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A key test of the nonrelativistic potential description of quarkonium is the confirmation of pre-
dicted D-wave levels. For the bb system (Y family), the lowest spin-triplet levels (1 D) are expected
to 1ie in the range 10157+10MeV/c and the next set of levels is expected in the range 10441+10
MeV/c . Predictions are made for electric dipole transitions involving these levels, and specific sug-
gestions are made for their observation. The most favorable decay chain appears to be
"f(3S)~yl+2P~yl+y2+1D~yl+y2+y3+1P, where yl and y2 have energies of about 100
MeV and E~ =250 MeV. Angular distributions of these photons are discussed.y3

I. INTRODUCTION

The study of heavy-quark bound states ("quarkoni-
um") has led to a satisfactory picture of interquark
force. ' A central potential V(r) appears to interpolate
between short-distance Coulombic and long-distance
linear behavior. For 0.1 ( r ( I fm, V (r) may be deduced
largely on the basis of information about S-wave levels.
Solutions of the Schrodinger equation for this potential
have led to accurate predictions of P wave level-s and (for
systems of sufficiently heavy quarks, where relativistic
effects are negligible) of electric-dipole transition rates.
The main features of the interquark potential are under-
stood on the basis of quantum chromodynamics (QCD),
the gauge theory of the strong interactions.

It is of some interest to confirm further predictions of
the potential description of quarkonium systems. It has
been suggested, for example, that degrees of freedom as-
sociated with the quanta of the strong interactions, the
gluons, prevent the potential from being a useful concept
in hadron physics.

The typical momentum of a quark in a hadron appears,
via the uncertainty principle, to be several hundred
MeV/c. The charmed quark, with a mass of about 1.5
GeV/c, can be treated crudely by nonrelativistic means.
However, the lowest-mass systems for which a quantita-
tive nonrelativistic approach can be expected to hold are
the bound states of the b quark (mb =5 GeV/c ) and its
antiquark.

The bb systems which have been discovered so far in-
clude a series of spin-triplet S-wave levels (at least six),
and two spin triplets of P-wave levels. No D-wave states
have been observed yet. The purpose of the present work
is to predict the properties of the D-wave bb levels in as
model-independent a manner as possible, and to make
suggestions for their observation. We are guided in this
effort by the existence of experiments which may be able
to see such levels in the near future, particularly in e+e
annihilations but also in hadronic production.

Since the predicted D-wave levels are quite narrow,
knowledge of their masses can also prevent hasty con-
clusions about the discovery of new fundamental particles
such as Higgs bosons.

Our approach will be to use existing information on bb
levels to construct an interquark potential via inverse-
scattering methods. "We then use this potential to pre-
dict the masses of D-wave levels and to calculate bound-
state wave functions. These, in turn, may be used to
evaluate electric dipole transition matrix elements involv-

ing the predicted levels. A summary of predicted branch-
ing ratios for known and hypothetical states may be con-
structed, and suggestions made for observing the D-wave
levels.

We conclude that the best hope for observing D-wave
Y levels lies in observing the three-photon cascade pro-
cesses

Y(3S)~y, (86—124 MeV) +Xb (2P},

X'b(2P ) ~y2(80 —120 MeV)+ Y(1D),

Y(1D)~y3(240 —280 MeV)+Xb(1P) .

A useful "calibration" is provided by the processes

Y(3S) y, (86—124 MeV)+Xb(2P),

Xb(2P) ~yz(205 —242 MeV)+ Y(2S),

Y(2S)~y&(110—160 MeV}+X (1tP) .

(1.1a)

(1.1b)

(1.1c)

(1.2a)

(1.2b)

(1.2c)

For the cascades (1.2), all the photon energies and
branching ratios are known. Another promising strategy
is to observe four-photon cascades 3S~2P~1D
~1P~1S, followed by 1S~e+e or p+p . The cor-
responding "calibration" involves replacement of 1D by
2S in this chain.

This paper is organized as follows. In Sec. II we re-
view the inverse scattering method, and compare the pre-
dicted bb spectrum with that obtained in other ap-
proaches. Section III is devoted to calculation of electric
dipole transition rates and to a summary of predicted de-
cay rates and branching ratios for a11 spin-triplet bb levels
of present interest. Experimental signatures for the D-
wave levels, including angular distributions of photons in
e+e annihilations and some brief comments about cc
1D levels, are discussed in Sec. IV. We conclude in Sec.
V. An Appendix contains details regarding photon angu-
lar distributions.

38 279 1988 The American Physical Society



280 WAIKWOK KWONG AND JONATHAN L. ROSNER 38

II. THE f SPECTRUM

Bound-state information is capable of reproducing a
potential in the range of distances where the bound-state
wave functions have appreciable values, via the inverse-
scattering method. Simple examples from quantum
mechanics have been given. ' ' It has been possible to
construct the interquark potential on the basis of cc data;
the potential has then been used to predict satisfactorily
the properties of the Y levels (the bb bound states). ' Us-

ing both cc and bb data on S, bound states, one can pre-
dict the positions of P-wave levels and the electric dipole
transition rates between S- and P-wave levels. These
predictions, again, are borne out by experiment.

In this section we use inverse-scattering techniques to
construct the bb potential, and then solve the
Schrodinger equation for the D-wave levels. We shall use
a simple model' for the fine structure of these levels.

f(E)=1+ g
, vi, E E—

k

with

(2.4)

Kg =2p(EO Eg—) (2.5)

lim V(x) =ED .
~~+ oo

(2.6)

Smooth potentials V(r) appear to be reproduced by the
approximation V(x) when Eo E2~ is—about half the lev-

el spacing at E2&.'

are then the (unphysical) even-parity energy eigenvalues

E2„&in the potential V(x). Thus, one uses masses and

leptonic widths of the lowest N S& quarkonium levels to
provide a set of values E„.. . , E2& suitable for con-
structing an interquark potential. The quantify Eo, as
mentioned, is the asymptotic value of V(x) at x =+ oo:

A. Review of the inverse-scattering method
Eo Epv—(E2~ —Ez~ ] )/2 . (2.7)

1 d + V(r) u„(r}=E„u„(r),
2p dr

(2.1)

We shall recapitulate briefly the way in which energy
levels and values of

~

%(0)
~

for S-wave quarkonium lev-
els can allow the construction of an interquark potential
which reproduces the physics of the P-wave levels and is
thus expected to be a reliable source of D-wave predic-
tions.

We begin with a simpler problem: Given N energy lev-
els E, , . . . , Ez, construct a symmetric potential
V(x) = V( —x) tending to a value Eo y (E~, . . . , Ez) at
x =+~ and having just these levels. We use a technique
which dates back to Darboux, ' but which has been
motivated most recently by appeal to supersymmetry, '

to add levels one by one to a potential. This method is
described in Ref. 11, and we do not reproduce it here.

Now, one really desires a central potential V(r) useful
for the three-dimensional Schrodinger equation. The re-
duced radial wave functions u„(r)=rR„(r)for S-wave
states obey the one-dimensional Schrodinger equation
(fi= 1)

B. Construction of an approximate bb potential

In Table I we summarize the Y data used to construct
a bb potential via the inverse-scattering method. ' Small
changes in the data' since this construction was per-
formed have negligible effect.

The parameter a in Eq. (2.2) is expected to be approxi-
mately [1—16a, (mb)/3m] '=1.44 for a, (m&)=0. 18, a
value found in the analysis of quarkonium decays. '
However, we leave a and Eo as free parameters, adjusting
them to obtain the most accurate predictions of 1P and
2P centers of gravity. These values are also shown in
Table I. Again, recent small changes to these values do
not affect the results. '

We then solve the Schrodinger equation for P-wave
and D-wave bb levels in the potential constructed from
the S-wave levels. Two different sets of results are shown
in Table II, for the b-quark mass mb ——4. 5 GeV/c with
a =1.3 and for mb ——4.9 GeV/c with a =1.5. The pre-
dictions are nearly indistinguishable from one another.

4' eg
2 2

PnS e+e )=
~

u„'(0}
~

a
[M(nS}]

where

(2.2)

a =1——1
16m,

3' (2.3)

is a QCD correction. The zeros of the function

where p=m&/2 is the reduced mass, and m is the
quark mass. The levels in (2.1) may be regarded as the
odd-parity levels u„(r)=gz„(r)in a symmetric potential
V( —r}=V(r), since u„(r)—r as r~0.

A one-dimensional symmetric potential V(x) = V( —x)
which has known values of E2„and Pz„(0)can also be
constructed via the inverse-scattering method. The
values of 1(rz„(0)=u„'(0)are provided by leptonic widths
of n S& bound quarkonium states:

Level

Y(1S)
Y(2S)
Y(3S)
Y(4S)

Mass (GeV/c')

9.4600(2)
10.0234(4)
10.3555(5)
10.5775(40)

I „(keV)
1.224(50)
0.537(33)
0.402(31)
0.240(45)

Xb(1'Pp)
Xb(1 'Pl )

Xb(1'P, )

Xb(2 PP )

Xb(2 Pl )

Xb(2 'P2 )

9.8598(13)
9.8919(7)
9.9133(6)

10.2305(23)
10.2557(8)
10.2686(7)

(1P ) =9.9002

(2P ) = 10.2601

TABLE I. Parameters of Y levels used to construct an inter-
quark potential. nS and 1P masses from Ref. 17; 2P masses
from Ref. 1.
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TABLE II. P-wave and D-wave centers of gravity in poten-
tial constructed from S-wave level parameters. All masses are

in GeV/c, and F.o = 10.63 GeV.

TABLE III. Matrix elements of angular momentum opera-
tors for 'P, D, and 'F states of quarkonium.

(I. S)
mb (GeV/c )

a

1P
2P
3P

1D
2D

4.5
1.3

9.9026
10.2584
10.5197

10.1562
10.4408

4.9
1.5

9.9031
10.2589
10.5201

10.1567
10.4412

3p
3P

'P,

3D

'D,

'F
'F
3F4

—3
—1

2

—1

3

2
5

In accord with other discussions of potential models (see,
e.g. , Refs. 20-23) we choose the set of parameters based
on mb ——4.9 GeV/c, a=1.5. The resulting potential
may be found in Fig. 11 of Ref. 1.

C. Fine structure of D-~ave levels

M('L )J=M('L)+ (aL S)+b(S„),
with

(2.15)

The general expression for terms contributing to fine
structure in QQ systems is

VFs(r) = VL$(r)+ V„„,„,(r),
where

(2.8)

Vi&(r) =(L S)[3d Vr(r)/dr dV& /dr]/(2m—&r ), (2.9)

V„„„,(r)=(S~z/12m&)(r 'dV&/dr —d~V&/dr~),

(2.10)

and

S» =—2[3(S r)(S r) —S ] . (2.1 1)

(S,~ ) = —[(21—1)(2l +3)] '(12(L S) +6(L.S)
—4(S )(L )) . (2.12)

where (L ) =l(1+1). The matrix elements of L S and

S&p for P, D, and F states are summarized in Table III.
The fine structure of the P-wave bb levels sug-

gests'"'' ' ' that the short-range (Coulombic) part of the
potential behaves as vector exchange, while the long-
range (linear) part behaves as a scalar. There is some
theoretical support for this picture, ' though opinion is
not unanimous, ' ' ' and we shall adopt it for present
purposes.

We thus take

Here Vv and Vz denote potentials associated with vector
and scalar exchange, respectively. A convenient expres-
sion for (S,~ ) (see, e.g. , Ref. 24) is

a = (4a,. ( r ' ) —k ( r ' ) ) /2m&, (2.16)

b=a, (r )/3m& . (2.17)

The values of (r ') and (r ') were evaluated for states
in the potential described earlier, with results summa-
rized in Table IV.

The values of a and b for the 1 PJ and 2'PJ levels can
be obtained from their masses MJ:

a = ( —2Mo —3M
&
+ 5M

& ) /12,

b =5( —2MO+3Mi —M~)/72 .

(2.18)

(2.19)

a, /m& ——0.016 GeV

k /2mb ——0.0049 .

(2.20)

(2.21)

With the help of the values of (r ') and (r ) quoted
in Table IV, these then yield values of a and b, also quot-
ed there.

TABLE IV. Parameters governing fine structure in bb levels.

Values of a and b in italics are obtained from observed masses.

Level

1P
2P
3P

(» ')
(GeV)

0.635
0.445
0.316

(r ')--
(GeV')

0.550
0.394
0.261

(MeV)

14.27
10.35

6.90

b

(MeV)

2.97
2.04
1.41

These values are shown in italics in Table IV. They may
be used to determine the independent parameters a, /mb
and k/2mb in Eqs. (2.16) and (2.17). An average of
determinations from the 1P and 2P levels yields

4 a
Vv(r)= ——

3 I"

so that

(2.13)

(2.14)

1D
2D

0.430
0.340

0.333

0.120
0.105

0.049

1.78
1.71

—0.06

0.65
0.56

0.26
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The value of a, =0.39 and k =0.24 GeV implied by
Eqs. (2.20) and (2.21) (for mb ——4.9 GeV/c ) are rather
large, suggesting that the present model may have mainly
phenomenological rather than fundamental significance.
A large effective value of a, was also found in Ref. 14.

Our results for the masses of D states are compared
with those of other authors ' ' in Table V. The fine
structure is predicted to be somewhat smaller in the
present model than that of other authors, but there is a
general agreement on masses to within +10 MeV. The
predicted level structure of 3P, 1D, and 2D states is
placed in the context of observed S- and P-wave levels in
Fig. 1.

We also expect a triplet of 1F levels, with negligible
fine structure, at a mass of 10.348 GeV/c . Neither these
levels nor the spin-singlet bb levels are shown in Fig. 1.
The level structure in Fig. 1 is remarkably close to that
anticipated by Sterling, just after the discovery of the Y
levels, on the basis of a logarithmic potential. In fact, for
V(r)=(0.72 GeV)lnr+const, one expects

M (1S,2S, 3S,4S)

= ( 9.46[ input ], 10.04, 10.36, 10.58 ) Ge V/c

M (1P,2P, 3P)=(9.89, 10.26, 10.50) GeV/c

Ref. 21 Ref. 22 Ref. 27 This work

1 D

1 D3

10.151
10.161
10.168

10.155
10.162
10.167

10.153
10.163
10.174

10.150
10.156
10.160

10.162 10.163 10.166 i0.157

2 Di
2 D
1 D3

10.433
10.441
10.447

10.447
10.454
10.459

10 AHA

10.452
10.462

10.435
10.441
10.444

10.442 10.455 10.455 10.441

M(1D, 2D) =(10.16, 10.43) GeV/c2;

M(1F)=10.35 GeV/c

III. TRANSITION RATES

A. Electric dipole transitions

TABLE V. Comparison of predictions for masses of Y(1D)
and Y(2D) levels, in GeV/c .

"'
~1111~~~~~~~~~~111111."..':."..'.:."..".1&lllllllli

10 5775(40)

10 5264
10 5I 60
10 5007

The transition rate between an initial quarkonium state
i of radial quantum number n, , orbital angular momen-
tum L, , spin S;, and total angular momentum J;, and a
final state f with corresponding labels is given by
(&)i
'= c = 1; S; =Sf =S ) (Refs. 20, 21, and 28)

I'(n;L;S; J;~nfLfSf Jf )

', e& ac&i C (J;L—;JfLfS )5& & ( r ), (3.1)

10.4

10.2
V

10.0

10 3555(5)

10 023 t(4 )

10 2&&H0&7)

10 2.i57&H)
10 2305(23)

10 4443
10 4406
10 4349

10 15&)9
1&) 1502
10 1501

where e& is the quark charge in units of
~

e ~, co is the
photon energy,

Lf Jf S
C(J L,JfLfS) =max(L;, Lf )(2Jf+1) '

J
l

(3.2)

and

(r ) —= f rR„L(r)R„I (r)r dr . (3.3)

9.8
9 91 ')3& &) )

9 HUI 9&7&

9 H59H&). 3)

Here the radial wave functions are normalized in such a
way that

R„I(r)R„.I (r)r dr =5„„..
0

(3.4)

9.4
3S

FIG. 1. Masses of S-, P-, and D-wave bb levels, in GeV/c .
Numbers in parentheses correspond to experimental errors in

last digit(s), for observed states.

The coefficients (3.2) for cases of interest to us are sum-
marized in Table VI. The values of the overlap integrals
(3.3) are given in Table VII, along with photon energies
and predicted rates. These are compared for S~P tran-
sitions with measured values quoted in Refs. 17 and 29.
The agreement, including for the highly suppressed
3S~1P transitions, is satisfactory.

The dipole matrix elements in Table VII are very close
to those found previously by other authors. ' ' For
example, they differ by less than a few percent (except for
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TABLE VI. Summary of coeScients C (J; Lk JfLfS ) entering
into electric dipole transition rates (2.18).

3SI 'P,
'PJ 'S

I

3 3PJ~ DJ

(2Jf + 1)/9
I

3

2 3

0
I I

6 2

I I

I50 10
14
25

3 3Dq~ PJ 0 1

3
10

0 0

I

10

the highly suppressed 3S~1P transition} from those ob-
tained in Ref. 28. This is another illustration (cf. Ref. 2)
that all potentials which reproduce previously observed
S- and P-wave bb levels agree with one another in the
relevant range of distance for calculating the matrix ele-
ments in question.

The total widths of 1P and 2P states are needed for a
comparison of predicted P~S rates with experiment,
since only branching ratios of P~S transitions, and not
absolute rates, are measured. We calculate these total
widths in Sec. III B.

2. D states.

The hadronic transitions of D states are of two types:

and

Y(D)~3 gluons (3.8)

In Eq. (3.6) we have assumed four flavors of light quarks.
The values of

I
R„'z(0)

I
are found by calculation to be

(1.416, 1.538, 1.233) GeV, while (r ) =(1.86, 3.05,4. 53)
GeV ', for (1P,2P, 3P) states.

In Table VIII we summarize predicted partial and total
widths of the 1P and 2P levels, thereby predicting
branching ratios for P~S radiative transitions. These
are compared with experimental values from Refs. 17
(1P~IS) and 4 (2P~ IS,2S). Apart from the transition
2 P ] ~p + 1 S] for which the rate quoted in Ref. 4
seems anomalously low, every prediction agrees with ex-
periment to within two standard deviations. Relativistic
corrections ' are more likely to affect processes with
hard photons such as the one just mentioned, but we do
not expect them to be more than about 30% in rate. '

In a previous account of hadronic widths of the 1P and
2P levels, ' we quoted total widths of (382, 64, 132) keV
for the J=(0, 1,2) 1P states, and (336, 60, 116) keV for
the J=(0, 1,2) 2P states. Those results were based upon
(a) an older value of a, =0. 158, (b) neglect of QCD
corrections, and (c) use of M(state)/2 rather than mz in
the formula for the decay rates corresponding to Eqs.
(3.5)-(3.7), except that in the logarithm of Eq. (3.6) we
used M(st tae)(r ). We regard the widths of Table VIII
as superseding the previous values.

The transitions 2 P~ ~ 1 PJm~ have been neglected in
the above discussions. It has been estimated ' that these
occur with rates of 0.3-0.4 keV for each J, which would
not significantly affect 2 PJ total widths.

Y(D)~m.~Y(S) . (3.9)
B. Hadronic widths and summaries of branching ratios

1. P states.

The derivative of the radial wave function at the origin
governs the amplitude for annihilation of a Po 2

quarkonium state into gluons or a P] state into

qq+ glue. The relevant expressions, containing lowest-
order QCD corrections, for bb states are'

I ( Po~glue)
760 a,'IR,"(0)I'

I ('D, ~3g ) = 1n(4m& ( r ) ),
81m' m ~

(3.10)

Estimates of both of these have appeared recently.
The rates for Y(D)~3 gluons are dominated to lead-

ing order in logarithms by processes in which one of the
three gluons is soft. (Two gluons cannot be emitted in D
decays since the charge-conjugation eigenvalue of a D
state is odd. ) The resulting expressions for the decay
widths are

6a,
I
R„'p(0)

I

' (1+10&,/~) (1P),

m 4 (1+10.2a, /m ) (2P),

32 ~,' IR.'~(0)
I

'
I ( P, ~qq+glue}= ln(m&(r ) ),9' m~4

(3.5)
10 a,

I
RD(0)I

I ( D2~3g)= I (n4m&(r ) ),
9m

40 ~,'
I
RD(0)

I

'
I ('D, -3g)= '

1 (4,(.)) .
9m m6

(3.11)

(3.12)

I ( P~ ~glue)

(1—O. la, /n) (1P),
5m4 (1+1.0a, /~) (2P) .

(3.6)

(3.7)

For the 1D levels, Belanger and Moxhay find
I ( DJ~3g)=(2.2, 0.26, 1.1) keV for J=(1,2, 3).

The transitions (3.9) have been the subject of some
question in the literature. Billoire, Lacaze, Morel, and
Navelet estimated I (Y(lD)~ Y(IS}mm.)=0.07a, keV,
while Kuang and Yan ' predicted 24 keV, both results
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TABLE VII. Dipole matrix elements (r ) [Eq. (2.24)] for transitions in bb states, and corresponding
predictions for rates [Eq. {2.22)]. Experimental numbers are taken from Ref. 17 unless noted otherwise.

(r)
Transition (GeV ')

(a) S~P transitions

(MeV)
I (keV)

Predicted Observed

2S~1P

3S~1P

3S~2P

—1.646

0.023 1

—2.672

162.3+ 1.3
130.7+0.7
109.5+0.6

483.8+ 1.4
453.2+0.9
432.8+0.8

124.2+2.3
99.3+0.8

86.5+0.7

1.39
2.18
2.14

0.007
0.017
0.025

1.65
2.52
2.78

1.29+0.43'
2.02+0.55'
1.97+0.55'

0.041+0.029
0.064+0.045

1.4+0.7
3.0+1.0
3 3+1 1

(r)
Transition (GeV ') Jf

(b) P~S transitions

(MeV)
I (keV)

Predicted

1P~1S

2P ~1S

1.098 1

0.240 1

391.7+1.3
442.5+0.7
442.9+0.6

741.5%2.3
764.8+0.8
776.8%0.7

26.1

32.8
37.8

8.48
9.31
9.75

2P ~2S

3p 1S

3p 2S

3P~3S

1.911 1

0.101

0.298 1

2.627 1

205.0+2.3
229.7+0.9
242.3+0.8

989
1003
1012

466
481
491

144
159
170

11.3
15.9
18.7

3.54
3.69
3.80

3.24
3.56
3.78

7.46
10.1
12.1

Transition

2P ~1D

(r)
(GeV-')

—1.877

(c) P ~D transitions

(MeV)

81.2

I (keV)
Predicted

1.36

106.1
99.2

0.76
1.86

3P~1D

3P~2D

0.0023

—3.015

All transitions negligible

118.9
112.0
107.0

66

0.043
0.54
2.62

1.85

81
75

91
85
82

0.86
2.08

0.050
0.61
3.01
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Transition

1D~1P

(r)
{GeV ')

1.959

TABLE VII. (Continued).

(d) D~P, F transitions

(MeV)

285
254
233

I (keV)
Predicted

21.4
11.3
0.58

261
240

22.0
5.7

245 24.3

2D ~1P 0256 1 559
529
509

2.76
1.75
0.10

534
514

3.25
0.97

518 3.94

2D ~2P 2.672 1 202
178
165

14.2
7.2
0.38

183
171

14.2
3.83

174 16.3

2D ~1F —2.006 86.5 1.69

92.2
91.4

0.23
1.77

95.9
95.1

96.0

0.005
0.18

2.12

'Based on total f(2S) width of 30.0+7.3 keV quoted in Ref. 17.
Based on total Y(3S) width of 25.5 5.0 keV quoted in Ref. 29. The 3S~1P transitions were reported

in Ref. 4.

being independent of J. Very recently Moxhay has
found that the former number is essentially the correct
one, obtaining

with respect to the f. We have

77m + 7TlT, Y gluons (3.14)

I (Y(1D)~Y( IS}ma)=0.07 keV (3.13}

for D, 23 states.3

The crucial point leading to the suppression of the
'fme. decays is as follows. The transition
Y(ID)~Y(IS}vrmproceeds in tw. o steps. The quarks in

the 1D states emit two gluons in an overall color singlet
state, and end up in a 1S state. The two gluons then ma-
terialize into two pions. Now, the emission of gluons
takes place without change of quark spin, to lowest order
in gluon momenta. The transition then may be regarded
as one proceeding from L=2 to L =0 states of spinless
quarks. Thus the gluons must carry off two units of an-
gular momenta: L i„,„,——2.

Call L the orbital angular momenta of the two pions
in their rest frame (L

„

is even since I =0), and L„
the orbital angular momentum of the two-pion system

and L ~„,„,——2. In either case one cannot avoid substan-
tial centrifugal barriers. Billoire, Lacaze, Morel, and
Navelet encountered such barriers when projecting into
the state L „=0,but they must clearly be present in all
cases. Kuang and Yan did not project the two gluons
emitted in Y( ID)~Y(1S)+2g into any final state, and so
did not encounter the barrier suppression.

In Table IX we summarize the expected 1D branching
ratios. Electromagnetic decays to 1P levels are dominant.
The small e+e width of the 1 D, level, 1.5 eV, was cal-
culated in Ref. 21. A similar table may be prepared for
the 2D levels once their 3g and Ym.~ widths have been
calculated. One expects these widths to be small, howev-
er, and so the electromagnetic transitions listed in Table
VII(d) will be the dominant decays of the 2D levels. In
Ref. 21 the value l (2 D, ~e+e ) =2.7 eV was found.

Qualitatively similar branching ratios to those quoted
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TABLE VIII. Predicted partial and total widths of 1 3PJ and 2 'PJ bb levels, and predicted branching

ratios (B). Also shown are measured branching ratios for 1P~1S radiative transitions (Ref. 17) and

2P ~(1S,2S) transitions (Ref. 4).

Level

1 'P,

Final state

glue
y+1S

all

Predicted
Width (keV)

791
26.1

817

B (%)

96.8
3.2

100

Measured
B (%)

(6

1 P) qq +glue

y+ 1S
all

38.3
32.8
71.1

53.9
46. 1

100
35+8

1 3P~
2 glue

y+ 1S
all

132.3
37.8

170.1

77.8
22.2

100
22+4

2'P, glue

y+ 1S
y+2S

y+1 'D)
ll

866
8.48

1 1.3
1.36

887

97.6
0.96
1.27
0.153

100

1.4+1.0
6.9+3.8

2'P glue

y+ 1S
y+ 2S

y+1'D)
y+13D,

ll

50.9
9.31

15.9
0.76
1.86

78.7

64.7
1 1.8
20.2
0.97
2.36

100

6. 1+1.3
24.7+6.9

2'P2 glue

y+1S
y+2S

y+1'D)
y+1 D2
y+1'D,.ll

'

153.0
9.75

18.7
0.043
0.54
2.62

184.7

82.9
5.3

10.1

0.023
0.29
1.42

100

6.3+ 1.3
18.9+5.3

TABLE IX. Summary of predicted partial widths and branching ratios (B) for 1D bb levels.

Predicted
Level

1'D)

Final state

y+1 3Pp

y+1'Pt
y+ 1 3P2

3g
Y777T

e+e
all

Width (keV)

21.4
11.3
0.58
2.2
0.07
0.0015

35.6

B (%)

60.2
31.8

1.6
6.2
0.2
0.0042

100

13D
2 y+1 3Pp

y+1 P2
3g

Yam
all

22.0
5.7
0.26
0.07

28.0

78.5
20.3
0.9
0.2

100

1 D3 y+1 P2
3g

Ym m'

all

24.3
1.1
0.07

25.5

95.4
4.3
0.3

100
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in Tables VII —IX appear in the early compendium of
Ref. 28.

The smallness of the expected f~~ decays of D-wave
bb levels means that one will have to rely primarily on
multiphoton cascades to discover the D waves. We dis-
cuss in Sec. IV ways of utilizing this information.

IV. EXPERIMENTAL SIGNATURES

(a)

2S

2P

1P

A. Electromagnetic transitions from the f(3S)

We summarize the number of inclusive photons com-
ing from 10 Y(3S) decays, on the basis of our predicted
branching ratios for transitions. These are sorted via
transition in Table X(a) and via photon energy in Table
X(b). We have ignored any transitions involving spin-
singlet states. Photons from transitions involving the D
states are expected to be present at a level of at most a
few percent of the dominant 3S~2P photons, and tens
of percent of the abundant 2P~2S photons. In Fig. 2
we show an inclusive photon spectrum calculated from
Table X(b) with a Gaussian resolution function with
oz/E=2. 0% [E(GeV)]' . lt is unlikely that any pho-
tons involving P~D or D~P transitions will be visible
in inclusive spectra. We turn next to methods which may
hold some promise for revealing the D states.

1. Three-photon cascades

In Fig. 3 we compare two three-photon cascade pro-
cesses starting from the Y(3S). The first, Fig. 3(a),
3S~2P ~2S~1P, involves known branching ratios and
photon energies. Normally the cascades 3S~2P~2S
are identified via the subsequent e+e or p+p decay of
the 2S. However, if the three-photon cascades in Fig.
3(a) can be observed, there is hope for observing the cor-

3S

2P

&D

1P

responding 3S~2P~1D ~1P cascades shown in Fig.
3(b). The two cascades are to be distinguished from one
another on the basis of the energies of yz and y3. With
present expectations for the masses of the 1D levels, this
turns out to be possible with present resolution.

The specific transitions to different members of the
fine-structure multiplets are summarized in Fig. 4. In
Table XI we list the photon energies for three-photon
cascades from the 3S to the 1P levels, and summarize the
combined branching ratios 8 in Table XII. The most

FIG. 3. Schematic diagrams of three-photon cascades from
Y(3S) to 1P levels. (a) 3S~2P ~2S~1P; (b) 3S~2P
~1D~1P.

3 3Sg

124(6%

80 000. -

70 000. -

60 000. -

Y
50 000. -

g 40 000. -
C0

~ 30000. -

20000. -

E

10 PPP.

80 100
I

200
(vev)

I

400 600 800

242(10%)
sso&so%&
205(1 3%)

23S

110(7%)
131(7%)
162(5%)

107(1.4%)
112(0.3%)
119(0.02%)

81(0.15%)—
106(1.0%)
99(2.4%)

245(95%)
~ ~ &240(20%)

Sp

~ BALLL
g 3D, LL,

~llii~
mmf e+e

27, ~ ( 0.004%
O.25, '~

0.2%

1.6%)
32%)
60%)

FIG. 2. Inclusive photon spectra expected from 10 Y(3S),
smeared with a Gaussian resolution function of the form
OF/E=2. 0%[E (GeV)]'

FIG. 4. Branching ratios for radiative transitions in three-
photon cascades from Y(3 'Sl ) to gb(1 'PJ ) levels.
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TABLE X. (a) Inclusive photon spectra from upsilon (3S). Only electric dipole transitions considered. (b) Inclusive photon spec-
tra from upsilon (3S), sorted via photon energies. (Electric dipole transitions only. )

Transition

3'S, 2 'P,
3 Sl 2 Pi
3'Si 2 Po
3'S, ~1'Pz
3 Si 1 3P)

3 'S, 1-'Po

2'S) ~1'Pz
2 'S) 1 'Pi
2'S) ~1'Po
2 'Pz 2 'S)
2'Pz ~1'S)
2 'Pz ~1 'D3
2 'Pz ~1 'Dz

2 'Pz ~1 'D)
2 Pi 2'Si
2 'P) ~1 'S)
2'P, ~1'Dz
2'P, ~1'D)
2 'Po 2'S,
2'Po 1 'S
2 PQ 1 3DI

1 'D) ~1 'Pz
1 'Dz ~1 'Pz
1-'D, 1-'P,
1'D, ~1'Pz
1'D) ~1'P)
1'D) ~1'Po
1 Pz ~1 'S)
1-'P) -1-'S,
1-'Po 1-'S,

Energy
(MeV)

86.54
99.32

124.25
432.76
453.22
483.84
109.50
130.64
162.26
242.27
776.76
107.04
111.98
118.90
229.67
764.83
99.22

106.14
205.00
741.49
81.18

244.68
239 ~ 80
260.67
232.96
253.84
285.08
442.94
442.47
391.69

8
('Fo)

10.90
9.89
6.45
0.10
0.07
0.03
7.12
7.26
4.64

10.13
5.28
1.42
0.29
0.02

20.24
11.82
2.36
0.96
1.28
0.96
0.15

95.41
20.36
78.46

1.64
31.84
60.13
22.20
46. 11

3.19

Relative abundance
(per million of 3S)

ia)

109000
98 900
64 500

970
670
270

2 270
2 315
1 479

11 042
5 755
1 548

316
25

20017
11 690

2 334
94&

826
619
99

1 477
540

2 079
18

342
645

1 171
2 493

76

(%)

0.00
0.00
0.00
0.00
0.00
0.00
3.30
3.30
3.30
0.82
0.82
0.82
0,82
0.82
0.98
0.98
0.98
0.98
1.20
1.20
1,20
1.91
1.96
1.96
2.03
2.03
2.03
4.46
4.69
5.03

Doppler broadening
(MeV)

0.00
0.00
0.00
0.00
0.00
0.00
3.61
4.31
5.35
1.99
6.37
0.88
0.92
0.97
2.25
7.50
0.97
1.04
2.46
8.90
0.97
4.67
4.70
5. 1 1

4.73
5.15
5.79

19.76
19.81
19.70

2 'Po 1 'Di
3 'S) ~2 'Pz
2'P, ~1'Dz
3'S, 2'P)
2 'P) ~1 'D,
2-'P, 1-'D,
2 'S) 1 'Pz
2'Pz ~1'D,
2 P 1'D,
3 3S 23P
2 'S) 1 'P)
2'S) ~1 'Po

2 -'P() -2 -'S,

2'P, 2'Si
1 'D, -~1 Pz
1 'Dz ~1 'Pz
2 'Pz ~2 'S)
1 'D~ ~1 'Pz
1-'D) 1'P,
1 'Dz 1'P
1 'D) ~1'Po
1 'Po~ 1 'S)
1'P, ~1'S)
3 'S, ~1 'Pz
1 'Pz~1 '5)

81.18
86.54
99.22
99.32

106.14
107.04
109.50
111.98
118.90
124.25
130.64
162.26
205.00
229.67
232.96
239.80
242.27
244.68
253.84
260.67
285.08
391.69
422.47
432.76
442.94

0.15
10.90
2.36
9.89
0.96
1.42
7.12
0.29
0.02
6.45
7.26
4.64
1.28

20.24
1.64

20.36
10.13
95.41
13.84
78.46
60.13

3.19
46. 11
0.10

22.20

(b)
99

109000
2 334

98 900
949

1 548
2 270

316
25

64 500
2 315
1 479

826
20 017

18
540

11 042
1 477

342
2 079

645
76

2 493
970

1 171

1.20
0.00
0.98
0.00
0.98
0.82
3.30
0.82
0.82
0.00
3.30
3.30
1.20
0.98
2.03
1.96
0.82
1.91
2.03
1.96
2.03
5.03
4.69
0.00
4.46

0.97
0.00
0.97
0.00
1.04
0.88
3.61
0.92
0.97
0.00
4.31
5.35
2.46
2.25
4.73
4.70
1.99
4.67
5 ~ 15
F 1 1

5.79
19.70
19.81
0.00

19.76
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TABLE X. (Continued).

Transition

3 'S, 1-'P,
3 S, ~1'Pp
2 Pp~ 1 'S)
2'P, ~1'Sl
2 P2~1'Sl

Energy
(MeV)

453.22
483.84
741.49
764.83
776.76

B
('Fo)

0.07
0.03
0.96

11 ~ 82
5.28

Relative abundance
(per million of 3S)

670
270
619

11 690
5 755

0.00
0.00
1.20
0.98
0.82

Doppler broadening
(MeV)

0.00
0.00
8.90
7.50
6.37

prominent cascades involving 1D states include

3S~2 Pt ~l D2~1 P)(B=1.83X10 ), (4.1)

3S~2 P) ~2S~1 P, (B=1.45X 10 3),

3S~2 P, ~2S~I P2(B=1.42X10 '),
3S~2 Pp~2S~I P, (B=0.80X IO '),
3S~2 Pq~2S~1 P2(B =0.78 X 10 3) .

(4.3)

(4.4)

(4.5)

(4.6)

In order to see whether the cascades involving 1D
states can be separated from those involving 2S states, we
plot in Fig. 5 the number of events expected for specific
energies of the second and third photon in the cascade,
assuming that the energy of the first photon can be

3S~2 Pq~l D3~1 P~(B=1.48X10 ) . (4.2)

These are comparable in strength to three-photon cas-
cades through the 2S level, the most prominent of which
are

E,, =100 MeV,
~1

E,, =100 MeV,
72

E -260 MeV .
P3

(4.7)

(4.8)

(4.9)

resolved well enough to select the transition 3S~2 P2
[Fig. 5(a)], 3S~2 P, [Fig. 5(b)], or 3S~2 Po [Fig. 5(c)].

The transition (4.2) will be dilIicult to distinguish from
(4.6), since the mean energies of the second and third
photons in (4.2) are nearly the same as those of the third
and second photons in (4.6). Some distinction may be
possible on the basis of diA'erent patterns of Doppler
broadening.

The transition (4.1) is expected to lead to a signal
which is well isolated from any cascade involving 2S lev-
els. This is our best candidate for detection of a 1D level.
One looks for

TABLE XII. Combined branching ratios for three-photon
cascades from 3S down to 1P.

TABLE XI. Photon energies of all 3y cascades from 3'S,
down to 1'Pi.

B1
(%)

B2
(%%uo)

B3
(%)

Combined
(per million)

3'S
—~2'Pp~2'S) ~1'Pp

1-'P,
1 'P~

1'D, 1'P
~1 Pl
~1 'P2

~2 'Pl ~2 'Sl ~ 1 'Pp
~1'P)

1'P
~1 D, ~1'Po

~1 'Pl
1'P,

~1 'D2 ~1 'P,
~1 'P2

~2 'P, ~2 S, ~1 'Po
~1 Pl
~1 'P2

'Po
~1 P,

1'P,
1 'D2 1 'Pl

~1 'P2
~1 D3~1 Pq

124.25
124.25
124.25
124.25
124.25
124.25
99.32
99.32
99.32
99.32
99.32
99.32
99.32
99.32
86.54
86.54
86.54
86.54
86.54
86.54
86.54
86.54
86.54

205.00
205.00
205.00
81.18
81.18
81.18

229.67
229.67
229.67
106.14
106.14
106.14
99.22
99.22

242.27
242.27
242.27
118.90
118.90
118.90
111.98
111.98
107.04

162.26
130.64
109.50
285.08
253.84
232.96
162.26
130.64
109.50
285.08
253.84
232.96
260.67
239.80
162.26
130.64
109.50
285.08
253.84
232.96
260.67
239.80
244.68

3 S1
~2 Pp~2 S,~l Pp

~1 'Pl
~1 P2

~1 D] ~1 Pp
1'P,

~2 Pl ~2 Sl 1 Pp
~1 Pl
~1 P~

~1'D, ~1 Pp
~1 P,

~1 P~
2 p2 2 S, 1 Po

~1 Pl
~1 'Pp

1 D, — 1 P
~1 Pl

1'P,
-1'D,- 1 'P,

13D,

6.45
6.45
6.45
6.45
6.45
6.45
9.89
9.89
9.89
9.89
9.89
9.89
9.89
9.89

10.90
10.90
10.90
10.90
10.90
10.90
10.90
10.90
10.90

1.27
1.27
1.27
0.15
0.15

0.15
20.20
20.20
20.20
0.97
0.97
0.97
2.36
2.36

10.10
10.10
10.10
0.02
0.02
0.02
0.29
0.29
1.42

4.64
7.26
7.12

60.20
31.80

1.60
4.64
7.26
7.12

60.20
31.80

1.60
78.50
20.30
4.64
7.26
7 ~ 12

60.20
31.80

1.60
78.50
20.30
95.40

38
59
58
58
31

2
927

1450
1422
578
305

15
1832
474
511
799
784

13
7
0

248
64

1477
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A useful "calibration" signal involves the cascade (4.3), in

which

E -100 MeV,
~l

E -230 MeV,
y2

E =130 MeV .
X3

(4.10)

(4.11)

(4.12)

2. Angular distributions in three-photon cascades

The angular distributions of photons in two-photon
quarkonium cascade decays were discussed by many au-
thors around the time of the discovery of the decays
P'~yX~yyJ/P. A more general formalism, drawn
from lectures on nuclear physics, is presented in the
Appendix. Here we give only the main results.

Suppose, first of all, that a state with initial angular
I

w( J;M, ~J&,jAk)

=g( —1) ' ' f (J,J, —M, M, IRO)
R

X ((JJf )J, , (jJf )J, ;R
I (jj» (JfJf)0;R )

X(2R+1) ' (JJ —AA,
I
RO) Yo (k) . (4.13)

Here the only nontrivial quantity is the 9j coeScient,
which can be expressed in terms of the standard 9j sym-
bol

momentum J, and magnetic quantum number M; emits a
photon with helicity A, and direction k via j-pole radia-
tion. If the polarization of the final state (with angular
momentum Jf) is not observed, one finds a transition rate
proportional to

Li Si Ji
(LiSi)Ji (LzSz)J&'J

I
(LiLz)L (SiSz)S'J)=+(2Ji+1)(2Jz+1)(2L+1)(2S+1)'Ls Ss Jz ' .

L S J
(4.14)

One may simplify Eq. (4.13) further by summing over photon polarizations A, =+1, whereby only even values of R
[(min(2J, , 2j) in any case] enter into the sum. For an initial S& state produced via e+e annihilations one also sums
over M;=+1. The well-known results for S, ~y+ PJ El transitions are then a special case of Eq. (4.13) with j =1,
summed over M, =+1, A, =+1,R =0,2:

w( S,~y+ Po)-1+cos 8,
w('S, ~y+'P) )-1—

—,'cos'8,

w('
~

y+'P, )-1+—,', cos'8 .

(4.15)

(4.16)

(4.17)

Here 8 is the angle of the photon with respect to the e+e beam axis.
For multiphoton cascades, Eq (4. 13) has a straightforward generalization. For example, if three photons with

j;,A,;,k; (E =1,2, 3) are emitted in the cascade

1 y2 ] 3

(J;,M, )~(J„M,)~(JI„M&)~(Jf,Mf ),
and the polarizations M„M,,Mf are summed over, the transition rate is proportional to

w(J™(~(Jg,J~ )~JJ',J )A )k),Jzl zkz, J&A&k&)

(4.18)

K1K2K3
IR

J —M(J J, MM, IRO)—( —1) ' g( —1) " '-(2K„+1)-'~(J J
n=1

X (Jj,)J„(Jj,)J;;R
I
(J,J, )I,(j,j, )K, ;R )

X ((JI Jz)Jg~(JI Jz)Jg II (JbJI, )Ks~(JzJq)K. q, I )

X((JfJ3 $&(JfJ3)JQjK3
I
(JfJf)Oy(J3Jg)K3 K3)

X [[Y '(kg) Y '(k~)] Y '(k, )]o . (4.19)
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Here the notation [P 'f ']t]r is shorthand for

]M= y (J]Jpm]mp
~

JM)y
m, mz

(4.20)

so that

[[Y '(k3)Y '(kz)] Y '(k, )]o = g (K3Kzm3mz
~

I—m, )(IK]—m, m]
~

RO) Y '(k3)Y '(kz)Y '(k]) .
tel

l mZm3

(4.21)

For the case of present interest, we assume that a 3 S& state is produced via e+e annihilations and decays via electric
dipole transitions through a three-photon cascade to 1 PJ . We assume that all photon polarizations and M„Mb Mff
are summed over, and also sum over M; =+1. We then find

]T](3 S]~(J,Jb)~1 PJ ', k]kzk3)f
1(11—11

~
RO& g ( 11—11

~

K„O&
KlKzK3 n =] +2K„+1

X ((J, 1 )1,(J, l)1;R
I
(J Jo }I'(11}K]'R) ((Jb 1)J„(Jb1)J„'I

~
(Jb Jb )K3,(I I )K~;I )

X ((Jf 1 )Jb, (Jf 1 )J]„K3
~
(JfJf )0, (11}K3K3)[[Y (k3) Y (kp)] Y (k])]]] (4.22)

where K„Kz,K3,R =0,2 and I=0,2,4&min(2J„Kz+K3). Here

[[Y '(k3}Y '(kq)] Y '(k]}]o=(4]r) Q (K3Kzm3mz
l
I—m] )(IK, —m, m,

~

RO)
m

l mZftl3

X ]r ~ 3 G]r ~ (8~)G]r ~ (8, )cos(m]p]+mzpz+m3 3 (4.23)

and Gm](8) =1, Gz~(8) = &15/8sin 8, G»(8) = —]/15/2sin8cos8, Gzo(8) =]/5/4(3 cos 8—1), with
G„(8)=(—1) Gk (8). For w in Eq. (4.22) to be normalized to one, it must be multiplied by the factor
N =Q(2Jf + 1)/3(4]rl9), whereupon

j]T]N d Q& d 0& d 0& ——1 . (4.24)
l 2 3

If one integrates over the azimuthal angles of the photons, one finds

Y 3 Y kp Y ' k) p ] pd 3
——2m' 4a K3Ep00 IO IK|00 RO Gg p ] Ggp0p Ggp83

(4.25)

We have calculated distributions in 0&, Hz, and 03, in-
tegrated over azimuthal angles, to gain an idea of the
variation in signal to be expected for various cascades
over diH'erent portions of a detector with axial symmetry.
For purpose of display, we chose fixed values of
0, =0,60,90 and plotted contours of signal strength
with respect to Oz and 03. Some results are shown in
Figs. 6 and 7. Variations in strength are not appreciable
(especially since K; & 2, leading to polynomials of at most
second order in cos8,. ). Nonetheless, characteristic
differences can be seen among transitions. It may be pos-
sible to apply our results to discriminate among various
spin-parity assignments.

3. Four-photon transitions to Y{1S)

The results of Table XII show that statistics of three-
photon cascades from Y(3S) are not a limiting factor,
since present samples of produced Y(3S) exceed 5.8 X 10'

~l ] 2 ~3 ~4

3S~2P~25~1P~ 1S (4.26)

and

X3 V4

3S~2P~1D~1P~ 1S (4.27)

each to yield somewhat over 1600 Y(1S), to be compared
with somewhat under 20000 from Y(3S)~]r ]r Y(1S).

I

(Ref. 4). Backgrounds may be severe, however. The
four-photon cascades illustrated in Fig. 8, followed by
Y( 1S)~ I +I, have only the background
Y(3S)~]rom. Y(1S), which is expected to occur with a
branching ratio of about 2%. The three-photon cascades
in Table XI which end up in 1 P& states are expected to
yield a fourth photon (y4)+Y(IS) 46.1% of the time,
while those populating 1 Pz states give y4+Y(lS}
22.2% of the time. Altogether from 10 Y(3S) we expect
the transitions
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FIG. 6. Contours of relative photon intensities for
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[Eq. (4.1)], (b) 3S~2 'P, ~1'D, ~1'Pz [Eq. (4.2)].
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FIG. 7. Contours of relati ve photon intensities for
3S 2P~2S~1P transitions. (a) 3S~2 P~ ~2S~1 P, [Eq.
(4.3)], (b) 3S~2 P1 2S~1 PT [Eq. (4.4)].
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The Y(1S) is detected via its I+1 =(e+e or p+p ) de-

cays, corresponding to a branching ratio of 5.6%. If
m n Y events can be excluded without significant loss in

statistics, the four-photon cascades may be just at the
limit of detectability.

B. Hadronic production of D states

The Y(1S), Y(2S), and Y(3S) were first discovered in
hadronic reactions, and now have been studied there
with excellent statistics and mass resolution. It is
thought (see, e.g. , Ref. 38) that at least some of the ob-
served hadronic production of Y levels proceeds via the
two-gluon formation of C = + bb levels, which then de-
cay to y+n S, states. The presence of Y(3S) then sup-

ports the prediction (see Fig. 1) that the 3P bb levels are
below flavor threshold.

If 2P and 3P bb levels are being produced hadronically,
they are able to decay electromagnetically to D states as
well as to S states. For the 2P levels, the relative branch-
ing ratios have already been illustrated in Fig. 4. In Fig.
9 we show a corresponding comparison for the 3P levels.
The branching ratios of the 3 P levels have been calculat-
ed using the radiative decay widths quoted in Tables
VII(b) and VII(c). We have included only electromagnet-
ic decays 2D~1P, 2P, and 1I' in calculations of the 2D
branching ratios. Omitted processes, expected to make
small contributions, include 2D~mm+(bb) and 2D~. 3
gluons decays.

The best hope for detecting D states in hadronic reac-
tions may lie in the extremely rare decay modes
D

&
~e+e, p+p . The branching ratios for these de-

cays have been included in Figs. 4 and 12. Observation
of these decays will require greater sensitivities than
achieved at present. Very roughly, we see from Fig. 9
that the electromagnetic transitions 3P~2D occur at a
rate no more than 10% of 3P~3S, and the branching ra-
tio of 2 D, to e+e is about 10 of that for
3S~e+e . Thus, we might expect to see about one

FIG. 9. Branching ratios for radiative transitions from the
3 'P bb levels.

2 D& ~e+e decay for every 10 3S~e+e decays in
hadronic reactions such as those described in Ref. 5. The
recent calculation of very small m.m Y widths for D states
makes their detection in mn. "f final states less likely than
proposed in Ref. 1.

C. D-states in direct e+e annihilations

Energy scans have been performed in e+e annihila-
tions around the masses of the proposed D, levels. At
present their limits are about a factor of 10 above
present expectations ' for I „(1D, , 2 D~ )=(1.5, 2. 7)
eV. Those expectations included tensor force mixing
with S states, but not coupled-channel effects. Howev-
er, such effects are expected to be much less important
for the 1 D, and 2 D, levels of bb than for the 1 D, cc
level [1("(3770)],which lies above fiavor threshold and in
fact is observed to be substantially mixed with S& levels
[particularly 1('( 3686)].

D. D-states of the cc system

Although it is not our purpose here to discuss D-wave
cc levels, which require a careful treatment of coupled-
channel effects since they nearly all lie above flavor
threshold, it is important to point out a few implications
of recent results ' for such levels.

(1) The decays of g"(3770) to vrm+J/P are expected . to
be negligible for a pure D state. ' Thus, the decay

+J/f can be a u. seful indication of S-state ad-
mixtures in the g".

(2) A purely D-wave P"(3770) has an extremely small
decay width to X2, as one sees from the entry for
D, ~ P2 in Table VI. Observation of such a decay, and
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comparison with the widths for f"~yX2, yX„and yXO
can further pinpoint S D-mixing in the f".

(3) The cc levels 1 D2 and 1 'D2 are expected to be
below Aavor threshold, since they are expected ' to be
slightly too low in mass to decay to DD '(+ c.c.), while
their DD decay is forbidden by parity and angular
momentum conservation. Proposals to produce these
levels in pp collisions will take advantage of this fact.
The dominant decays of 1 D2 should be to @+X(1 P» ),
while that of 1 'D2 should be to y+h, (1 'P1).

V. CONCLUSIONS

We have investigated properties of the D-wave levels of
the Y family and have made suggestions for their obser-
vation. The centers of gravity of the 1D and 2D multi-
plets are expected to lie around 10.16 and 10.44 GeVic,
respectively. The best prospects for observing the 1D lev-
els appear to be their production via electromagnetic cas-
cades from the Y(3S). The 1 D1 and 2 D, levels also
may be observable in high-statics hadronic reactions via
their e+e or p+p decays, and via direct scans in
e+e annihilations at levels sensitive to the predicted
leptonic widths of 1.5 and 2.7 eV, respectively.

I
'PnM(r) & =

I
[fn(r}X']M & =

i
n(LS}JM &

where the quantum numbers L and S have been
suppressed, and p„M (r) and XM are respectively the

L S
spatial and spin wave function of the meson state. O'M

decomposes into gM and XM according to the usual rule
L S

of addition of angular momentum:

s

(LSMLMs
~

JM &/M XM ——[f X ]M . (A2)

J,
Suppose a meson in the state q1M (r) decays to some

t

other states by the emission of a j-pole photon with heli-
city k and wave vector k. The wave function of the pho-
ton in momentum space is proportional to Dm&(k). If weJ„assume that %M (r), n =1,2, 3, . . . form a complete

n

basis, then the action of the interaction Hamiltonian on
J,

'0M ( r ) must yield

~
n(LS)JM &. In order to make the spatial dependence of

the state more explicit, we will adopt the equivalent nota-
tion +„M(r),with
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where C;„area set of coeScients specified by details of
the interaction. The transition amplitude into a specific
final state 1pM (r) is the projection of this state intof

~
%M (r) & which will pick out the term with J„=Jf and

is proportional to

APPENDIX: ANGULAR DISTRIBUTIONS

In this appendix we will sketch the derivation of the
angular distribution for triple cascade, Eq. (4.19). The
state vector for vector mesons can be labeled by the ket

=f d r VMf (r)[D*„~(k)VMf(r)]M . (A4)

The square of this amplitude gives us the transition rate

w(J;M;~JfMf jCk)= f d r, d r2+M (r, )%'M (r2)[D'&(k)% (r2)]M'[D*z(k)% (r, )]M . (A5)

Assuming real radial wave functions, we have

1P' =( —1)' ql

Dj ( 1)2.—mDej

(A6)

(A7)

so that

+M (rl)+M (r2} ( 1) +—M (rl)+M (r2)
eJI JI MI J~. JI
f f f I

=g( —1} (JfJf MfMf ~

R'0&[%' (r, )'p (r2)]o
R'

Similarly

[D*q(k)ql (r2)]M'[D*2j(k}ql (r, )]M =g( —1) ' f '(J,J, M, M,
~

R—
(A8)

&& [[D,*'~(k)q' '(r2}t '[D,*2'. (k)q' '(r1)] ']0 . (A9)
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The four wave functions in Eq. (A9) can be recoupled to a diff'erent order to give

f f I R[[D" % I] '[O'I%' I] =g((j Jf)J;, (j Jf)J;;R I (jj )K, (JfJf)I;R )[[D"„D",] [e Ie I]']"
K, I

and
1/2

[D"2 (k)D'II(k)]M ——(Jj —liA.
I

Ko) DMo(k) = (jJ' —u,
I
Ko) 2K+1

The rate thus becomes

to= f d r, d rzg( —1) I(JfJf Mf—Mf I
R'0)[% I(r, )4 I(rz)]o ( —1) ' I '(J J; M—M;

I

Ro)
RR'

xg((jJf)J, , (jJf)J, ;R
I
(JJ}K (JfJf)I'R &

K,I

(Alo)

(Al 1)

X(jj—J A, IKO) 2K+1

1/2

[Y (k)[4 (rz)% (r, )]']o . (A12)

If we do not measure the polarization of the final states, then summing over M& gives

g( —1) (JfJf MfMf I

R 0) =+2Jf+ I&Ii',o
Mf

Also

(A13)

fd"id"2[+ (rl)+ (rz)]0[+ (rz)+ (rl)]M ~ID~M, O

Dropping all radial factors and overall constants, we obtain the angular distribution w( J,M, ~J,;jA,k):

w=g( —1) (J J; MM;
I

—RO)((JJf)J;,(JJf)J;;R
I
(JJ)R,(JfJf)0;R )(2R+1) ' (JJ —AA,

I

Ro) Yo(k) .
R

To generalize this to the successive emission of three photons, let us consider the cascade (4.18}:

y2 X3

(J M~ ) ~(J,M, ) ~(JbM~ ) (JfMf ) .

Each y; has quantum number j;,A, ;,k;. The total final state of this cascade will be proportional to

[[[D2'(k3)% (r)] 'D
2 '(kz)] 'D

2 '(k, )]M

(A14)

(A15)

(4.18)

(A16)

The transition probability into the state %M (r) will contain (A16) and its complex conjugate and hence the factorf

[[[D, '2. (k3)q' '(r'}] 'D, '2. (kz}l 'D, '2. (ki}] 'M [D,z. '«i)'p '(r}l 'D, ~'(kz)] 'D, ~' «i}]~M . (A17)

The D' 's with the same argument can be grouped together by recoupling (A17) three times, each time bringing in one

9j coefficient and a factor of (2K;+1) ' (j;j;—A, ;A,; I
K;0) for expressing [D 'z (k;)D z'(k, )]M' in terms of YM'(k;).

Collecting all factors and summing over Mf, we obtain Eq. (4.19):

uI(JM; ~(J„Jb}~Jf jjik ik„J2Azkz,J313k3)

J —M
X &J J —M™IRO&( —I}' 'g( —I} " '"(2K„+I)-'"&„„—x„x„IK„o&

Ki K2K3 n =1
IR

x ((Jj, )J, , (Jj, )J;;R
I (JJ, )I,(j j, )K, ;R )

x((J,J, )J., (J,J, )J, ;I
I (JbJs)K3, (j,jz)K„I)

X&(JfJ )J (JfJ3)Jt K3
I
(JfJf}0 (j3j3}K3K3&

X[[Y '(k, )Y '(k, )]'Y '(k, )]o, (4.19)
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where

[[Y '(k3)Y "-(k~)] Y '(k, )]o = g (K3Kzm3m~
~

I —m, )(IK, —m, m,
~

RO) Y '(k, )Y '(kz)Y '(k, ) .
m[m„m3

All the intermediate angular momenta satisfy the following vector addition formulas:

K„=j„+j„,n =1,2, 3,
I=K~+K3:Jt2 + J(2 ~ K] +K~+K3=R= Jl +Jl

(4.21)
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