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A new method is proposed to solve exactly the problem of a nonlinear fermion on a finite lattice.
A lattice version of the two-dimensional chiral Gross-Neveu model with broken SU(2) is examined
as a simple example. We found a phase transition through analyses of zeros of the partition func-

tion and of the specific heat.

In recent years various finite-lattice methods (typically
Monte Carlo methods) have been used in the study of the
properties of quantum field theory and statistical
mechanics. Also it has become important to study the
phase transition by evaluating the partition function ex-
actly. Unfortunately, on an infinite lattice with more
than one dimension only a few models of a limited class
such as Ising models are exactly solved. From the physi-
cal point of view, however, a wider class of models should
be discussed on the basis of the information on exact
solutions. An exact partition function on a finite lattice is
also certainly the case, but only some limited classes are
solved: Z, spin and gauge models.'

Exact evaluation of the finite partition functions
beyond Z, spin and gauge models, therefore, would be
important to shed light on lattice field theory. In particu-
lar, it is very interesting to study the nonlinear lattice fer-
mions by allowing such an exact evaluation. This is due
to not only the field-theoretical interests in the context of
the dynamical fermions, but also the long-lived interests
in the distribution of zeros of the partition function? in
statistical mechanics. Particularly, the latter will give us

J

a signature of new phenomena.’

The purpose of this paper is to present a new method
which exactly integrates out the nonlinear fermions on a
finite lattice. For simplicity we shall explicitly discuss the
two-dimensional four-Fermi model in which a fermion
and antifermion are interacting with attractive or repul-
sive couplings. The attractive case is the lattice version
of the chiral Gross-Neveu model*> with broken SU(2),
and the repulsive case is mainly related to the (extended)
Hubbard model in condensed-matter physics.®

We take examples up to a 4 X4 lattice. It is, however,
possible to solve exactly for larger lattices and, further-
more, the general applicability of our methods to purely
fermionic theory and the extension to higher dimensions
are obvious.

To illustrate our method concretely, we consider a lat-
tice version of a two-flavor four-Fermi interaction model
in the fermion formulation of Kogut and Susskind’ (KS).
Since we adopt the KS fermion formulation, the model
has a “chiral” symmetry even for finite lattice.»° The ac-
tion is given by

2 Y ~ T 2 _ _
S:—%- Zﬂy(X)¢(x +a#)!ﬁ(x)a¢(x)1/}(x +aﬁ)i%2[¢(x)¢(x)¢(x +aptx +ap)] |, "
X, [ X, p
l
where the lattice points are denoted as The partition function is defined by the following

x =(x,,x)=(n,a,nya). 7(x)=1 and 7,(x)=(—1)"
are the standard representations.®® This action has not
only a discrete symmetry but also a continuous symmetry
U(1),®U(1), which is a remnant of chiral symmetry.
The interaction term in Eq. (1) can be rewritten by the
standard flavor interpretation' as

Sr=—=Gol(Ff P —(FysT: /11,

u

where f =(}), and U(1),®U(1), symmetry implies the

iysTy . . .
e invariance. Hence, Eq. (1) corresponds to a lattice
version of the chiral Gross-Neveu model with broken
SU(2). Therefore it is advantageous to use the action in
studies of chiral symmetry. We impose periodic and an-
tiperiodic boundary conditions along the spatial and the
temporal directions, respectively.

Grassmann functional integration:

NN,

Z={ [I dvx)diix)eS. 2)

Here N, and N, are the total numbers (even number) of
the lattice points along the spatial and the temporal
directions, respectively. When N, are finite, the integral
is just a polynomial with respect to the coupling constant
g. Therefore, our task is to calculate exactly the un-
known polynomial.

From now on we calculate the integral by using the
algebraic properties of the Grassmann numbers.!! Let us
take the minimal bases of the Grassmann algebra for
each fermionic component as follows:
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ne=(1,9% (i,=12, a=1,...,N), (3)

where index a specifies fermionic components, spinors 1
and ¢ and flavor, color, etc. For each a, we can then
write

L C ok
n‘un-’a=rk ’afa,n a 4)

where r,i"]" are the structure constants given by the ele-
a
ments of the following matrices:
(rk )ij=8k‘,-+j_1
or (5)
r1=%(1+03), ry=0,;.

Furthermore, we numbered {9j }, which is the set of
the “direct products” of 17"’:

()=f{n'n? g q"), (6)
where
N
j—1= 3 27 Yi,—1)
a=1

is a binary system. The structure constants are also
defined in terms of &’ as

0'0’=R 6" . 7

The structure constants R} are rewritten into the form
by using Egs. (4), (6), and (7):

N
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(5), (6), and (8) enable us to give the explicit form for {6}
and R; as

(6} =(L,0,¢,40) (i=1,...,4) 9)
and

R,=R{=r,®r|, R,=R9=r,@r;, Ry=R=r,®r,,

and

R,=8RY, R{=r,®r,, (10)
with

& =diag(1,1,—1,1) . (11)

To include the parameter g, it is convenient to define a
set explicitly for the one-component KS fermion:

(0 =(1,9,4,8¢0) (i=1,...,4). (12)
The structure of {#'] is similar to that of {6}, i.e.,
06’'=R g*, (13)

where R}/ represent

R,=R; (k=1,2,3) and R,=8'GR=GR, (14
with

G —diag(g,1,1,8) (15)

and g =(1+g?)2
We can rewrite the Boltzmann factor in Eq. (2) as (see
also Appendix A)

Fs N a’=a+lF1 ,Fj ij 2
(R)W=T[ (=1) “ "(rka)”", (8) e S= I1e,. (16)
a=1 pu=1
where F'Q denotes the fermion number of ni“. Equations ~ Where
|
Q, =TT (1=, (m[Y(nP(n +2)+P(n)p(n +7)]+ (12 [Pn)P(n)P(n +@)(n +D)]} . (17

Here we use the nilpotency property [#(n)¥(n)]*=0. Applying Egs. (12) and (13) to Eq. (17), we have

Nv N;L 4 i n(2) i ~
Q=1 | 3 &% 'Ky, 8% n+p)| (urv) (18)
my=1 =Ty, =1 Koan
Nv Np, 4 4 "(2]+1 . iioA
M| 3 3 (8™ KR, (m]“#6n) | (uv) . (19)
ny=1 | n,=ligi, ~=1p,=1 K

Here R p#(n)zﬁ , except at the spatial boundary, and R o, (N1,ny )=R,$ at the boundary due to the periodic boundary
condition (see Appendix B for details). &, K, and n}f) are, respectively,

=000, ,

K =

[STES

4
S 0,80, (04=1),
i=1

(20)

(21)

and n{2'=n8,,. § gives the minus sign to the fermonic components of 6' and n’ is an exponent of 1,(n) in Eq. (1.

n

To perform the functional integration over ¥ and ¥, it is convenient to bring 6" '(x) and 6 2(x) associated with the
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same lattice point x into one place. The above operations require the nonlocal phase factors which are given by
X
(—1) """, where

Ny N,
Fy (ny,ny)=F, (ny,ny) | 3 3 F,(m;,m,) (22)
S B e mod2
. FP FP
for each site (n,,n,). Here we use 6’ '(x)6"2(y)=(—1) "' 26"2(y)6"'(x) and F, (ny,ny)+F, (n;,n,)=0, because only
terms proportional to 2" ¥(x)¥(x) do not vanish in performing the Grassmann inte%ration (see Appendix C for de-

tails). Since the above expression is rather formal, we can further simplify F Px( x)by ¥, :=1 Fpu(n ) =0 being easily de-

rived from Egs. (1), (17), (18), and (19). After 6°'(x) and 6°%(x) are set on the same place over all lattice points, we ap-
ply Eq. (7) to the product 6 (x)0 (x), i.e., Bpl(x)sz(x)zRf‘pze’(x). Then, the Grassmann functional integration can
be performed by applying f d¥(x)d(x)0"(x)=8,, because of a separate integral at each lattice point. Finally we can
write the partition function as

Nl N2
Z=SpTr [T Il L(n;,n,), (23)
Nl=1n2=l
where
: a’n(n) LI Liy42 pP1P2
L(ny,ny)= Y (1) [[ﬁpl(n)] S 7fp2(n)] 2R, (24)
ppy=1
and
ﬁpzSKﬁp . (25)

Here Sp and Tr are traces with indices of transfer specified by i, and i, along the spatial and the temporal axes, respec-
tively.

We have introduced L(n,n,), Eq. (24) , on the analogy of the elementary vertex weights for the Baxter’s eight-
F_(x
1'12

)
vertex mode However, a remarkable difference with it is the existence of the nonlocal factor (—1) ! , F l’x(X) being

given by Eq. (22). Since this factor does not explicitly depend on the indices of transfer specified by i, and i,, this en-
ables us advantageously to factor each term in Eq. (23) into (N, + N, ) traces along each axis:

L il F,(n) Ny nE: 8y, o1
Z=3 TS| I (=07 "R,m) | [T Tr| [T (—=1*8"Rs_,(n) | . 26)
{pl=1n,=1 ny=1 n; =1 ny=1

We should have recourse to a computer in order to calculate Eq. (26) on lattices as large as possible. The following
idea enables us to calculate analytically even a FORTRAN program. Each term of Eq. (26) can be expressed by the in-
teger matrix (p,,],,2 ). For example, the column ( Pn, No) (N, fixed) is able to correlate uniquely with

Sp( Hf,vll=1 R,(ny,Ny)), which can be easily evaluated. Although Eq. (26) has g terms, almost all of them will van-
ish. Therefore, it is desirable to generate efficiently a set of the nonvanishing terms ( Pun, ).
Fortunately, the following method does not generate the vanishing terms of ( p,,l,,z) at all. Here, we note
o F o ~ -~
SKR,SK =(—1) *K,, R pT. and R, forms (r, ,®7, (2)) (diagonal matrix). First, the entire set {(k,,l,l2 )}, being a nonvan-

ishing term of

2 Nz Nl Nl NZ
zo= 3 TISe|Mrn,, |IIT| I, | @7)
{k"l"2}=1n2=1 n =1 2 1 n =1 ny=1 172

f
can be found by applying the properties of Egs. (5) and  (rix K (note Kﬁp K= K,,,,'RP'T)- However, the set
%8) (s_eel )t_’_f’%(]’;“a') ie‘l’ol%‘?z’) w_elfénerat;{etrt::e t;:t(l]ie(i)se'): {(Bn,n,)} is uniquely transformed into {(p, ,,)} by a per-

"2 ity T Mty binary" ’ "1"2 mutation of the values of p’s satisfying n, +n,=o0dd (or
equivalently even), such as (2«>3) (see Appendix D for
An element of the set {(ﬁ,,l,,z)] is not always identified details). As a result, only 90? nonvanishing terms'® are

with (p, , ) precisely because of the existence of the ma- picked up and evaluated in a 44 lattice size, even if

(i=1,2) are two arbitrary elements of the set {(k, , )}.
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symmetries such as translation invariance are not con-
sidered (see Appendix E for details). The above principle

which drastically reduces terms is essentially based on the
relation

N kl ml
I1rir;
i=1

N
= [I tr(ryr,*)=0 (if all m;54even) .

i=1
(28)
Consequently, the analytic calculation turns out to sort

the integer matrices, and the sum of nonzero terms gives
the exact partition function on a finite lattice:

tr

Z(2Xx2)=8(g*+2g%+2)/2*, (29)

Z(4x4)=(17g'®+136g '*+540g 12+1384g1°
+2530g%+3472¢$
+3712g*+2880g%+1296) /2'¢ . (30)

In the attractive-coupling case, the partition functions
are polynomials whose terms all have positive signs.
Thus in the repulsive-coupling case, the partition func-
tions are polynomials whose terms have alternating signs
which is easily seen from Egs. (1) and (2). It is also easily
understood that the maximal powers mean the total num-
ber of lattice points if one considers the strong-coupling
limit in Egs. (1) and (2).

In this method, it is very easy to calculate the partition
function of a 2 X2 lattice by hand. Now it will also be
possible to calculate the partition function by hand, even
for a 4X4 lattice, although we have done it with the
FORTRAN program (see Appendix E for a rough estimate
of the amount of calculations for a 4 X 4 lattice by hand).

Since we regard g2 as temperature T (see Appendix F),
we can define the following “specific heat” as a response
function for the free energy:

__ 1 9,29 _2
=NN, aTT aTan (T=g°). (31

However, the above specific heat does not guarantee its
positivity due to the nilpotency property of Grassmann
variables.!*

In Fig. 1 we show the specific heat for both attractive
and repulsive couplings. In the attractive case, the
specific heat increases monotonically and has little size
dependence. Therefore, there is no indication of a phase
transition. In the repulsive case, on the other hand, the
specific heat has a clear peak at g?~2, whose height in-
creases with the lattice size. This means the occurrence
of a phase transition.

The distribution of zeros in the complex g2 plane is
shown in Fig. 2. The negative Reg? region has richer
zeros than that of positive Reg?. The distribution is
correlated with the structure of the specific heat. We can
see the closest zero to the negative Reg? axis at
Re(—g?2)~2, which will approach the axis as the lattice
size increases. This also indicates that a phase transition
occurs around Re( —g?)~2 on an infinite lattice.

A clear physical interpretation for the phase transition
in the repulsive coupling has not been obtained. There
needs to be a calculation of other physical quantities such
as the correlation length and proper order parameter!® in
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FIG. 1. The upper and lower solid (dashed-dotted) lines

denote the specific heat for 4 X 4 (2 X 2) lattices for repulsive and
attractive couplings, respectively.

this formulation on larger lattices to give reliable infor-
mation on the phase transition.

The analogy between chiral-symmetry breaking and
magnetization leads us to the idea of the distribution of
zeros, as suggested by the theorem? of Lee and Yang (cir-
cle) in the complex mass plane. We find, however, that

Img?
i
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.
e o0 o
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-2 0 2
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.
® o -
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.
| -2i

FIG. 2. The zeros of the 44 (solid circles) and 2 X2 (open
circles) partition functions in the g2 plane.
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the positivity of the partition function does not hold un-
less m <1/a in the repulsive-coupling case (the stable
ground state disappears owing to the correlation length
being too short). Therefore, careful analyses are required
in the complex mass plane.'®

It is clear that our method can be generalized in three-
and four-dimensional nonlinear fermion theories. They
are effective actions of QCD,!” gauge-Higgs theories with
fermions,'® and the new high-T, superconductors.!® In
particular, (reduced) KS fermion versions at a finite tem-
perature will hopefully be attacked along the same line of
thought developed above.

The present method is also successful in solving exactly
two-dimensional gauge-fermion systems (including
QCD,) on a finite lattice. Actually, we have obtained ex-
act partition functions and Wilson loops in the lattice
Schwinger model with the KS fermion version up to a
6% 4 lattice.”®

Such remaining but interesting models as the ys-
invariant Gross-Neveu model’ and a generalized non-
linear interaction term such as

S;=g 3 exp[¢(x)¥(x +afi)+H.c.]

X,

will be discussed in a separate paper, because these are
also solvable on finite lattices by minor extensions.
Finally, we comment on the improvement of our
method. The problem is whether it can directly give a
(simple) formula to express the terms in analytic forms
when the integer matrices (p’,,l,,z) are given. The formula

will be useful for more efficient calculations in our
method, because it will clarify the symmetries of each
nonvanishing term and also among terms. Furthermore,
from a more general standpoint, the formula will be use-
ful to clarify how the original action’s symmetries reflect
the expression of the partition function.

We think now that it is not so difficult, and an attempt
is in progress. The formula will have a general structure,
even though it will, of course, have a part, which depends
on the details of the models. The main reason for it is
that the basic structure of the kinetic term is common. It
will be expected that the basic ideas of the formula will be
applicable also to a wider class of nonlinear fermion mod-
els.

In conclusion, we presented a new method to solve ex-
actly the problem of nonlinear fermions on finite lattices.
We explained our method with a concrete example,
which is a lattice version of the two-dimensional chiral
Gross-Neveu model with broken SU(2). We found a
phase transition through analyses of zeros of the partition
function and of the specific heat in the case of repulsive
coupling. The basic ideas will be applicable to a general
class of purely fermionic theory and also the exact calcu-
lations of fermionic integrals in fermion-gauge (or boson)
systems on finite lattices.

We would like to thank T. Kobayashi, M. Hosoda, S.
Saito, H. Minakata, and A. Nakamura for useful conver-
sations.
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APPENDIX A

If a, =1, fractional coefficients appear in Eq. (1). In an
exact calculation, it is more convenient to treat an integer
coefficient than a fractional one. Therefore, to avoid the
complication of fractional coefficients, we rescale the
fields as follows:

V=(1/V2), ¥=(1/V2)7. (A1)
Then
z=""z (A2)
and
NN, _
z=[ I dy'x)di’(x)e S (A3)
with
§'=—3 ([T (x +AW(x) =P (x)P (x +)]
X, p
+8 P ()P (x +R) (x +02)]} . (Ad)

We can calculate Egs. (A3) and (A4), and the final ex-
pressions of Z' are multiplied by the overall factors
1 NlNZ 3
(3) for mathematical completeness, though these are

physically irrelevant. From now on we omit the prime
for simplicity.

APPENDIX B

In Eq. (18), set 8/=(SK 0Y and omit the tildes on the
6’s for simplicity. Also the subscripts in Eq. (B1) (see
below) mean the coordinates in . In order to yield Eq.
(10) the following type of rearrangement is carried out:

(6,1872)(628%) - - (8NF N +])

—(—1) M@16, 1 8267)---(@NeY),
(B1)
where we assume the periodic boundary condition

6 Vil=61,and F, +F; =0 which is easily derived

from Egs. (1), (17), and (18). Therefore, if we impose the
antiperiodic boundary condition

F (=) ; (=)
J 1 IN J
(—1) N+ig W= 91",

the phase factor (—1 )F"V is canceled out in Eq. (B1).
APPENDIX C
In Eq. (16), we note
0,0,=0,0, . (1)

In each term of Q“, the order of 8°* is assumed as fol-
lows:
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Q=[6"1(1,16"(2,1) - - - (N, DI6(1,2)6°1(2,2) - - ' (N,2)] - - - [6°(1,N,)6° (2,N,) - - - 6P (N, N,)]

(C2)
W=[67(1,16"2(1,2) - - - (1, N)][67(2,1)6°2(2,2) - - - €22, N,)] - - - [N, 1)6°H(N,,2) - - - XN, N,)]

(C3)
where ()}, are identified with each term of Q,, in Eq. (19) except the coefficients which are omitted for simplicity. Start-

ing from the right-hand side of Eq. (C1) and changing the order of all the 8’ '(x) to take the order as 6"'(x)8"(x) over
all lattice points, we get

N, N,
Fpl("l’”z)sz,("l»"z) > > sz(ml,mz) . (C4)
=R M= mod2
APPENDIX D

~

Proposition. {( p,,],,z)} means the set of all nonvanishing (nontraceless) terms of

4 NZ Nl Nl
zi= ¥ IIsp|ITR,, |IITr n an e (DD
1p"1n2}=1n2=1 ny =1 2 ny =1 ny,=1

4 N, N, N, N,

=3 II sp| Il KR, I1 Tr| [T KR? , (D2)
ip! ':1n2=] ny =1 1"2 ny=1 ny=1 q"l"z
)

where p, . -+—q,',1,,2 =5. Then it can be shown that the set {(p, ,, )} is uniquely transformed into {(p’nlnz)] by a permu-

tation of the values of p’s satisfying n, +n, =o0dd (or equivalently even), such as (2«>3) and vice versa.

Proof. In Eq. (D1), we note the following equalities for a trace of one term in the spatial direction (the same equali-
ties are also satisfied in the temporal direction):

N -1
tr HRPH =tr| I R} KKR?

Pny 41
n =1 2 n=odd 172 mirin

— 0 0
=tr H R,  KKRp
n, =even 2

N, -1
=tr [1 KR) KR, =tr H KR? KR} (Ny+1=1), (D3)

Pn +1iny P pn +1n
n;=odd ”1"2 ! n, =even "2 2

where we use

0 0 0
R{K =K (K, R%)=KR (D4)

and K?=1. From the explicit form for the K, p which is defined by Eq. (D4) is identified with the permutation of the
values of p, such as (2«>3).

When applying Eq. (D3) to all of the columns and rows, there are at least 2 degrees of freedom of choice: i.e., we can
take the choice of either of the last two equalities. The above enables us to transform all p belonging to the site of
ny+n,=odd (or equivalently even) to p, and at the same time q of n, +n,=o0dd (or even) to §. Then Eq. (D1) can be
uniquely transformed into Eq. (D2), because only this transformation enables it to satisfy p,',l,,2 —+—q,:‘,,2 =35 for all sites.

Although it is sufficient to prove it within this argument for the present model, it will lead to a more general proof
which is applicable to other cases having more fermionic components or to other lattice fermion formulations. Since

Eq. (D2) corresponds to Eq. (26), the proof is sufficient if the following equation can be proved for each site of
n;+n,=odd (or even):
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4 4 .
> (KR§>®(KR§)(R2wq= S (KR;’)@(KR;’)(RSW", (D5)
pg=1 prg=1

where the notations p and q on the left-hand side correspond to p, and p, in Eq. (24), respectively (also see Appendix E

for the technique of removing ). The proof is as follows. The left-hand side in Eq. (DS5) can be rewritten as

4 4 4
> 2 [K(K,,R)IS[K (K, R} ](RE:)P‘I:'_E (KR))®
pg=1p,g=1 pri=1

4

= 3 (KR))®(KR)RQV,

pg=1

where we use Eq. (D4) and K T=K. Q.E.D.
From the above fact, it is obvious that the set {(jp‘,,l,,z)]

of nonvanishing terms (’ﬁ,,l,,z) is uniquely transformed
into the set {(p, ,,)}, and vice versa. Q.E.D.

We can apply the above proposition to Eq. (26), paying
relevant attention to the difference between Eqgs. (D2) and
(26). The difference is the existence of the diagonal ma-
trices &, 8, and G [which are defined by Egs. (20), (11),
and (15), respectively] in Eq. (26) for each corresponding
term in Eq. (D2) except for the overall factors. The
present argument, essentially, gives the conditions for the
traceless property since the final expression of the matrix
has no diagonal elements. (The argument is independent
of the existence of such diagonal matrices, because those
diagonal elements are all nonzero elements.)

On the other hand, the argument ignores the case in
which the traceless property occurs due to cancellation
among diagonal elements. For the above case, detailed
information and discussions about the diagonal matrices
&8, &, G are required. The cancellation possibly occurs
since the trace includes an odd number of § due to the
periodic boundary condition (although the rate is small).
On the other hand, it can be proved that the cancellation
cannot occur when the trace includes an even number of
& in the case of the antiperiodic boundary condition (see
Appendix E for a concrete calculation). Therefore the
cancellation can be interpreted as a kind of manifestation
of the boundary effect.

However, we omit a discussion of the case of the can-
cellation, since it has no practical merit compared with
requiring detailed discussions, nor will we focus our at-
tention now on the boundary effect. Finally we em-
phasize that the terms excluded by this rule never contain
nonvanishing terms.

APPENDIX E

It may be instructive to illustrate an example for expli-

cit evaluation for a nonvanishing term of Eq. (26) (the
partition function). Here we list some useful relations:
[K,8]=0, (ED)
SR,8=(—1)"R, , (E2)
Ny
> F,(n,)=0 (E3)

Also we note that 8" ! in Eq. (26), which arises from the

KR° 2 (K,

pg =1

RO
4 )quqq ]

(D6)

T
factor 1,(n) in Eq. (1) (it originates from Dirac matrices),
further gives the sign factors

(—1)/""? (E4)
Here
Nlmax NZmax
falp)= > S Fy(ny,n,), (E5)

n,=odd(even) n,=odd(even)

for each nonvanishing term of (1’5,,],,2), is given by the
summations of the fermion number of (ﬁ,,l,,z). Here,

N umax means the maximal odd or even numbers less than
or equal to N, and we use Egs. (E1), (E2), and (E3).
At first, in Fig. 3, we show a schematic illustration for

oo |1 ] 11110 ]o
oo 1| 111 ]ofo
®,
oo |1 |1 oo |1 ]
olo |1 |1 oo 1|
(K 1) (k& -1)
(a)
V,
3 P32 p2 312 ]2
A 3
_F3]s /2/2 2133 |2
—_ E—
AT A V., T BT VA A
141 e e 11144
”~ ~
(P (Pan)
(b) (c)

FIG. 3. A schematic illustration for generating a nonvanish-
ing term of Eq. (26) by combining two nonvanishing terms of
Eq. (27). Here unit squares mean the lattice points (n,,n,) and
the coordinates are assumed to be in the same arrangement of
matrix elements. Also @, means a binary sum, and the shaded
lattice points in the checkerboard mean n, +n, =o0dd.
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generating the nonvanishing term ( 17,,1,,2) from the set of

nonvanishing terms (k"l"z) of z, in Eq. (27). In Fig. 3(a),
the (k,‘,"l’,,2 ) (i=1,2) are two arbitrary elements of the set
{(Ky 4,)}, and &, means a binary sum. In Fig. 3(b), the
numbers are (’ﬁ,,l,,z ), and the shaded sites in the pattern of

a checkerboard mean n;+n,=odd. In Fig. 3(c), the
(Bn,n,) is obtained by the permutation (23) of the
values of p’s for the shaded sites in Fig. 3(b). This ele-
ment of the set {( Pun, )} is identified with one of the non-

vanishing terms in Eq. (26) (see Appendix D). Next, we
show the steps for the evaluation of Fig. 3(c).

=IXIX(@E2—1X(@E*-1)X1x1xg2xg?.

Step 1. For the factors (—1)?"") for example,

(—1 )F"( b 1, etc., and the total contribution is
J

N, N, N, N,

II Sp| I1 #,(nyuny) | T1 Tr| I Rs_,(ny,ny)
ny= ny=1 ny =1 n,=

=SP(R3E2R.

Here R,=KR,, and we use Egs. (E1), (E2), and (E3) in

the first equality.

Step 5. For the total contribution of Fig. 3(c): from
the product of steps 1-4 we have
ghg’ -1’ =g"+2g"+g*. (E7)

Although we have calculated the 4 X4 partition func-
tion by the FORTRAN program as stated in the text, we
also emphasize that now the partition function on an
even 4 X4 lattice can be calculated by hand. It is only re-
quired to repeat the above same calculations about 500
times (approximately 90%/4%), because translation invari-
ance reduces the amount of calculations.

However, since a few (‘17,,1,12 ), which have an exception-

al length of cycle, exist, it is necessary to take care of the
symmetry factor [for example, the case which has unity
for all the elements of ( ﬁ,,],,z) differs from the case of Fig.

3(c) with the length of cycle]. If described in detail, the
translation invariance is of course assured by Egs. (E2)
and (E3) in the case where § exists at the boundary as it
was in Eq. (E6).

\R,8)Sp(R,R,R R, 8)Sp(R,R;R,R,$)Sp(R3R,
X Tr(R,R;R;R,)Tr(R;R,R,R;)Tr(R,R,R R )Tre(R,R,R\R)
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N, Ny,
2n1=12n2=le("l'n2)

(—1) =1

[if Eq. (E3) is suitably applied to F'p(nl,n2 ), this is evalu-
ated more easily].

Step 2. For (—1 ). there are four p=3, and there-
fore the total contribution becomes (—1)*=1.

Step 3. For $"': from Eqgs. (E4) and (ES), the total
contribution is given by the factor

faP) _ Fy(L1)+F,(1,3)+F,(3,D+F,(3,3)

(—1) (—1) )
and therefore the total contribution becomes unity.
Step 4. For the trace part

R,R,S)
(E6)

APPENDIX F

It may not be obvious that g2 is regarded as tempera-
ture as in pure gauge theories. However, for the follow-
ing reason, we regard g? as temperature. If we rescale as

Y—gy¥ and ¥—g¥, (F1)

and drop an overall multiplicative factor, then the parti-
tion function becomes

~S,/8°

Z = [ [T dv(x)dd(x)e , (F2)

where S is S |g2=‘ in Eq. (1) and therefore does not in-

clude the parameter g2. Thus, S,/g? is equivalent to the
original action S in Eq. (1) under the finite g2, and there-
fore g? can be regarded as temperature. Also, it is shown
that some versions of the two-dimensional many-flavor
lattice (chiral) Gross-Neveu models in the N, — oo limit
correszpond to some spin systems with temperature®?!
Toxg”.

IR. B. Pearson, Phys. Rev. B 26, 6285 (1982); P. P.Martin, Nucl.
Phys. B205, 301 (1982); B220, 366 (1983); B225, 497 (1983); in
Integrable System in Statistical Mechanics, edited by G. M.
D’Arino, A. Montorsi, and M. G. Rasetti (World Scientific,
Singapore, 1985).

2C. N. Yang and T. D. Lee, Phys. Rev. 87, 404 (1952); T. D. Lee
and C. N. Yang, ibid. 87, 410 (1952).

3C. Itzykson, R. B. Pearson, and J. B. Zuber, Nucl. Phys. B220,

415 (1983), and references therein; for another approach, see
G. Bhanot, K. Bitar, and R. Salvador, Phys. Lett. B 188, 246
(1987), and references therein.

4D. J. Gross and A. Neveu, Phys. Rev. D 10, 3235 (1974).

5Y. Cohen, S. Elitzur, and E. Rabinovici, Phys. Lett. 104B, 289
(1981); Nucl. Phys. B220, 120 (1983).

6J. Hubbard, Proc. R. Soc. London A276, 238 (1963); A281, 401
(1964); J. E. Hirsh, R. L. Sugar, D. J. Scalapino, and R.



Blankenbecler, Phys. Rev. B 26, 5033 (1982); U. Wolf, Nucl.
Phys. B225, 391 (1983).

73. B. Kogut and L. Susskind, Phys. Rev. D 11, 395 (1975); L.
Susskind, ibid. 16, 3031 (1977).

8N. Kawamoto and J. Smit, Nucl. Phys. B192, 100 (1981).

SH. S. Sharatchandra, H. J. Thun, and P. Weisz, Nucl. Phys.
B192, 205 (1981).

10], B. Kogut, Rev. Mod. Phys. 55, 775 (1983), and references
therein; T. Jolicoeur, A. Morel, and B. Petersson, Nucl. Phys.
B274, 225 (1986).

11K . Ishida and S. Saito, Prog. Theor. Phys. 74, 113 (1985).

12R . J. Baxter, Ann. Phys. (N.Y.) 70, 193 (1972); Exactly Solved
Models in Statistical Mechanics (Academic, New York, 1982).

138trictly speaking, this is the maximum not depending on de-
tails such as boundary conditions. This number just applies
to the case of antiperiodic boundary conditions which both
temporal and spatial directions satisfy. Since the spatial
direction is a periodic boundary condition in the present case,
the nonvanishing terms are more diminishing owing to traces
including an odd number of § (see also Appendix D).

14The following is an extreme example in such a case:

38 EXACT METHOD FOR NONLINEAR FERMIONS ON FINITE. ..

1197

82
3G,

N —_—
- 2 Gnd’nd’n“‘s'

n=1

=((;/;m¢m)2>_<'/7m¢m >ZSO ’

In

f INI dy,d,exp
n=1

owing to (¥,,¥,,)>=0, where S’ is independent of G,. In sta-
tistical mechanics, the leveled exponential function also
shows the same property in the second-order cumulant [R.
Kubo, J. Phys. Soc. Jpn. 17, 1100 (1962)].

I5N. D. Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133
(1966); S. Cleman, Commun. Math. Phys. 31, 259 (1973).

16K . Ishida (in preparation).

17C. P. van den Doel and J. Smit, Nucl. Phys. B228, 122 (1983).

18] H. Lee and R. E. Shrock, Phys. Rev. Lett. 59, 14 (1987).

19p. W. Anderson, Science 235, 1196 (1987); P. W. Anderson, G.
Baskaran, Z. Zou, and T. Hsu, Phys. Rev. Lett. 58, 2790
(1987), and references therein; V. J. Emery, ibid. 58, 2794
(1987); J. E. Hirsch, ibid. 59, 228 (1987).

20K . Ishida (in preparation).

211, K. Affleck, Phys. Lett. 109B, 307 (1982).



