote the density
3/(4mrd) by p, and set vgp;=N(pVp) and vgy
=N(pVy). Here N(x) means “take the integer nearest
to the number x.”

The number of EP-ET pairs determined by the above-
mentioned method is denoted by A, which depends, of
course, on b.

The parameters we used in our calculation are r,=1.2
fm, D_;,=1.5 fm, and a,, =0.4 fm. While the value for
ro is taken from the literature,'? the values for D_;, and
a...« are obtained by fitting the data. Calculations car-
ried out by using different sets of D_;, and a,,, show
that the result does not depend sensitively on the choice
of these values.

APPENDIX B

In this appendix we show that Q(m,blAP, Ar) given
in Eq. (3.2) can be rewritten in a form which is much
easier to evaluate numerically.

First, we rewrite Eq. (3.2) as

» Vepr Fver P (1—p) *Q(m|p) , (B1)
I=1u=2
where
VEP1 T VETI VErr T VETL ! i
C(u,!lvep +verys - - - »Vep TVER)= 3 8|1, I ko | IT Wikilvep:,ver) . (B2)
#=2 y,=2 a=1 i=1

Note that u and v in Eq. (B1) are, respectively, the sum of all ; and that of all vgp; +vgy; for i =1, ..., [see Egs. (3.3)
and (3.4)]; and the Kronecker delta 8(u,2£=lya) in Eq. (B2) guarantees that the condition u= ZQ:I;LG [see Eq. (3.3)]

is satisfied.

Second, in order to calculate the coefficient C(u,!|vgp; + Ve, - -
right-hand side of Eq. (B2) can be factorized. We note that

| -
o) =— dt t t
- f L cos cosp

1 I
M 3 M D Ha
a=1 a=1

., vepr +vET) we rewrite 8(u, 3. _ u,,), so that the

is valid for all positive integers u; and with the help of this identity, we obtain
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1 . VEp1 T VETI VEp1 T VETI ! i
C(u,!vegpi +verDs - - - ,vEP,+vET,)=E—f dt > 3 exp |i 3 py|ttexp|—i 3 p, |t
mYy -7 oy =2 =2 a=1 a=1
i
X I W (ol VEpa VETS) | cOSLE . (B4)
a=1
Now, since
v, +wv
EP) " ET, VEpI T VETI ! ! VEPa T VETa _
> S exp |t I po |t TT WkalVepe verd) = 11 S exp(Eip )W (o Vepw VETd) |
=2 n=2 a=1 a=1 a=1 He=2
(B5)
Eq. (B4) can be written as a sum of two terms:
C(V,I!VEPI +'VET1, oo VETI +VET1 )=C(+)(H’11VEPI +vETl’ .+« VEpPI +'VET1)
+C(*)(#,IIVEP1+‘VET1, e ,VEP1+VETI) N (B6)
where C'™’ and C' ™’ stand for
S 1 pn I [ EPat¥ETa | |VEPaT VETa VEPa
C (v, |vgpy+VET) « -+« » VET T VET )= — dt — exp(*iu,t) tcosut .
EP1 T VETI ET T VET) T 5 f_” alle p2=2 L Lo N H
(B7)
While combining Egs. (B4) and (B5), we made use of the fact that W (1 |ver.s Ver,) is defined [see Eq. (2.6)] as
Vepa T VETa VEPa VETa
W (14| VEpa VETd) = Ly T e || e *+8,0,0 - (B8)

Third, the expression in large curly brackets on the right-hand side of Eq. (B7) can be simplified by taking the follow-
ing trivial identities into account:

N |=0 for N>M, (B9)

M .
N elNT=(1_+_elt)M_1_Mell . (B10)

M
N=2
In fact, it can be readily seen that

v,

Vepa T VETa
Ha

V, V,
EPa VETa (1—z EPay(] —z "ETa) ,

[1_(2*)VEPa][1_(Zt)VETa] ,

VETa
Ha

VEPa

e (B11)

exp(Lip,t)= [

Ka=2
where the first and the second line on the right-hand side of Eq. (B11) correspond to the (+) and the (—) in
exp(Eiu,t), respectively. Here, z is defined as

z=1+ explit), (B12)

and z* is the complex conjugate of z. Hence, we have

1 ! v v ! v v
C (! Ivep +very, - - ’VEP1+VETI):EIV dt | TT 0=z ¥ =z ¥+ IT [1—(z*)F][1—(z*)"*™] | cospt .
T a=1 a=1

(B13)
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Fourth and last, since the expression in large
parentheses on the right-hand side of Eq. (B13) is nothing
else but a polynomial in z and a polynomial in z* with the
same coefficient B, where the highest power in z (and that
inz*)is

1
Mmax = 2 (VEPa+VETa) ’ (B14)

a=1
we have

C(#’IIVEPI+VET2’ - > VEp tVET))

max

S B.lz"+(z*)"] l . (B15)

=0

1 T
=-—| dt
2 f—ﬁ
Taken together with the fact that [see Eq. (B12)]

"max nmax n t n
nz B,(z+z*)"=2 3 B,2 cos"; cos -t

=0 n=0

(B16)

and that (the identity is obviously valid for all positive in-
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teger n)

t n — &
cos"—cos—t=2"%3

(B17)
2 2 r=0

cos(n —ri)t ,

r

we obtain, from Eq. (B15),

C(,U,”VE}’1+VET1, .oy Vepr TVETY)

LS. 3 |7 | [ dr costn —rit cosur
=— t cos(n —r)t cos
m "EOB" r§0 r - H
"mnx n
= ¥ B, (B18)
n=0 K
Here, the dependence of n_, on [ and wvgp,
+ve1s - - -»VEPI T VET, 1S given by Eq. (B14). The

coefficients B, (n =0,1,...,n., ) can be readily calcu-
lated in a straightforward way on a computer. On insert-
ing Egs. (B18) and (2.10) into Eq. (B1) we obtain
Q(m,b| Ap, A7) for a fixed impact parameter b.
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