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Non-Abelian gauge couplings at finite temperature in the general covariant gauge
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By the use of the real-time formalism of field theory at finite temperature we carry out the one-
loop of-shell calculation for massless non-Abelian gauge theories at finite temperature in the gen-
eral covariant gauge, and study the properties of the temperature- and gauge-dependent couplings,
a(p, g—= Tjp;a). The effects of temperature manifest themselves as a powerlike behavior of the in-

verse of the coupling a '(p, g;a) on the parameter g= Tjp, in sharp contrast to the logarithmic
dependence on the momentum p. The strong vertex dependence of the coupling is shown to come
out irrespective of any choice of the gauge parameter a within the covariant gauge, and thus may
invalidate the perturbative treatment of gauge theory at finite (especially at high) temperature.

I. INTRODUCTION

In recent years growing interest in phenomena such as
the quark-gluon plasma to be soon produced in heavy-ion
collisions and the evolution of the early Universe has
stimulated particle physicists to study seriously the
consequences of the real-time formalism' of field theories
at finite temperature (FT ). Extensive analyses of the in-
frared (or long-distance) structure of the gluon (gauge-
boson) propagator in a gauge theory at T&0 have been
done so far, which revealed the following fact: ' In
gauge theories at Tj0 thermal fluctuations (of the gluon)
act to screen the electric field component of the gluon,
through the development of temperature-dependent elec-
tric mass m -g T, where g is a gauge-coupling con-
stant. As for magnetic screening, for an Abelian case it is
known that the magnetic component is not screened, in
fact the long-range interaction between purely Abelian
magnetic fields is always that of a free field. For a non-
Abelian case, though the situation is still controversial, it
is likely that the magnetic field is less screened, if at all,
than the electric field. Therefore, interactions at long dis-
tance or at large Tlp (T=temperature of environment,
)tt '=distance from a charge) are expected to be magnet-
ic dominant. It is worth noticing that magnetic screening
in non-Abelian gauge theories has in perturbation theory
been studied by considering only the propagator. It
should be studied further by considering at least two- and
three-point functions. This will be done in the present
paper.

From the above observations, for analyses of high-
energy processes that take place in a hot environment, it
is necessary to neatly define an effective charge or a cou-
pling constant (a parameter of a perturbative expansion}
as a function of the temperature T of the environment
and the energy scale JM that characterizes the process con-
sidered, without restricting ourselves to the infrared re-
gions Tip)) 1. For this purpose it is natural to employ
the following renorrnalization procedure: In the calcula-

where z(g)=Z, 'Z denotes the temperature-dependent

Pnite renormalization constant. The coefficients u;(g)
reflect the difference between the renormalization
schemes used to define two couplings a()tt, g) and a(p).
The leading coefficient u

& (g) is nothing but the leading
one-loop term of z (g}:

(1.2)

where

z(g) =1+z"'(g)tt()tt)+ (1.3)

The temperature (g) dependence of the coupling a (p, g)

tion of a physical quantity characterized by a given dis-
tance IM ', any modes of thermal as well as quantum exci-
tations, which correspond to shorter distances than p
are incorporated, i.e., renorrnalized into the effective
charge. This renormalization procedure is nothing but
the finite-temperature generalization of the rnornentum-
space subtraction method extensively studied in ordinary
QCD (Ref. 5) and also in QCD at finite density, in con-
junction with the renormalization-scheme ambiguity.
With the use of effective coupling thus defined, we expect
to get "good" perturbative expansion for the physical
quantity.

Let us here consider the theory renormalized at finite
nonzero temperature (hereafter we denote the renormal-
ization temperature as T and the renormalization
momentum as p) and the same theory renormalized at
zero temperature T=O. Because of the fact ' that the
ultraviolet divergences in FT appear only in the zero-
ternperature contributions, the coupling renormalized at
nonzero temperature T, a (p, g—= Tlp, ), and the coupling
renormalized at T =0, a()M), differ only by a finite renor-
malization,

a ()tt, g)=z(g)a(p) =Z, 'Z a(p)

=tt(p)[1+ut(g)tt(p)+ ],
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is completely specified by z(g), or by the coefficients
v;(g).

A more convenient as well as conventional way to keep
track of the temperature (g—= T/p, ) and momentum (p)
dependences of the coupling is to integrate (generally
speaking, a set of) renormalization-group equations
(RGE's), which express the response of the coupling un-
der the change of renormalization point T and p, with a
suitable boundary condition" '

by introducing a p-
independent scale parameter A that depends, in general,
on the temperature through the parameter g= T/p (see
Secs. II and III). Integrating the RGE's satisfied by
a(p, g) and a(}M) with the same boundary condition, p
and g dependences of the couplings are expressed by
(only the leading behaviors of interest are given}

a (p, g) =1/I b ln[LM/A(g)]], (1.4a)

a (p) = 1/[b ln(p/A) ], (1.4b)

A(g)/A=exp[v, (g)/b] . (1.6)

Then up to leading one-loop orders the temperature
dependence of the coupling a (p, g} can be determined by
calculating the temperature-dependent finite renormaliza-
tion constant z(g)—:Z, 'Z at the one-loop level.

Up to now, most existing analyses are confined to in-
vestigations of the thermodynamic and effective poten-
tials. In such analyses, on the basis of the fact men-
tioned earlier that the renormalization of FT can be
completed with the counterterms determined at zero tem-
perature, the coupling renormalized at T=O, a(p), has
been used, in which the temperature dependence is as-
sumed to be reasonably taken into account by simply
choosing p=T, the temperature of the environment.
This is an as-yet-unproved assumption that will be
proved or disproved to hold only when the relation be-
tween two couplings a(p=T) and a(p, g) is clarified.
Turning our eyes to analyses of dynamical processes tak-
ing place in a thermal reservoir, which are now becoming
important issues, in these analyses we should employ
a(p, ,g} instead of a(@=T). This is especially important
if two couplings a(p=T, (=1) and a(p=T) show

where A—:A(g:—T ip=0), and b is the leading coefficient
of the RGE's (see Sec. II). Thus it is obvious that the log-
arithmic p, dependence of the coupling a (p, g) is exactly
the same as that of the familiar coupling a(lu) in the
zero-temperature theory. If we confine our interest to the

p dependence, then the temperature-dependent scale pa-
rameter A(() sets the scale (that varies with the tempera-
ture} for the momentum p from which the perturbation
analysis in terms of the coupling a (p, g) works, i.e.,

a(p, , g) «1 for p»A(g) .

In the present method the temperature dependence of
a(p, g) can be specified if we can calculate the scale pa-
rameter A(g).

Now let us remember the fact that as Celmaster and
Gonsalves have shown5 [and as is easily derived from
Eqs. (1.1) and (1.4)] two scale parameters A(g) and
A —=A(/=0} are exactly related with the leading one-loop
coefficient v&(g) in Eq. (1.1) as

different behaviors. In this case if we perform perturba-
tive expansion in terms of the coupling a (p = T) for a
physical quantity, for which the coupling a (p= T,5=1)
is actually a good expansion parameter, then we ap-
parently face the problem of large higher-order perturba-
tion coefficients —the reason why it is important to use
"good" coupling.

In a previous paper' we briefly reported, based on the
Feynman-gauge calculation, that the last statement is in
fact the case, i.e., the T dependences of a (}u= T,g = 1 )

and a(ILt=T) are completely different from each other.
We also showed that the vertex dependence of the cou-
pling is enormous, which may cause a difficult problem in
the perturbative FT . However, it is still an open ques-
tion whether or not these discouraging results come out
independent of the particular gauge choices

The purpose of the present paper is essentially to
answer the above posed question. For this purpose we
carry out a detailed and extended analysis of the tempera-
ture dependence of the gauge coupling in massless non-
Abelian gauge theories at finite temperature in the gen-
eral covariant gauge. In the actual physical processes
such as the quark-gluon plasma and the evolution of the
early Universe, the effect of finite baryon-number density
is expected' not to be significant; thus in the present pa-
per we study the case where chemical potential is negligi-
bly small. Inclusion of the nonzero chemical potential
will be discussed in a separate paper.

This paper is organized as follows. In Sec. II we ex-
plain how we performed the off-shell one-loop calcula-
tions at finite temperature. We briefly discuss the ROE's
at finite temperature in non-Abelian gauge theories in the
general covariant gauge, and give their explicit forms up
to the one-loop level. Then in Sec. III these RGE's are
explicitly integrated out, and the temperature-dependent
scale paratneter A(g) is calculated, thus the effective cou-
pling and the gauge parameter are determined. The be-
havior of the coupling with respect to temperature, to the
different choices of vertices, and to the gauge parameter
is also discussed extensively. Finally, in Sec. IV we give
conclusions and some discussions on the problems that
are revealed from the present analysis. In Appendix A
we summarize the Feynman rules for massless non-
Abelian gauge theories at finite temperature for the sake
of completeness. In Appendix B we present exact one-
loop results for various Z factors, together with several
comments on the explicit calculation and renormalization
procedures.

II. RENORMALIZATION-GROUP EQUATIONS
AT FINITE TEMPERATURE

IN THE GENERAL CQVARIANT GAUGE

Let us consider non-Abelian gauge theories with mass-
less fermions in the general covariant gauge, defined by
the Lagrangian (all the counterterms are neglected)

j FQg QPv (Q g QP}2
2(1 —a)

+(Q c ')(d"c'+gf' g "c~)

+ g g(itl+gg'T')P, (2.1}
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where

g =(Z& 'Z3 )gs, 1 —as=Z3(1 —a), (2.3)

where gz and az are the bare coupling constant and the
bare gauge parameter.

As mentioned in Sec. I our primary interest is to deter-
mine the scale parameter A(g) at finite temperature. For
this purpose it is enough to calculate various Z factors in
the leading one-loop approximations. Feynman rules
which are necessary are summarized in Appendix A.

Throughout this paper we use the coupling a defined
by a —=g /4m for convenience, and define the coupling
renormalization constant Z, by a =Z, 'az, then we have
three expressions for Z, 's, i.e.,

Z, (36)=Z fZ3

Z, (gG) =Z fZ3 'Z
3

Z, (fG)=(Z ) Z 'Z

(2.4a)

(2.4b)

(2.4c)

which correspond to couplings defined through the
triple-"gluon" (36), the ghost-"gluon" (gG), and the
fermion-"gluon" (fG) vertices, respectively. '

In order to determine Z factors, we should specify ex-
plicitly how we regularize and renormalize the theory. In
FT Lorentz covariance is explicitly broken due to the ex-
istence of a heat bath that specifies a preferred frame to
be the rest frame (center-of-mass frame) of the heat bath.
Because of this fact when defining a renormalized theory,
besides carefully specifying a subtraction momentum we
should also be careful about the prescription of how we
determine the subtraction part of each quantity (each
self-energy and vertex), by taking notice of which com-
ponent (temporal and/or spatial) of the quantity is in-
volved. As for a subtraction momentum we choose the
"static" spacelike momentum' for self-energies and the
collinear momentum configuration with "static" space-
like momenta for vertices. As mentioned in Sec. I be-
cause it is known ' ' that the interaction at long dis-
tance or at large g:—T/p is dominated by the magnetic
component, in this paper we choose a "magnetic"
prescription' to determine the subtraction part. The
present calculational scheme is the same as that of a pre-
vious paper, ' and is summarized as follows [hereafter,
we refer to the present renormalization scheme as the
magnetic momentum subtraction scheme (MOM)]: (a)
dimensional regularization D =4—c,; (b) momentum-

F„'„=B„A'„—d„A„'+gf' A„A „,
with f' the structure constant of the non-Abelian gauge
group 6 which is assumed to be the compact Lie group.
g is the coupling constant, A is a gauge field, c is the
ghost field, P represents the massless fermion field, and a
is the gauge parameter. Renormalization constants Z, 's

are defined conventionally, e.g. , Z3 is the gauge-boson"
wave-function renormalization constant, etc. , and are
constrained by the Ward-Takahashi identities

F '2
Zi Zi Zi Z4 Zi

(2.2)
Z3 Z3 Z2 Z3 Z3

and

space subtraction at the subtraction point characterized
by (1) the off-shell renormalization momentum p, (2) the
"static" subtraction momentum' for a propagator
p =(0,p), (3) the collinear momentum configuration for a
vertex p, +p2~p3, characterized' by

(2.&)pi ——(0,0, 0,p) = pz—/2= p—3,
with p& attributed to a "gluon, " and (4) the finite renor-
malization temperature T( —=gp); (c) "magnetic"
prescription for a propagator and a vertex. (See Appen-
dix B for more detail. )

The exact one-loop results for the renormalization con-
stants Z s, together with the explicit calculation and re-
normalization procedures, are given in Appendix B.

In non-Abelian gauge theories at finite temperature in
the general covariant gauge, the renormalized gauge cou-
pling a(p, g) and the renormalized gauge parameter
a(p, () satisfy the following coupled RGE's (Refs. 21 and
22) under changes of the renormalization momentum p
and the renormalization temperature T= gp, ,

=p (a, a;g)= ba [1—+c, (g, a)a+ . ], (2.6a)
8 1np

8 in(
=p&(a, a;g) = —p(g, a)a [1+pl(g, a)a + . ],

(2.6b)

8 in'
=5&(a,a;g)= —[eo(g, a)a+a&(g, a)a + ],

(2.6d)

where a =a(p, g) and a=a(p, g). P and 5 functions are
determined by following the standard procedure, e.g. ,

Ba
p„(a,a;()—:

~lnp ' '
sxedcutoff

8 lnZ,

8 lnp
cutoff

(2 7)

It is to be noted that in the set of ROE's only the leading
one-loop coefficient b in (2.6a) is a constant independent
of the choice of renormalization scheme and of gauge.

When we are considering physical quantities, i.e.,
gauge-invariant Green's functions or S-matrix elements, a
change in the gauge parameter can be reabsorbed by a
change in the coupling and scale of the fields. As a re-
sult, in this case the ROE's to be satisfied by the coupling
parameter that governs the physical quantities are as fol-
lows:

=P„(a,a;g) =P„—cr5& ba (—1+——ca+ . )—,
() lnp

(2.8a)

da :—p((o, a, g)=p~ —o5~8ln

(2.8b)

8 lnp
=5 (a,a;g)= —[yo(a)a+y, (g, a)a i ],

(2.6c)
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where a =a (p, g), a =a(p, (), and

Ba
o =a(a, a;g)=-

g fixedcutoff

Ba~ BlnZ,= —a
i}a &g~p~f

ff
fixed. cutoff

= —[oo(g, a)a +o,(g, a)a + . ] . (2.9)

c =c, (g, a)+era(g, a)yo(a)/b . (2.10)

In the RGE's (2.8) the gauge parameter a is nothing but

In this case the second-order coefficient c in Eq. (2.8a) is,
besides the leading-order one b, a renormalization scheme
and gauge invariant, and is related to the coefficient
c, (g, a } in Eq. (2.6a) by

a constant (not a running parameter) to be fixed at any
value. It is also worth mentioning that in calculations up
to leading one-loop orders, p functions appearing in Eqs.
(2.6) and (2.8}are identical in their expressions, i.e.,

p„=p„= ba—', p~
—p( ———pa (2.11)

which can be easily understood by noticing 05=0(a ).
There is, however, one important difference between
them. In Eqs. (2.8) (in p's) the gauge parameter a is just a
fixed constant, but in Eqs. (2.6) (in p's) a is a running pa-
rameter subject to the RGE's (2.6c) and (2.6d) coupled
with Eqs. (2.6a) and (2.6b} even in the leading-one-loop-
order calculations.

The leading one-loop coefficients of the RGE's (2.6)
and (2.8) can be determined with the Z factors given in
Appendix B. They are

11 Cq( G) 4T (R)—b=
6
2 d@(k)(g)

p(g, a)= —g a"
k=0

yo(a) =(1—a)[—,'( —", +a)C2(G) ——', T(R }],

(2.12a)

(2.12b)

(2.12c)

so(g, a)= —(1—a) —,'C2(G) [3F0(2() +F 2(2()] +,'T(R) —[Fo(2()—2Fo(g)+Fz(2() —2F2(g)]
Bing

' i}in(

+—,'aC2(G) [ —Fo(2()+4G(2()]+ —,', a C2(G) [Fo(2$)—2G(2$)]
Bin 8ln

(2.12d)

2

oo(g, a) = —g ka" '[C2(G)BI"'+T(R)B~z"'+C2(R)B~3"'+4'"'(g}],
k=1

(2.12e}

C =
17C~2(G) —10C2(G)T(R ) —6C2(R )T(R)

2[11Cq(G)—4T(R ) ]
(2.13)

we can also get the coefficient c, (g, a) through Eq. (2.10).

III. EFFECTIVE COUPLING AND GAUGE PARAMETER
AT FINITE TEMPERATURE

In this section we first determine the coupling and
gauge parameter by integrating the RGE's in Sec. III A,
and then in Sec. IIIB study their properties, especially
the behavior with respect to the temperature.

where F (g) and G(g) are given in Appendix B. The
functions 4'"'(g) and the constants B "' appearing in

Eqs. (2.12b) and (2.12e) essentially determine the cou-
plings renormalized at finite and zero temperatures, re-
spectively, and are defined, for convenience, in the next
section by Eqs. (3.8) and (3.10). As we already know the
second-order coefficient c in (2.8a),

A. Determination of the efFective coupling
and gauge parameter

1. Gauge-invariant ease

Bp~(a, g) Bp„(a,g)

8 1np 8 1n(
(3.1)

At first we discuss the case where we are considering
physical quantities, i.e., gauge-invariant Green s func-
tions or S-matrix elements. In this case the coupling
a (p, ga) satisfies the coupled RGE's (2.8), in which the
gauge parameter e appears as a mere constant to be fixed
at the beginning. This type of coupled RGE has been al-
ready extensively studied by two of the present authors'
and how to integrate them has been shown. Therefore,
we only give the result with a few comments. With an
appropriate boundary condition (in the present case we
adopt the condition in the manner of Stevenson"' ) we
can integrate the coupled RGE's, thanks to the integra-
bility condition,
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and get

~[pg~] dX dX P=ln
p„(x,g;a) 0 bx (1+ex) A(g, a)

From Eqs. (3.2)—(3.5) we get in the one-loop approxi-
mation the results

a (p, , g;a) = [b In[)M/A(g, a)]I
(3.2)

The temperature-dependent scale parameter A(g, a) is
de6ned by

=(b [In((M/A) —In[A(g, a)/A]) )

a(p, ;a)=[b 1n(p/A)]

(3.6a)

(3.6b)

A(g, a)
A((=O, a)

= ——I p(y, a)

(3.3)

dx dx+ =ln
p x, =0;cx O bx 1+CX

with a((M;a) =a (p, (=0;a), or

(3.4)

where p(g, a) is the leading one-loop coefficient in Eq.
(2.8b) and the second equality comes from Eqs. (2.6b),
(1.2), and (1.3). As for the coupling a()u) renormalized at
T =0, the p& function vanishes identically. With the same
boundary conditions as above we get

thus the temperature dependence of the coupling
a ((u, g; a ) can be completely determined by calculating
the ratio of scale parameters A(g, a)/A, which can be
evaluated through Eq. (3.3).

We give here the exact expressions in the present re-
normalization scheme MOM for the ratio of scale param-
eters for three types of couplings a3G, a G, and afG
defined through the 3G, gG, and f6 vertices, respectively.
They are

2

b In[A(g, a)/A] = g a"4'")(g),
k=0

a =gauge parameter, (3.7)

A—:A((=O, a) . (3.5} where

N 3
@(k)(g) g A g [p(k)F (g )+y(k)F (g )+$(k)6(g )]+r(k)~2(2 (3.8a)

N

g A, (r', "'g +rl,'"'g)+O(lng) for gg&1
i=1

N

-vr g A;co'; g +0(P) for g«1 .

(3.8b)

(3.8c)

2

B;= g aJB(~', a=gauge parameter,
j=0

(3.10)

and the constants B,'~) (i =1—3, j =0—2) are given in
Table II.

In Eqs. (3.8) N =2 for the 3G and gG vertices whereas
N =3 for the fG vertex; A, =C2(6), A3 ——T(R),
A 3 C2(R ) g) 2g, g2 ——g, g3 2 f and the functions
Fk(g) and G(g) are defined in Eqs. (B9) and (B10). The
calculable constants p', ". ', y', "' 5'"' r'"' rt'. "', and to'. "' in
Eqs. (3.8) are given in Table I.

In order for readers to have ideas about the absolute
values of scale parameters in the present MOM scheme,
A(g, a)MoM, we present here the ratios AMoM/AMs (MS
denotes the modified minimal subtraction scheme) for
three types of vertices 36, gG, and fG, calculated at zero
temperature. They can be expressed as

b lnAMoM/AMs ——C2(G)B, +T(R)B2+C2(R)B3, (3.9)

where 8,- (i = 1,2, 3) are quadratic functions of the gauge
parameter cz,

2. Gauge-noninuariant general case

Next we discuss briefly the case where we are consider-
ing general Green's functions. In this case the coupling a
and the gauge parameter a satisfy the coupled RGE's
(2.6). It is a hard task to solve these equations analytical-
ly, and here we only consider them in the leading-one-
loop-order approximation. For convenience, however,
the first equation (2.6a) is presented in its two-loop-order
expression:

ba [1 +c ()g,—a)a],
8 lnp

= —p(g, a)a()a

() ln

Bcx

0 lnjM
= —yo(a)a,

Bcx = —eo(g, a)a,
() ln

(3.11a)

(3.11b)

(3.11c)

(3.11d)

where the coeScients b, p, yo, and co are given in Eqs.
(2.12}. These equations can be solved by a heuristic
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TABLE I. Calculable constants P',,"), etc. [(a) k =0, (b) k = I, (c) k =2], in Eqs. (3.8). In all parts (a), (b), and (c), for rows with i = I
and 2, the first line corresponds to the 3G vertex, the second line to the gG vertex, and the third line to the fG vertex. The row with
i =3 corresponds only to the fG vertex. It is also to be noted that in 4" ' there are no terms that are proportional to T(R ) and in 4'~)

no terms proportional to C2(R) as well as T(R); thus, corresponding constants that are all zero are not given in the table.

pf 0) p) 0) p)0) (0)
Ftl y(0)

(a)
(0)
E3

g(0)
&1

g(0)
12

g(0)
l3

(0)
l

7
12
7
4
17
4

7
2

1

2
1

2
9
2

5
3

—1

5
12
3
4

3
4

7
2

1

2
1

2
5
2

5
3

—1

0
0
0
0
0
0
0

0
0
0
0
0
0

—2

35
24
9
8
13
8

5
4

8
3

17
48

1

8

1

12
3
4
17
16

7
4

0
0
1

—2

1

16
1

4

(1)
7 l2

1

4

13
16

5
4

(bj
(1)

)I !3

4
3

g(1)
t3

19
48

1

4
9
32

3
8

11
6
7
12
1

12

p)2)

7
48

3
32

7
48

3
16

1

16

p)2) (2)
Vtl

1

16
1

32

(2)
l2

(c)
(2)
l3

g(2)
rl

1

4
1

8

g(2)
l2

1

8
1

8
1

8

g(2)
(3

T(2)
l

(2)
l

7
96

1

32

7
24

1

24
1

8

method. Let us try to find a solution for the coupling
a =a ()M, g;a) having the same expression as (3.2), except
that in the present case the gauge parameter a is a run-
ning parameter a =a(tu, g):

These equations can be easily integrated, giving the scale
parameter A(g, a) as

b In [A(g, a)/A((=O, a=ac)]

1
l

1+ca——c ln
a ca

p
A(g, a) ' (3.12)

= —[Z,"'(g,a) —Z, "((=O,a=a )] .

(3.14)

or

1

b In)M/A(g, a)
c In[(b/c)ln)M/A(g, a)]

b In p/A(g, a)

It is worth mentioning that the solution (3.12) satisfies
Eq. (3.1la) up to the second order. The ratio (3.14) can
be written as

(3.12')

81nA(g, a) I ~Za

Ba '
b Ba

(3.13a)

Substituting (3.12') into Eqs. (3.11a) and (3.11b) and using
Eqs. (3.11c), (3.11d), and (2.10), we get

A(g, a)
b ln

A(g=o, a=ao)

A(g, a)
I

A(O, a)=b ln ' +1n
A(0, a) A(0, ao)

(3.15)

8inA(g, a) I ~Za
(3.13b)

where the first term on the right-hand side (RHS) is al-
ready given in Eqs. (3.7) and (3.8), while the second term

TABLE II. Constants B;"' in Eq. (3.10). It is to be noted that the constants B)z", B z ', and B',"are all
identically equal to zero and are not given in the table.

Vertex

3G
gG
fG

g(0)
1

1.55
0.988
1.39

0.119
—0.253

0.594

g (2)
1

0.0208
—0.0114
—0.136

g (0)
2

—1.33
—0.0935
—0.0935

g(0)
3

0
0

—2.18

g (1)
3

0
0
0.758
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is easily obtained from Eq. (3.9).
A solution for the gauge parameter a=a()M, g) is, in

principle, obtained by substituting the above solution for
a into Eqs. (3.11c) and (3.lid) and then integrating them.
Unfortunately, however, this integration cannot be
analytically performed. In Sec. III B we give a qualitative
discussion on the p and g dependences of the gauge pa-
rameter a.

B. Behavior of the efFective coupling and gauge parameter

1. Gauge-invariant case

20
QCD ~f=4

100

10

0—

-20
0

g

) I

g

g

(
ZS0 (

-50

FIG. 1. The g dependence of the ratio )nA(g, a)/A3o [at (a)
a=1 aud (b) o.=10] for QCD with four flavors. Sohd, dot-
dashed, and dashed curves correspond to the 3G, gG, and fG
vertices, respectively.

In this case the gauge parameter a can be treated as a
constant, and the p and g dependences (as well as the ini-
tially fixed a dependence) of the coupling a()M, (;a) are
described by Eq. (3.6a) with Eqs. (3.7) and (3.8). As is ob-
vious from Eq. (3.6a) the p dependence of the coupling
a ()tt, g;a} is logarithmic, and thus is exactly the same as
that of the familiar coupling a(p;a) in the zero-
temperature theory, Eq. (3.6b), except that the scale
A(g, a) which measures the momentum )tt is now g depen-
dent. Therefore, we confine our interest to the g and a
dependences of the coupling a (p, g;a).

First let us study the g dependence. All information on
the g dependence of the coupling is stored in the scale pa-
rameter A(g, a), whose behavior we study. For the sake
of convenience, we study hereafter the ratio
1nA(g, a)/A normalized always by A G at the zero tem-
perature instead of Eq. (3.7) itself. In massless QCD,
C2(G) =3, C2(R) =—', , and T(R)= ,'nz with—nFthe num-

ber of quark flavors. In Fig. 1 we present the g depen-
dence of scale parameters, Eqs. (3.7) and (3.8), at two typ-
ical values of the gauge parameter a: a=1 and 10. In
SU(5) GUT in a symmetric phase C2(G) = 5, Cz(R ) = —",

( —", } for massless fermions transforming as 5 (10'), and
T(R)=n, the number of generations. For reasonable
values of n the g dependence of Eqs. (3.7) and (3.8) is
similar to the above QCD cases, Fig. 1. For other values
of gauge parameter a the situation is the same.

From Fig. 1 together with Eqs. (3.7) and (3.8) we can

+@(2)(g)~& (3.7')

where the coefficient of a, 4' )(g), is always positive
definite for the 3G vertex, whereas it is always negative
definite for the gG and fG vertices. Moreover, we can
show that in[A(, a ) /A] is always larger than
in[A(g, a)/A ] ' for $&0.3, and that the difference
between them becomes larger as )~large. To see the
above facts more clearly we present in Fig. 2 the u depen-
dence of the scale parameter for massless QCD with four
flavors at two typical values of g, (=0.2 and 1.0. From
these results we can understand that (i) at small values of
g ( 5 0.3 ) there is a region of the gauge parameter a
around a=0.8, at which the vertex dependence of the
scale parameter or of the coupling eventually disappear,
while that (ii) at large values of g ( 0.3) in any choice of
gauges the strong vertex dependence of the coupling does
survive. Even if we minimize at each value of g the above
vertex dependence of the coupling by choosing some
specific gauges a that depend on the value of g, such a
"minimized" vertex dependence is still an increasing
function of g. For example,

min
~

b, (3G fG)~—
a

—:min
~
in[A(g, a)/A ] —in[A(g, a)/A ]

I aI

in the four-flavor QCD, which vanishes for $~0.304,
shows as g increases a nearly quadratic increase which
can be well reproduced by the following formula:

min
~

b, ( 3G fG )
~

= —0.86+ 1—.42/+ 6.3/2 .
!a

(3.16)

Up to now we have treated the gauge parameter a as a
constant fixed at the beginning because we are consider-
ing gauge-invariant physical quantities. However, in
studying general gauge-noninvariant Green's functions,
we should consider the gauge dependence of the coupling
a ()tt, g;a) in which both the coupling a and the gauge pa-

easily see the following important features. (i) At any
value of a, inA(g, a) (or the inverse of coupling itself)
behaves at large g as a power function of g, in sharp con-
trast to the above noted logarithmic dependence on p.
To be more precise, for g 2, it is a linear function of g
for the 3G and gG vertices, whereas for the fG vertex it is
a quadratic function of g. (ii) The vertex dependence of
the scale parameter A(g, a) (or the coupling itself) is dras-
tic especially at large values of g, irrespective of the
choice of gauges. It is to be noted that the scale parame-
ter determined through the fG vertex, A (g, a), shows a
completely opposite g dependence to that defined
through the 3G vertex. It is worth mentioning that at
g»1, i.e., in the infrared regions the one-loop approxi-
mation may not be justified. In order to investigate the
structure in this region, as was studied in Refs. 3 and 4,
we need a calculational method beyond the one-loop ap-
proximation or even a nonperturbative method.

Next, let us study the gauge(-parameter) dependence.
As is shown in Eq. (3.7), the logarithm of the scale pa-
rameters is a quadratic polynomial of a, i.e.,

b 1n[A(g, a)/A ] = 4' '(g)+4"'(g)a
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Thus in the next sub-arametersmeter a are running prameter a
h's issue.section we go into

a - ariant general case2. Gauge-noninvanan g

10
1

4 T(R)
3 5 C2(G)

(3.17b)

t)a
() ln(tt

a, (3.17a)= ——'C2(G)(1 —a)(a —az)a,= —yo(a)a = ——,'C2

in a((M, (;a) obtained tn Sec.
3.14), ti 11

IIA1, hh me as those in Sec.
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the same

h i i t
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1ez
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g0
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'

tenasewnt

(0) (1)~+a(2)~&)= —a(1 —a)(eI) +so a+ o
'

t}in(

re easily obtained from Eq.
of this equation vanishes at e

ai ——1

(3.18)

and (3.19)

(0) (2) 1/2s(1)+[(e(1))2 4e

2~( 2 )
E,o

+

'
t a = = 1}is g independent ant and isopo

'
t at a=ai —— is
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exact throug ll o e
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flows under a change of g with p kept fixed. From this
figure we can see that at large g (= T/p) the gauge pa-
rameter a runs always toward the value a, = 1 (the Lan-
dau gauge), irrespective of the initial choice of gauges:
namely, the Landau gauge is the unique stable fixed point
in the limit of large g.

With the above observation that as g~ ~ the gauge
parameter a always tends to the value of the Landau
gauge (a=1), together with the fact that in the gauge-
noninvariant general case the gauge dependence of the
coupling is essentially the same as the gauge-invariant
case [see Eqs. (3.7}, (3.8), (3.14), and (3.15)], we recognize
that the strong vertex dependence of the coupling is
essential: namely, it is beyond control with any choice of
gauges and becomes more and more severe as g becomes
large.

tial: namely, it is beyond control with any choice of
gauges. In fact the gauge dependence of the scale param-
eter is as follows: At any value of g, lnA (g, a)/A is a
quadratic polynomial of a convex to below, whereas
InA o(g, a)/A o and lnA ((,a)/A are quadratic poly-
nomials of a convex to above. Even if we minimize
differences among them over a, they increase as quadra-
tic functions of g as g~ ao. However, when g is small
enough there is a choice of gauges with a nearly equal to
0.8, in which three scale-parameter ratios eventually
coincide, see Fig. 2(a).

(iii) In the covariant-gauge calculation, the gauge pa-
rameter is, in general, a running parameter a =a(JM, g ).
The p and g dependences of a(ru, g) are, just as the cou-
pling a(p, , g}, completely different. Considering the p
dependence with g kept fixed,

IV. CONCLUSIONS AND DISCUSSION

a=a2 ———10 4 T(R}
3 5 Cz(G)

In this paper, by the use of real-time formalism of field
theory at finite temperature, we have carried out an off-
shell one-loop calculation for massless non-Abelian gauge
theories at finite temperature in the general covariant
gauge. From the achievement of previous works, cal-
culation was done in the finite-temperature generalization
of the momentum-space subtraction scheme ' supple-
mented with the "magnetic" prescription. ' ' Witty the
results obtained we calculated the renormalization-
group-improved effective coupling a (p, g; a ) renormal-
ized at nonzero finite temperature and studied its conse-
quences.

The main conclusions of the present paper are as fol-
lows.

(i) The inverse of coupling a '(p, g;a) strongly de-
pends on the temperature through g=T/lj. and behaves
at large g ( + 1) almost as a power (linear or quadratic)
function of g in accord with the fact revealed through the
analyses '" of the infrared structure of gauge theories at
T&0. This is in sharp contrast to the familiar logarith-
mic dependence on the renormalization momentum p.

(ii) At finite temperature the vertex dependence of the
coupling a, or the corresponding scale paraineter A(g, a),
becomes drastic and severe. In considering the scale pa-
rameter, the logarithm of it defined through the fG ver-
tex, lnA (g, a), decreases as a quadratic function of g,
whereas lnA (g, a) defined through the 3G vertex in-
creases as a linear function of g. The one defined through
the gG vertex, lnA (g, a), is a linear function of g that
increases (decreases) as g~ oo for the gauge parameter a
smaller (larger) than —', . These facts are clearly shown in

Fig. 2. From these facts we can understand that the
temperature-dependent radiative corrections are quite
large at high temperature, and that there is no choice of
the coupling which can be defined so as to absorb such ra
diative corrections simultaneously At small g. ( =0) the
g-dependent part of the scale parameter A(g, a) itself
behaves as a quadratic function of g, and A(g, a) smooth-
ly approaches the zero-temperature value.

The strong vertex dependence of the coupling renor-
malized at finite temperature mentioned above is essen-

and a= 00 are shown to be the ultraviolet (UV) stable
fixed point, whereas a= I (Landau gauge) is the UV un-
stable fixed point, which separates the gauge-parameter
space into two regions in the sense of gauge-parameter
flow. Turning to the g dependence, the Landau gauge
(a = 1 } is the unique stable fixed point at large g ( =T/p).
With this fact we can recognize that at large g the
analysis in the Landau gauge can clarify the essential
feature of the coupling, especially of its vertex depen-
dence.

The powerlike strong g (:—T/p) dependence of the
coupling a(p, g;a) is a reflection of large temperature-
dependent corrections. With this fact in mind we can say
that perturbation analyses of processes taking place in a
thermal reservoir at T (&0), which are becoming more
and more important, should be carefully done by taking
into account the present results. Most of the existing
analyses on the thermodynamic and effective potentials,
which are carried out in terms of the coupling renormal-
ized at T =0 in the MS and MS scheme, aMs(JM}, where
temperature dependence is taken into account by assum-
ing p= T, may be completely inaccurate. In such analy-
ses with the coupling a Ms(p = T), temperature-dependent
next-order corrections might be quite large and thus may
modify in a nontrivial way the results obtained.

The above observations make us recognize the pres-
ence of several dimculties in the perturbative analyses of
non-Abelian gauge theories at finite temperature.

(1) The strong vertex dependence of the coupling
a(p, g;u) causes the difficulty that we cannot specify the
coupling in terms of which perturbative calculation is car
ried out. Consider that we start our calculation of a given
Feynman diagram that includes several types of vertices,
making use of a coupling, say, a3&. Then contributions
(to the final result) coming from "vicinities" of the fG
and gG vertices in this diagram apparently contain large
logarithmic factors such as lnA /A and 1nAs /A
which might become uncontrollable as g becomes large.
Thus, we face the problem of (uncontrollable) large
higher-order corrections. We should be faithfully anxi-
ous about whether or not perturbation analysis at finite
temperature, especially at large g= T/p, , works.
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(2) Let us for the moment forget about the difficulty (1),
and consider the coupling renormalized through the 3G
vertex. As repeatedly noted a '(p, g;a} shows essential-
ly the power behavior unth respect to g, in contrast with
the logarithmic behauior on JM, and varies quite sensitively
to the exact value of g. This means, first of all, that in a
given situation a very exact estimation of the explicit
value of g is required to define the "good" coupling. This
might be really a hard task. Second, the enormously
large ratio of the scale parameter at finite temperature to
that at zero temperature means that the domain where
perturbation analysis in FT works, i.e., a(p„g;a}«1, is
severely pushed up toward the large-p regions,
p»A(g, a}.

As a matter of course, problems (difficulties) (1) and (2)
do not imply that perturbation analysis does not work at
all for any high-energy processes taking place in a
thermal reservoir. For processes with p & T or g& 1, (1)
and (2) become real difficulties, while for those with small

(, say (&0.3, these problems do not exist: Not only is
the numerical value of lnA(g, a)/A small but there is also
a region of the gauge parameter a around a =0.8, where
the three couplings a3G, agG and afG coincide, thus per-
turbative treatment makes sense without any trouble.

We give here a comment on the p and T dependences
of the coupling a(p, , g;a). Throughout this paper we
stressed that the inverse of the coupling shows the loga-
rithmic p dependence, while the temperature dependence
through the parameter (=T/p is powerlike. However,
as is evident from the relation

in@/A(g) =In T/A(g), A(g) =(A(g}, (4.1)

we can also say that the inverse of the coupling shows the
logarithmic T dependence, while the momentum depen-
dence through the parameter g= T/p is powerlike. Thus
we should be careful about which parameter (or variable)
is kept fixed when studying the renormalization point (p
and T) dependence of the coupling.

Next, we give several comments on the infrared

(g » 1) behavior of the present result in conjunction with
the "screening" of effective charge. (1) First, we should
note that explicitly temperature-dependent contributions
from fermion loops to any Z factor of self-energy and ver-
tex vanish in the infrared limit in contrast with other
contributions that are at least of O(g), in accord with
previous works. ' (2) Temperature-dependent self-

energy correction behaves as follows: 5Z3(g)-ag,
5Z3(g)-ag, and 5Zz(g)- —ag, where 5Z, =—Z; —1 ando:g /4nis th—e coup.ling. This fact implies that, al-

though fermion self-energy (or temperature-dependent
mass) acts to screen the effective charge, gluon and ghost
self-energy acts to anti-"screen. " It is to be noted that
for gluon and ghost 5Z is linearly proportional to T and
thus may not be interpreted as a temperature-dependent
mass. (3) The temperature-dependent vertex correction
shows the following behavior: 5Z, (g)-ag, 5Zf(g)
-a /2, independent of the choice of gauges, while 5Z

& (g)
—A (a)ag with A (a)-a +4a —8 which changes its
sign depending on the gauge parameter a. Thus, correc-
tions to the 36 (fG) vertex always act to "screen"
(screen) the effective charge. (4) Infrared behavior of
temperature-dependent corrections to the coupling is as

follows: 5Z3G(g)- —ag and 5ZfG(g)-ag, namely, the
effective charge defined through the 3G (fG) vertex is
anti-"screened" (screened} .As for 5ZgG(g), its behavior
depends on the choice of gauge, i.e., 5ZgG(g)-B(a)ag
with B(a)-a—

—,', indicating that the effective charge
a G(g) is "screened" (anti-"screened") for a& (&) —,'. At
a= —', , agG(g) has no temperature-dependent effects. (5)
Finally, we should mention that all the above observa-
tions (2)—(4) are gauge dependent and thus may not be
considered to be physical consequences as they are.
However, it is also worth mentioning that the existence
of vertex dependence concerning the "screening" of the
effective charge (coupling) has never been pointed out so
far, because in previous works this phenomenon has only
been studied by considering the propagator. Further
study on this point should be done.

Finally, we give some comments on a closely related
work. Recently, Fujimoto and Yamada (FY) carried
out almost the same analysis as our previous work based
on the Feynman-gauge calculation. The only difference
between the two works exists in the choice of subtraction
point. We made the subtraction at the collinear momen-
turn configuration the same as in the present work, while
FY subtracted at the symmetric configuration. Essential
results in FY, e.g. , the powerlike strong g (—:T/p)
dependence and the strong vertex dependence of the cou-

pling, reconfirmed our previous results. There is, howev-

er, one important difference. Their coupling defined

through the 36 vertex shows behavior similar to our cou-
pling defined through the fG vertex. This is a quite
surprising result. Here we come to face one more prob-
lem in order to carry out perturbative analysis in non-

Abelian gauge theories at finite temperature.
The computation of the diagrams was done by comput-

er using the algebraic manipulation program REDUCE2.
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APPENDIX A: THE FEYNMAN RULES

(2) the ghost propagator

1 2vri5(k )

& I kp I

e —1

b.' (k) =i5'
k

2mi5(k )

P~kp ~

and (3) the fermion propagator

In this appendix we summarize the Feynman rules
which are necessary to carry out the finite-temperature
calculation. Because we are interested in the leading
one-loop calculation it is not necessary to have complete
matrix expressions of propagators in FT; thus, in this
appendix we give only the component required for the
present purpose. They are (P= 1 /T) (1) the gauge-boson
f"gluon") propagator
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Sws(k)= 5~s(k, )
1 2@&5(k )

PIk, ~

e '+1
In the leading one-loop calculation the rules for the in-
teraction vertices are completely the same as those in the
zero-temperature theories and thus are not reproduced.
From these facts it is obvious that we get the same one-
loop results irrespective of any real-time formalism. '

APPENDIX B: RENORMALIZATION CONSTANTS
AT FINITE TEMPERATURE

IN THE ONE-LOOP APPROXIMATION

In this appendix we give the exact one-loop results for
the renormalization constants Z s. Before giving them,
however, it is worth giving several comments on the ex-
plicit calculation and renormalization procedures.

First, for the ghost-"gluon" vertex (the definition of the
Z factor Z, is the same as in Ref. 5), a little care should

I

be taken. In order to identify the subtraction part the
calculation of the finite-temperature contribution in the
collinear configuration, Eq. (2.5), should be carried out as
follows: First, perform the calculation at a configuration
that deviates from the collinear one, Eq. (2.5), by an
infinitesimal angle 50; then, after getting the final results
set the angle 50~0. As for the zero-temperature coun-
terparts there is no need to use such a technique.

Second, in determining Z3, the "gluon" wave-function
renormalization constant, we subtracted only those terms
that are proportional to g„„namely, we did not include
those terms that are proportional to n„n [n„=(1,0)]
into the subtraction part; see Enqvist and Kajantie. '

Third, in the calculation of vertex renormalization con-
stants, Z„Z„and Z, , we subtracted at the subtraction
point given by Eq. (2.5), only those terms having the same
tensorial structures as the bare vertices.

It is worth explaining a little more explicitly our sub-
traction procedures for the 3G vertex. They are as fol-
lows: First, we express the 3G vertex as

f ' ' '([g„~»[(p, —p2)»A (p»p2, p3)+qi' 'B(pf,pz, p 3)]+c p 1

+tn„n„[(p, —pz)„C(pf,pz, p3)+q" 'D(pf, pz, p3)]+c.p. I+ ), (Bl)
where a; and p; are internal and Lorentz indices of the gluon with momentum p,. (p;0

——0), and q
"~' is a momentum

constructed out ofp, and p2 so as to be orthogonal to p&
—pz. At our collinear momentum subtraction point (2.5) q" '

and q' ' automatically vanish and also B (p 23p, ,p 22) vanishes. Furthermore, the terms indicated by the ellipses in Eq.
(Bl) add up to be zero. Next, we subtract out at the subtraction point (2.5) the terms in the first set of curly brackets in

Eq. (Bl). This is possible because at our collinear momentum configuration p3 —
p& vanishes and

3 (p f,pz, p3)= 2 (p2,p3,p f ) and thus the terms in the first set of curly brackets are completely subtracted. Those
terms in the second set of curly brackets, which are not included in the subtraction part, are the only contributions that
remain after subtraction.

With the above comments in mind, we give the exact one-loop results for the Z factors.
(a) Wave-function renormalization constants. The subtraction point is p =(O, p) and g is defined as g~

= T/ p ~:

Z3p' —1= ~~aC2(G) + '9' ——', ln +3FO(2( )+F2(2( )

2

+a ——1 —
—,'ln —Fo(2$ )+4G(2( ) + —,'a [1+F0(2$ ) —2G(2( )]

2

,'aT(R) +———", ——,'ln —Fo(2$ )+2FO(g ) —F2(2(z)+2F2(g~) (B2)1, p
2

Z3p' —1=—,'aC2(G) —+1——,'ln +F0(2( )+a2 o P
——,'ln, +G(2(~)

2E' P
(B3)

2 2 2

Z2p' —1=——'aC2(R) —+1—ln +2FO(gz)+2m gz
—a —+—', —ln +F0(g )+2G(g ) (B4)

(b) Vertex renorrnalization constants. Subtraction configuration is given by Eq. (2.5) and g is defined as g=—Tip, :

Z&p' —1= —,', aC2(G) ——
—,'ln2+ —", +2FO(2()+Fo(g) —F2(2$)+4F2(g)

4

+ —,'a —52 ln2 —14—7FO(2$) —8FO(g) —3F2(2()+.12F2(g) —16G (2g)+ 112G (g)
36

+ —,'a [8—Fo(2()+10Fo(g)+3F2(2$)—12F2(g) —12G (g)]

,'aT(R) ———", ln2+ ——", +Fo(2() 6FO(g)+8FO +—F2(2()—6Fz(()+8F2
4 28 (B5)
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Z&p' —1=——,'aC&(G) ———,'1n2+ —', —Fo(2()+4Fo(g)+Fq(2() —4Fz(g)

+—,
' a ——+—',~ 1n2 —', +—Fo(2() 4F—o( g) —2Fz(2$)+ 8Fz(g) +2G (2g) —8G (g)

E'

+—'a [——'~ln2+ 4 —3Fo(2()+4Fo(g) —F&(2()+4F&(g)—4G(2()] (B6)

Zfp' —1= ——'aC&(G) ———,'1n2+ —,'+7Fo(g) 4Fo— +Fz(g) —4Fz
E'

r

+ —,
' a ——+ —", 1n2+ —", —13Fo(g) + 16Fo —

13Fz (g) + 16Fz —16G ( g )
4

+ —,'a [——', 1n2 ——', —Fo(g)+3Fz(g)] .

T

+ ,'aCz(R)———+ —", 1n2 ——,'+7Fo(g) —8Fo +5Fz(g}—8Fz +2m g
E

r

4 1e+ —,'a ———', 1n2+ —', —5Fo(g)+8Fo —5F&(g)+8Fz
E

(B7)

In the above equations

I I—=——
—,'(ys —1n4m ), (B8)

where yz is the Euler constant, and the functions F (g) (j =0,2) and G(g) are

F (g)=g'+' J dx 1n
o e" 1—1 —gx

G(g)=g f dx e"—1 gx —1

2
—j g (j =0,2), (B9)

(B10}

where P denotes the principal part. The coupling renormalization constants Z, s are easily determined through Eqs.
(2.4a) —(2.4c) and are not reproduced.
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