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The planar gauge is reexamined from various points of view. First, we find an annoying ambigui-
ty in the definition of the product of two propagators. Second, Becchi-Rouet-Stora (BRS) invari-
ance can be implemented only at the price of unavoidable second-order derivatives in the Lagrang-
ian. BRS and anti-BRS symmetries cannot be realized simultaneously. If, instead of BRS, anti-BRS
symmetry is implemented, the ambiguity does not give rise to different results. There is some
simplification in the calculation but the gluon self-energy is neither conserved nor orthogonal to n.
Again, second-order derivatives are unavoidable in the invariant Lagrangian. For all these reasons,
the planar gauge with its usual propagator “either with BRS or with anti-BRS symmetry does not

seem to be a true gauge for Yang-Mills theory.

I. INTRODUCTION

The planar gauge, whose propagator is.

i
k2+ie

n,k,+n,k,
Dtk =~ WSk

(1)

was introduced! as a Faddeev-Popov ghost-free gauge for
which the infrared unphysical pole is only simple, in-
dependent of the value of n2. However, it soon appeared?
that there was an internal difficulty within the formalism.
Indeed, dimensionally regularized ghost loops formally
vanish while ghosts contribute to the Slavnov-Taylor
identities.

On another hand, more recent calculations®* show
that, in the temporal gauge, ghosts cannot be neglected as
easily as usually assumed. If we follow the Cheng and
Tsai reasoning,’ the ghost contribution is the same in the
planar and temporal gauges if, in both gauges, the in-
frared poles at n-k=0 are regularized by the principal-
value prescription. To what extent then can ghost loops
be neglected in the planar gauge?

This intriguing situation led us to reexamine the prob-
lem of the planar gauge. In the course of this reexamina-
tion, we found two interesting points. The first one con-
cerns Becchi-Rouet-Stora® (BRS) and anti-BRS (Ref. 7)
symmetries. In contrast with usual gauges, 8 both cannot
be realized simultaneously in the planar gauge. The
reason is that the Nakanishi-Lautrup’ field occurs
through derivatives. This is not in itself a problem since,
in relativistic gauges or their extensions, each of these
symmetries leads to the same set of Ward identities.®
One of them can therefore be considered as redundant.
The realization either of BRS or of anti-BRS symmetry
leads to two different gauges with the same propagator
but very different properties.

The second point deals with a so-far-neglected subtlety
in nonrelativistic gauge calculations. When infrared
poles occur in the product of two propagators, one is led
to make the decomposition'®

I S S
np np-+q)

= , (2)
npnp+q) n-gq

which holds even in the limit n-¢—0. However, in the
real situation, such poles must be regularized. There is a
problem of timing for this regularization. Should it be
made before or after the decomposition (2)?

This is a crucial problem because, if we use the
principal-value prescription, we have

i n-p n-(p+gq)
m = 27, 2, 2
a—0 (n-p)+a° [n(p+9)] +a
. 1 n-p n-(p +q)
= lim 2, 2 2, 2
a—0 n+q | (n-p)y+a* [n(p+qg)]°+a
2
+1 a (3)

a0 [(n-pR+al{[n-(p +q)P+a?)

There is therefore a difference between the two methods
since the last term of Eq. (3) does not necessarily vanish.
When the limit a—0 can be taken, it gives
7*8(n-p)8(n-q) and the integration over n-p gives rise to
8(n -q) terms-which do not necessarily cancel.

If, for a0, the theory is also a gauge, the regulariza-
tion must of course be taken before the decomposition. If
the theory is only a gauge in the limit @—0, there is no
way to solve this ambiguity. Therefore, if all the contri-
butions coming from the last term of Eq. (3) do not can-
cel, there is an unacceptable arbitrariness which makes
the results very suspicious.

We have computed the contribution of the last term of
Eq. (3) to the gluon self-energy for a planar gauge either
with BRS or with anti-BRS symmetry. For the usual pla-
nar gauge, its contribution does not vanish while it does
for the planar gauge with anti-BRS symmetry. The con-
clusion will be clearer after the discussion. Therefore, we
report it in the last section of this paper.

We organize our work as follows. In Sec. II we study
the Abelian version of the planar gauge. In Sec. III we
give all the details concerning the non-Abelian extension
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which realizes the BRS symmetry, what we call the BRS
planar gauge. The anti-BRS planar gauge is described in
Sec. IV while Sec. V summarizes our results and con-
cludes.

II. THE PLANAR GAUGE IN THE ABELIAN
CASE

Let us first consider the planar gauge in the free Abeli-
an case, a restriction which is sufficient in view of discuss-
ing the bare propagator properties. The Lagrangian is

L=—3F, F*4+9,n- A0'S —19,S9"S , (4)
where S is the Nakanishi-Lautrup field. It occurs here
with derivatives. The resulting field equations are

F,,—n,08=0, (5)

On-4 =08, (6)
or, if we introduce Eq. (6) inside Eq. (5),

*F,,—n,0On-4=0. (7)

This last equation can also be derived from the Lagrang-
ian

L= 4F, P+ 33,0 40n- 4 ®

from which the S field is removed.

With the Lagrangian (4) where n is (1,0,0,0), the canon-
ically conjugate variables are, in a self-explanatory nota-
tion,

7F=F*0, 79=98,S, 73=28,47— S . 9)
These equations lead to

ddog=mg+7° . (10)
The nonvanishing canonical commutators are

[ 4,00, 7))y -y, =i8;8(x—y), (11)

[S (x), 5], =y, =8 (x—y) . (12)

With the Lagrangian (8), we can also derive Eq. (11)
while Eq. (10) is replaced by

dpAdo=m". (13)

It is clear, from the canonical commutation relations,
that, in both cases, we will have the same equal-time
commutation relations between 4, and d,4,. Since the
equation of motion (7) holds also in both cases, the quan-
tum theories described by (4) and (8) are equivalent.
With path-integral methods, it is very easy to prove the
equivalence. L' is obtained from .L after a path integral
over S.

In the case of timelike n, four degrees of freedom are
involved with the Lagrangian (8), as in relativistic gauges
where the Gupta-Bleuler formalism!! is used to get a
description of the photon. The case of spacelike n is
different and will not be considered here although, for-
mally, the rules for perturbation theory are very similar.
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However, a consistent canonical formalism is, as for the
spacelike axial-vector gauge, more difficult to introduce.'?

Let us now proceed, without details, to the determina-
tion of the propagator. In the path-integral formalism, it
is defined as the causal Green’s function of the operator
involved in the free field equations. This gives Eq. (1)
where the regularization of the singularity at n-k=0 is
not fixed. The canonical formalism, which defines
the propagator as the Fourier transform of
(0|TA,(x)4,(0)|0) allows us to fix the regularization
of this pole.!> The singularity 1/(n-k) must be interpret-
ed as the principal value

— lim—2k (14)

P
a—0(n-k)*+a?

n-k

This again holds only for timelike n.
III. PLANAR GAUGE WITH BRS SYMMETRY

A. Lagrangian and usual Feynman rules

Let us now go to the non-Abelian case. It is clear that
the gauge-fixing terms in (4) can be extended in two dis-
tinct ways, either by keeping the ordinary derivatives or
by replacing them by covariant derivatives. In this sec-
tion, we consider only the first possibility. The Lagrang-
ian is

L=—LF2 F 43,n" A°S ,—18,5%"S ; +Lgnos »

(15)

where, as usual,
Fj,=08,47—0,A45+8f%, A547 , (16)
D p=0,85+8f %, A] . (17

The ghost part L, is obtained by requiring invariance
under the BRS transformations:

8A2=(D,n)"8A, 8S,=0,
(18)
8E,=—S,8%, &n°= % fognPnToh .

Here, 77 is the ghost and & the antighost. As 8A, they are,
in the classical case, anticommuting Grassmann vari-
ables. Invariance implies

Lghost= _a#é_aau(n 'Dﬂ)a . (19)

It involves second-order derivatives of the fields, a fact
which is in general unwanted in usual field theories.
Therefore, one tries to remove them by rewriting (19) up
to a four-divergence as

"Lghost:Dga(n'Dn)a=§;('l'Dn)a ’ (20)

where the second-order derivative is removed by intro-
ducing the new field

§a=08&, -

The removal of second-order derivatives is not neces-
sary when one makes formal manipulations in the path-
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integral formalism. In that formalism, a BRS-invariant
Lagrangian is

L= —%F:}VF;“’ —n-A°0S,+1S,08%+&,(n ‘D, % (21)
or, by removing the S field by integration,

L'=—3F  FtY—3n-A,0n-A°+8(n-D,)* . (22)
This is the Lagrangian used by Andrasi and Taylor.? It
formally gives rise to the following Feynman rules: (1)
the gluon propagator is given by Eq. (1); (2) the ghost
propagator is
8(1
. VB
D3(k)=—i—F—;
‘3( ) l nk’

(3) the gluon vertices are the usual ones; (4) the ghost-
ghost-gluon vertex is —gf“,n,. The infrared poles at
n-k=0 are regularized by the principal-value prescrip-
tion (14).

(23)

B. Ambiguity in the gluon self-energy

Let us proceed to the computation of the gluon self-
energy on the basis of these rules by taking also into ac-
count the remarks made in the Introduction. Of course,
details will be omitted and we concentrate our attention
only on the crucial points.
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1. Ghost contribution
The ghost contribution involves the integral
n-p n-(p+gq) (24)

I=|d* .
f p(n'p)2+a2 [n(p +q)]*+a?

Using Eq. (3) and making the substitution n-p’'=n-(p
+ ¢) in the convergent integral over n -p involved by the
second term of the right-hand side of Eq. (3), we see that

the first two terms mutually cancel. If we put
n=(1,0,0,0), the third term gives
I=7*[d%8(q) . (25)

If the divergent integral over d’p is dimensionally regu-
larized (and only in this case), we get I=0, so that there
is no ambiguity in the ghost contribution, at least in the
frame of dimensional regularization.

2. Gluon contribution

For the gluon contribution, we will assume that the
standard calculation'* is correct, in order to avoid an un-
necessary recalculation of the contribution of the first
two terms of Eq. (3). We only compute the possible addi-
tional singular contribution coming from the last term:

J
@)= T8(g0 g2 oy [ -2 ! [ dpod(po)d . (p,0) 26)
ﬂ“#’singq “2 Qnga fb'c (277)3 |p|2|p+q|2 PoO\Po py' b,q),
where
d,(p,@)=(pn,+n,p,)nplg°+2p-q+2p*)+p°n-q]
—(qun,+n,q,)[n-p(g*+2p-q —p*)+n-q(3p-q +p*)]
—(q#pul+q#'p#)[n2(q2—2p-q)+(n-p)z—(n-q)z——n-pn-q]
+2n,n,(q*~p*)p-(2q +p)—p,p,[4n*q*+2(n-p)*+2n-pn-ql+2q,q,(n’p-q +n-pn-q) . 27
If the integration over d°p is dimensionally regularized, we get
ﬂgg;ing(q)zﬁzngabcfablc% | q ' 38(q0) ’ (283)
ﬂgz,sing(q):wzngabcfa blc%qoqk ‘ q | 5(‘10) ’ (28b)
, , 3 9«4
Titsing D =78"f s fa" | (@8 —qa) 1] + 35 q| a8 |8(qo) - (28¢)

This singular contribution does not vanish. Since it is
undesirable, one can argue that it should not be taken
into account and that the correct way to compute axial-
vector gauge integrals consists of regularizing the poles
only after the description (2). No other compelling argu-
ment can be advanced in favor of this procedure. On the
contrary, if we remember a calculation one of us!'! made

f

in the temporal gauge, the regularization is necessarily
made before the decomposition and the singular term
cancels with the ghost contribution. The difference be-
tween the two cases is that the temporal gauge is, in this
approach, the limit of gauges also defined for a0 while
the planar gauge cannot be considered as the limit for
a—0 of theories which are gauges of Yang-Mills theory.
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Actually, we did not succeed in finding a Lagrangian ap-
proach where the planar gauge is the limit for a—0 of
consistent gauges.

C. The Cheng and Tsai approach

There is however a non-Lagrangian approach which
gives a meaning as a gauge for a0 to the principal-
value regularized propagator (1). It uses a theorem due
to Cheng and Tsai:’ if the gluon propagator is

rSa

b
Dva(k):'m[g,w_ap(k)kv_bv(k)ky+c(k)kykv]

(29)
with
a,(k)=—b,(—k), clk)=c(—k), (30)
the ghost propagator is
—id%,

k%+ie

and the ghost-ghost-gluon vertex reads
8f % la-k —Dk*—k%a*] .

In our particular case,

n,n-k

k)=b, (k)=—"———,
a,( ul (nk)P+a

c(k)=0. (31)

In this approach, the limit a—0 is taken at the very
end of the calculations and the singular part (28) is
present in the gluon contribution to the gluon self-energy.
If the ghost contribution at the two-loop level does not
vanish, the ghost contribution to the gluon self-energy at
the one-loop level is however not affected and the singu-
lar term (28) is not canceled. The presence of such terms
can be viewed as a serious obstruction against the use of
Lagrangian (21) or (22) as describing a gauge of Yang-
Mills theory. In addition, the nonconservation, even in
the absence of the singular terms, of the gluon self-energy
is already a difficulty.

D. BRS symmetry and the canonical Lagrangian

This kind of difficulty should always be considered as a
manifestation of a hidden problem in the starting La-
grangian. If we go back to (22), we see that it is BRS
symmetric but involves second-order derivatives of the
fields. If only first-order derivatives are accepted as re-
quired by the usual canonical formalism, the Lagrangian
giving rise to the same set of Feynman rules is

L=—LFSF& 13,n- A4,8S*—13,5,8"S*
+E,(n-D,)" (32)

or

L'=—LFSFE 419 n-A,n-A+E(n-D,)*  (33)

if the S field is removed as explained in Sec. II. The La-
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grangians (32) or (33) are not BRS invariant. We indeed
have

8L =03"[3,S,(n-D,)*151 , (34)

i.e., the variation of the Lagrangian is a four-divergence.
This does not matter for constructing a conserved
current but, if field equations are invariant, canonical
commutation relations are not. This last point can easily
be checked at the level of commutation relations between
ghosts. Since

7r$‘,=§’“ R (35)
we have
(Ealx) ™ (W)} x =y =858V (x—y) (36)
0=Yo

and Eq. (36) is obviously not invariant under the transfor-
mation (18). Consequently, the quantum theory based on
(33) is not BRS invariant and cannot therefore be a gauge
for Yang-Mills theory. One can also check this point by
considering the consistency between Egs. (18) and the
brackets [Q,¢] when Q is the BRS charge

0= [d’ jox) 37
with

Jolx)=m(D;m)*+ %f“,,yn,,anﬁnr (38)
and ¢ an arbitrary field. We indeed get

[0, 45]=0, 39)
while

8 A =(Dyn)*dA . (40)

Equations (39) and (40) are consistent only if
Dyn=0, 41)

i.e., if field equations are taken into account. Again, this
means that field equations are invariant but canonical
commutation relations are not.

Let us remark that it is possible to have the strict in-
variance of

L'"=—LF3 Ft' +3,n-4,3S°—13,5,9"S,  (42)

under Egs. (18) where 7 is restricted by (41). This is how-
ever not sufficient to get a consistent theory because 7 is
an external field with respect to (41). If we introduce it
with its field equation inside the Lagrangian with the help
of a Lagrangian multiplier, we get Eq. (32) back and in-
variance is lost.

E. Conclusions

We conclude this section by noting the following two
points.

(1) The planar gauge Lagrangian cannot be made BRS
invariant without the use of second-order derivatives.
Therefore, the usual canonical formalism is not of appli-
cation.
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(2) When the poles at n-k=0 are regularized, the
theory with the regularization parameter different from
zero is not a gauge. Therefore, even if we were able to
handle correctly the second-order derivatives, we would
be faced with the problem of the definition of the product
of two or more propagators.

For these reasons we can never claim that the planar
gauge is a well-defined gauge of Yang-Mills theory. We
thank that the problems encountered in the calculation of
the gluon self-energy, i.e., singular terms, nonconserva-
tion, nonmultiplicative renormalization, ..., have their
roots in this point.

IV. PLANAR GAUGE WITH ANTI-BRS
SYMMETRY

A. Lagrangian and Feynman rules

Let us now consider the second possibility to extend
the planar gauge to non-Abelian theories. The Lagrang-
ian is

L= —%FﬁVF’;V+(D“S)a(D“n-A)“—%(D#S)Q(D“S)"
+=£gh05t > (43)
where L, is obtained by requiring the invariance not

under BRS transformations because this is not possible
but under anti-BRS transformations given by

5A42=(D,n)°6h, 8S,=gf."'Sgn,8%
KT ol (44)

80 =SSP ngn,Bh, 8Ea=SoBh+8S P Em M .
By invariance requirements,
Lghost=(DHE)(D,n-0m)*=(D*E) (D, '), (45)
where we have set
n'=n-dn (46)

in order to remove second-order derivatives from the La-
grangian. Here, this removal is done without the intro-
duction of symmetry-breaking four-divergences. In order
to discuss the perturbation theory (it is useful to remove
the S field like in Sec. II), the Lagrangian becomes

L=+ Dy A)(DPn A
n

+(D*§),(DFq' )™, @7

where n2=1 is reintroduced in order to allow the formal
extension to spacelike values. The Feynman rules de-
rived from (47) are (1) the gluon propagator is given by
(1) with the principal-value prescription, (2) the ghost
propagator is

Y]
18b

- k2+ie’

D (k) (48)

and (3) the vertices are given in Fig. 1.
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Let us remark that, in the three- and four-gluon ver-
tices, the metric tensor g, is replaced by

n,n,
Puv=8uv— n?

which is a projection operator. Since

n#P,,=n"P,, =0, (49)

uv
this replacement will be the source of numerous cancella-
tions in the course of calculations. This operator P, is
already present in the free part of the Lagrangian, i.e., in
the inverse of the propagator.

B. Gluon self-energy

In order to get some informations about the usefulness
of (43) as a gauge, we computed the gluon self-energy at
the one-loop level by using the standard rules for nonrela-
tivistic gauges.!®!> In order to take full advantages of the
properties of P, all the algebraic calculations were per-
formed with the formal pole 1/(n-p). We separately
computed the singular 6(g-n) term. Here, all such terms
are multiplied by (g-n)? and therefore do not contribute.

axkl
buk2
- gfabc[(kl.kZ)vP)‘u + (kZ‘k3)APuv
evky + (k3_kl)uplv]
auk, bvk, . 2..abe_cde
ig®lf" £ (Puvaa Pvauo)
cbe ade _
+ f f (Puvao Puvac)
dbe _cae
dok, cpky +f £ (PpoPuv Pvauo)]
ak2
buk‘
gfabc(kZ-k3)u
ck3
!
ubkl c kz
g2 (£ £ ‘£ )
18 8, Yapetab'e! ab'c abe'
LR A
ck2 u'db kl

FIG. 1. Vertices of the planar gauge with anti-BRS symme-
try. Wavy lines stand for gluons, straight lines for ghosts. All
the particles are incoming and P;, =g,, —nyn,/n 2,
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In the same way, the formal identity (n-p)/(n-p)=1
which actually should be
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can be used without additional contributing terms. Actu-
ally, it is even plausible but we did not check it that the
negligible terms in (g-n)*8(q-n) are canceled by negligi-

(n-p) —1— o (50)  ble contributions from the term in a? of Eq. (50).
(n-p)+a® (n-p)P+a? The result for the pole part is
J
2 2 2.2 2
bb’ __8 b 2 (n-q) nq n‘q +(n-q)
Thrpole(4)= 1617.2fa Fre (104,90 — 9 Puw +9,9u nq’—(n-q) —+(n.g,+n,q,) n2 n2qg?—(n-q? | 51

There is no particular appealing feature in this formula.
We remark that the contribution is not of the metric ten-
sor but of P,,. There is neither conservation nor or-
thogonality to n and the tensor structure is not compati-
ble with multiplicative renormalization, so that the use of
(43) as a gauge can also be questioned.

C. The invariance problem

Although there is, in the gluon self-energy, no problem
with the singular 8(g-n) term which vanishes, Eq. (51)
does not seem to be accepted for Yang-Mills theory.
There should again be a problem with the invariance of
Lagrangian (43) when it contains only first-order deriva-
tives. Actually, (43) with

Lagnost=(D*E)o(D ')y
is not invariant under (44) and the transformation for 7’

Snu=gf " mm, 51 . (52)
Its variation is

8L =(D,S) [ Dy’ —n-d1)]"8A (53)
and it is only when we set by hand

n'=n -817 (54)

that 8.£ vanishes. Again, the anti-BRS transformations
introduce a field 7 which is not present in the starting La-
grangian. It is impossible to introduce it inside a strictly
invariant Lagrangian without the presence of second-
order derivatives. If second-order derivatives are not
wanted, only an invariance up to the validity of field
equations [in particular Eq. (54)] is obtained by adding to
L the term u (5’ —n-3n)%

As for the invariance up to a four-divergence, this situ-
ation is unacceptable in quantum field theory. Here, this
incompatibility can be manifested by computing

(@)

with

1
0 = [ |7kDym)*+ 7l +8f gm0 ALy
+gf“By7TSaSBny +7ES, +gf“5),7r§a§3ny

+8f g TyaPn" + %f P’ | . (55)
We indeed get
(@75 =D*r 4 g%, % A +8/ %y nhS"
+gfaﬁyvg§y+gfaﬁy n’n'7+gfaﬁyuﬂ777 , (56)
which is to be compared with

dm=38u "=gf"BY7r‘,’;177’8_k . (57)

V. SUMMARY AND CONCLUSIONS

We reexamined the problem of the planar gauge main-
ly from the point of view of BRS symmetry. We noted
that BRS and anti-BRS symmetries cannot be realized
simultaneously, a property which allows us to consider
two possible theories with the same propagator. The first
one is BRS invariant. The second one is anti-BRS invari-
ant. In both cases, the strict invariance imposes the pres-
ence of second-order derivatives in the Lagrangian, a fact
which is incompatible with usual perturbative methods.
This may be the source of the difficulties encountered
when the self-energy is computed perturbatively in both
cases. Indeed, the gluon self-energy is not conserved and
its tensor structure is such that multiplicative renormal-
ization does not work. In both cases, the perturbative
theory is obtained after a removal of second-order deriva-
tives which breaks BRS invariance. Therefore, there is
no reason that the result so obtained will correspond to a
gauge of Yang-Mills theory.

We also stressed an internal difficulty in the BRS-
invariant “gauge.” In which order should the operations
of regularizing the poles and decomposing the pole prod-
uct [1/(n-p)1{1/[n-(p +q)]} be made? There is a
difference according to which operation is first made, at
least in the BRS-invariant “gauge.” For anti-BRS-
invariant “gauge,” the difference can be neglected at least
in the gluon self-energy calculation.

Usually, one first regularizes the poles and, only after
that, the decomposition is made. In such a procedure,
the theory is usually a gauge before to take the limit for,
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in our case, a—0. This appears not to be the case for the
planar “gauge” which is a possible gauge only in the limit
a—0.

Our paper is in apparent contradiction with a recent
paper by Kummer.!® Without Faddeev-Popov ghosts
and without BRS symmetry, he proved renormalization
and gauge independence in the planar gauge. His result
is however based on the Lagrangian (22) without the
ghost term used in path-integral formalism. Our analysis
shows ghost decoupling and BRS invariance of (22).
Therefore, (22) is a gauge for Yang-Mills theory and
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there is no conflict with Kummer’s result. The difficulties
come when one tries to make a perturbative calculation
with this Lagrangian. All the problems with the gluon
propagator are present and the true question is the fol-
lowing: what is the gluon propagator associated with the
Lagrangian (22)? Our paper criticizes the choice (1)
which comes not from (22) but from (33) which is not
BRS invariant.

As a last remark, let us mention another approach to
the planar gauge.!” It involves ghosts and a BRS invari-
ance extended to variations of the gauge parameters.
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