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In superstring theories, anomalies and mathematical divergences (though they cancel) and the
necessity to quantize in ten dimensions are attributable to the strings being extended physical ob-

jects, i.e., strings consisting of an infinite number of "beads. " Therefore, it is interesting to consider
a "string" generated by a single "bead" which tends toward oscillation with infinite velocity be-
tween two spatial points in some Lorentz frame. This picture has been realized classically in earlier
work on the constituent model. The Lagrangian is given in terms of a set of generalized harmonic-
oscillator normal coordinates and displays a gauge symmetry due to parametric invariance. The
model is quantized by going to the Hamiltonian formalism (using constraint theory) and assuming
the usual quantum conditions for the normal coordinates and their conjugate momenta. In analogy
to the relativistic free string model, a set of orthonormal invariant supplementary conditions are ap-
plied. Constituents are defined in terms of the normal coordinates and form two-body composite
particles. For any composite (observable) particle of real mass, it is shown that in its rest frame the
time oscillations of its constituents vanish and its internal orbital angular momentum is a linear
function of the (mass) ~ Only composites of equal mass can couple in this model, thereby eliminat-

ing couplings between physical and unphysical masses. The invariant scattering amplitude for two-

particle (meson) scattering is calculated and is a crossing-symmetric function of a linear trajectory
function a(z) =a'z —ao.

I. INTRODUCTION

It is customary in physics to treat a string mathemati-
cally as a system of N beads in a row on a line in space-
time: N is allowed to approach infinity at the same time
as the distance between the beads shrinks to zero. In a
similar manner, fields may be thought of as strings. For
example, P(x, t) can be regarded as an (infinitely long)
string, as x and t vary continuously. In both field and
superstring theories, mathematical divergences and other
anomalies (even if they cancel) are directly related to the
existence of these extended objects.

Furthermore, in superstring theories, the necessity to
quantize in ten dimensions is attributed to the infinite
number of beads, as they, in turn, imply the infinite num-
ber of modes of oscillation of the string. Each mode gives
rise to a time oscillation needing to be "suppressed" in
the quantum theory. The constraints which must exist to
accomplish this, in turn, lead to algebras which can be
closed only upon the introduction of extra spatial dimen-
sions. '

Based on this, an idea immediately suggests itself:
namely, to circumvent the problem of an infinite number
of modes of oscillation by going back to a particle
description. In a given Lorentz frame, a particle travel-
ing with infinite velocity back and forth between two
points describes a "string. " It maps out a two-
dimensional surface in space-time just as the "physically
extended" string. Transforming to other Lorentz frames
also yields world sheets, although the particle interpreta-
tion will be different. Such a particle does not correspond
to a physically observable particle, so it is natural to re-
gard it, for example, as a quark confined inside of a had-

ron. The hope is then to construct a theory based on
these particles such that the composite particles are well
behaved (e.g., slower than light).

The most obvious candidate to provide the framework
for such a theory is an action-at-a-distance theory. The
particles (of real mass) whose trajectories can bend out-
side the light cone, previously thought to be the nemesis
of such theories, are ready made to become such quarks.
It then remains to formulate a theory in which they
remain confined as constituents of "well-behaved, " i.e.,
observable, particles. Since such a theory is formulated
without fields or other extended objects, it holds the
promise of being quantized self-consistently and without
anomalies in four-dimensional space-time.

This paper is the third in a series ' which represents
an effort to construct such a theory. The first two papers
were concerned with the classical Lagrangian formula-
tion of action-at-a-distance models of constituent parti-
cles. Here, one of those models is reformulated in the
Hamiltonian formalism and quantized in four dimen-
sions. In addition to providing a workable example of
the ideas outlined in the preceding paragraphs, there is a
further aim to the paper. For the constituent model is
not just a reshuNing of old ideas; it involves a reformula-
tion of the description of a system of N free particles.
The constituents, after all, to remain unobservable, must
remain forever confined to the system.

The constituent model is intended to be a cosmological
approach to modeling the Universe in the sense articulat-
ed by Hoyle and Narlikar. ' That is to say, the existence
of every observable quantity arises only because of its in-
teractions with the whole of the Universe. In this con-
text, there is no such thing as a free independent particle.
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Particles may be free irr the sense that they describe
straight-line trajectories in some region of space-time, but
only because the action of the Universe upon them
remains constant in that region. The measurable quanti-
ties we associate with a particle, such as its mass, posi-
tion, and velocity, are determined by the whole action of
the Universe.

The description of a free particle has, historically, been
a very useful place to start. However, in order to con-
struct a theory of interacting particles (or fields, or
strings, etc.), there must be more than one particle in the
system. Implicitly or explicitly, it has been conventional-
ly assumed that if the interactions between particles are
"turned off," the theory reverts back to the description of
free and independent particles [see, for example, (2.1)]. It
is at this point that this work parts company with con-
ventional theories. The "center-of-mass" Lagrangian in-
troduced in Sec. III forms the basis of all the constituent
models of this and the earlier papers. '

In this paper, interactions are introduced in the most
simplified version of the constituent model capable of
realistic application, denoted as the 4N model. The 4N
model contains N each of four kinds of constituents and
is chosen to be a "first approximation" to particle in-
teractions. The constituent solutions fall into two
groups. Within each group, it is possible to form com-
posite two-particle systems whose internal state is de-
scribed by a single oscillatory term. The two systems are
interpreted as "lepton" and "baryon" composite parti-
cles, respectively.

The model is first formulated in terms of a set of gen-
eralized normal coordinates. The Lagrangian displays a
gauge symmetry in the parameter s. The model is quan-

tized by defining a Dirac Hamiltonian and assuming
quantum conditions for the normal coordinates and their
conjugate momenta. In close analogy to the relativistic
free string model, a set of orthonormal invariant supple-
mentary conditions are applied to the normal coordi-
nates. Then the model is reinterpreted in terms of con-
stituent and composite particles. For any composite of
real mass, it is shown that in its rest frame the time oscil-
lations of its constituents vanish and its internal orbital
angular momentum is a linear function of the (mass) .

Once these general results are obtained, the problem is
specialized to systems corresponding to N=2. In this
case, there are eight constituents. The final interpreta-
tion of the constituents is in terms of "strings, "which are
obtained by assuming that the physical eigenstates of the
Hamiltonian correspond to zero Poincare four-
momentum of the total system. As this limit is ap-
proached, it is shown that the oscillator frequency in-
creases without bound, thus yielding constituent
"strings. " By imposing initial conditions in s, we study
systems in which the constituent strings pair up asymp-
totically to form free composite particles. In the "first
approximation" represented by the 4N model, the "lep-
ton" and "baryon" composites decouple. In addition,
there are no couplings between composites of real and
imaginary masses. The invariant scattering amplitudes
for two-particle "meson" scattering is calculated and
takes the form

4

A (s, t, u )- g 5(Pt —M c )5(P, +P~+ P3+P~ )
I=1

X [D (s)+D (t)+D (u)],

TABLE I. Comparison of free string and constituent models.

Free string

1. Lagrangian with gauge invariance
in parameters ~ and 0.

Constituent model

1. Lagrangian with gauge invariance
in parameter s.

2. Orthonormal supplementary condi-
tions applied. Implies a more lim-

ited gauge invariance, namely, con-
formal invariance.

2. Orthonormal supplementary condi-
tions applied. Still invariant under
transformations in s.

3. Two constraints (rather, two
infinite sets of constraints) ~

3. One constraint.

4. Solution in general contains infinite
number of oscillatory modes.

4. Solutions contain only one oscilla-
tory mode (nonlinear dift'erential

equations).

5. Therefore, there are an infinite
number of oscillations in time

5. Therefore, there is only one oscilla-
tion in time.

6. Choice of gauge xo=~ (x„=c.m.
vector), plus the above subsidiary
conditions implies no internal time
oscillations in the rest frame of the
string.

6. Choice of gauge Wlo= Aos
( W„=c.m. vector of system), plus
the above subsidiary conditions im-

plies no internal time oscillations
in the rest frame of a composite.
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where

D(z)= g 5(a(z) —n) . (1.2)

Sections II and III are concerned with a reformulation
of the Lagrangian for a system of N free particles. The
reader may wish to go directly to the development of the
4N model by starting with Sec. IV.

g+ g+ g+

14

Q)
(o)

Q2 Q)

The approach resembles the treatment of a classical rela-
tivistic string, as outlined in Table I. However, quantiza-
tion is closely analogous to nonrelativistic quantum
mechanics as formulated, for example, by Dirac.

Since the presentation in terms of the generalized set of
normal coordinates precedes the physical interpretation
of the model, it may be helpful for the reader to examine
Fig. 1. The diagrams of the figure schematically illustrate
the scattering of two composite particles, and are intend-
ed to be taken much more literally than former "duality"
diagrams. Constituent trajectories, defined in terms of
the normal coordinates in Sec. VI, are hyperbolic func-
tions of an unmeasurable parameter s (the oscillatory na-
ture of the constituents has been suppressed in the dia-
grams), with the arrows indicating increasing s. If the
time axis is taken vertically, it is clear that s is not
identified with any kind of physical time. The constitu-
ents "pair up" to form composite particles at s =+~. In
Figs. 1(b) and 1(c), two of the constituents turn around in
time.

It is worth emphasizing that in the 4N model, all con-
stituents oscillate with the same frequency and there is no
"Fourier" decomposition of the solutions. In other
words, since there is only one "bead" making up the
string, it has only one mode of oscillation. The substitu-
tion of a single "bead" for the infinite number of beads of
the conventional free-string model is equivalent to elim-
inating the parameter o (see also the further remarks in
Sec. VI).

This paper has been limited to the simple 4X model.
As a result, the strings of this paper are in reality more
like "rigid rods. "

II. ROLE OF FREE PARTICLES IN
CONSTRUCTION OF PARTICLE THEORIES

Historically, an observable particle has been treated as
an entity which can be isolated from outside influences, in
which case it becomes "free." Properties such as mass,
spin, and charge are treated as inherent to the particle,
and independent of the rest of the system, even though
we know there must be some underlying reason why such
properties come as multiples of basic units (albeit roughly
for mass). The "free" particle has traditionally provided
the starting point in the construction of interacting parti-
cles, whether classically, in quantum mechanics, in field
theories, or in string theories. Interactions are intro-
duced in such a way that if the interaction is "turned
off," the description of a system of free particles is re-
trieved, taking the form (if there is a Lagrangian)

L=QLr
I

(2.1)

III. ALTERNATIVE LAGRANGIANS FOR A

SYSTEM OF N FREE PARTICLES

where Lz is a Lagrangian for the Ith free particle (or
field, string, system, etc.).

Alternatively, "cosmological" action-at-a-distance
theories suggest that every particle owes its existence, i.e.,
its trajectory, mass, charge, spin, etc. , to the existence of
all the other particles in the Universe. In this case, the
particle becomes "free" in certain regions of space-time
where the influences of the Universe remain effectively
constant. This viewpoint is attractive because it fits with
our experience of the Universe, but such an approach im-
plies we must begin with a description of the entire
Universe, a formidable task, indeed.

Nevertheless, the hope is to catch a glimpse of the
structure of the Universe by constructing models of
smaller, more tractable systems. Such systems ought to
reflect the dependence of each particle on the whole, even
when the interaction becomes vanishingly small. Thus
we are led to examine more closely possible alternative
descriptions of a system of noninteracting particles. One
such alternative to the Lagrangian (2.1) is discussed in
the next section. This "center-of-mass" Lagrangian has
formed the basis of the constituent models in this and the
previous papers. '

Q2

Special relativity is assumed to hold, i.e., the velocity
of light is the same in all inertial frames, and it is as-
sumed that the Lagrangian must be invariant under
Lorentz transformations.

If a particle describes a straight-line trajectory in some
region of Minkowski space, we shall define it as a free
particle in the region. That is, its trajectory can be
parametrized by

FIG. l. Elastic scattering of two X-composite particles. (a) s
channel; (b) t channel; (c) u channel. x~„(s)=a~„s +bz„, (3.1)
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where I labels the particle, and s is an "evolution" param-
eter, varying in some range so & s & s, . If the particle is
free in the whole of space-time, we set so ———ao, and

S1 —+ 00.
From (3.1) it follows that

or

p „=BL/Bx"

pr„=mrcxr„/(» r )

(3.9)

(3.10)

"r(s)= ( vr /c )xro(s) + [br + (bro/aro )ar ] (3.2)
From (3.10) it follows that the N constraints take the
form

with vr/c =ar/aro, implying that s may be replaced by
any monotonically increasing function of s, f (s), without
affecting the trajectory in space-time.

Historically in nonrelativistic classical mechanics, it
was assumed that the measurable quantities of a particle
are its mass, its position, and its velocity (at a given time).
It was observed experimentally that certain quantities ap-
pear to be conserved before and after (conservative)
forces act upon the particle. These quantities are defined
as the energy

2= 22
pI —m IC

The total momentum of the system is defined as

N

I=1

(3.1 1)

(3.12)

and is therefore associated with the motion of the center-
of-energy vector of the system.

In the nonrelativistic approximation, i.e., when

~
vr /c

~
&& 1, the conjugate momentum (3.10) becomes

E = —,'mu

and the momentum

(3.3) cpIo=mIc +—mr"I2 1 2

PI= mIv

(3.13a)

(3.13b)

p=mv (3.4)

A. "Center-of-energy" Lagrangian

The Lagrangian for N free particles is traditionally
given by

N

L = —c g mr[xr(s)]'
I=1

(3.5)

Subsequently, E and p have often been alternatively treat-
ed as the measurable properties of the particle. In those
cases, the mass and velocity were derivable from (3.3) and
(3.4). The two descriptions have been used interchange-
ably.

Returning to the relativistic particle, we know that
there is no unique choice of Lagrangian from which to
derive the trajectory (3.1). Similarly, there is no unique
Lagrangian for a system of N noninteracting particles.
Below, we review the traditionally used Lagrangian for-
mulation, and then consider an alternative description.

Thus one obtains the identification of the fourth com-
ponent of the conjugate momentum with the energy of
the particle, and the spatial part pI with the "physical"
three-momentum defined by (3.4). Traditionally, the con-
jugate four-momentum is defined as the "physical
momentum" and considered to be a measurable quantity.
Considered as such, it is a real quantity, so that for real
mI, the velocity of the particle is necessarily less than the
speed of light.

One begins to run into difficulty with such an interpre-
tation when one recalls that there is no unique Lagrang-
ian which will yield the equations of motion (3.7) for the
N free particles. For every Lagrangian, the conjugate
four-momenta defined by (3.9) will, in principle, be
different. Thus, it becomes slippery footing to attempt to
treat any or all such conjugate momenta as directly
measurable quantities. For this reason we adopt the
viewpoint that the measurable properties of a particle are
the positions, velocity, and mass.

B. "Center-of-mass" Lagrangian

where an overdot denotes d /ds; the metric is
x = —g„x"x, goo ———1, g;; =1, and mI is the mass of
the Ith particle. Parametric invariance of the action
leads to N constraints, and thus to 1V gauge choices which
can be taken to be

Consider now the Lagrangian defined by
1/2

L = —Mc' y mr[xr(s)]' (3.14)

xIo=aIos, I =1,2, . . . , N (3.6)

where aro are arbitrarily chosen constants (and therefore
do not completely specify the gauges). With these condi-
tions, it is straightforward to derive the equations of
motion

Xo ——dos, (3.15)

where Xo is the fourth component of the c.m. vector:

where M = gr mr. Parametric invariance of the action
leads to only one constraint in this case, allowing us to
choose one gauge, which we take to be

with solutions

(3.7) N

X„= y m, xr„/M .
I=1

(3.16)

xr„(s)=ar„s +br„.
Conjugate momenta are defined by

(3.8) The constant Ao is an arbitrarily chosen constant, so
(3.15) does not completely fix the gauge. With the condi-
tion (3.15), the equations of motion become
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OP

with solutions

XIp QIps +bIp &

when: bIo =0 a d

(3.17) Integrating (3.25) we obtain

lnx„= in[a„(x )
' ]

(3.18) or

(3.26)

(3.27)

N

g msaso=MAo .
I=1

(3.19)

pI„——mIcx
1/2

g mjx J/M (3.20)

Although (3.19) appears, at first glance, to imply that the
N trajectories are not all independent, recall that Ao is an
arbitrary gauge constant. The solutions can always be re-
gauged, so they are, in effect, independent. Another way
of stating this, is that the physically measurable quanti-
ties are gauge independent.

From the Lagrangian (3.14) and the definition of conju-
gate momentum (3.9), it follows that the conjugate mo-
menta are given by

x=axo/ao, (3.28)

which, upon integration, yields

x = (a lao )xo+b

with b a second arbitrary constant.
The conjugate momentum is

p„=BL/Bx„=mcx„/(x )'i

=mcx„ao/xo .

Now consider the gauge choice

(3.29)

(3.30)

Note that here the gauge choice xo=Qos implies that
(x )' = l. Instead of specifying the gauge, use (3.27) to
derive the trajectory equation

The single constraint is given by

N

X (pr /mr ) =Mc
xo ——QoC sinhDS, C and Dconst .

Then the solution becomes

(3.31)

The total four-momentum of the system is defined as
N

p„= g ps„
I=1

(3.22)

C. Other gauge choices

Later, two-constituent systems will be identified as free
composite particles in certain regions of Minkowski
space. As we shall see, the composite particle four-
vectors are not linear functions of the evolution parame-
ter s. Therefore, it is worth emphasizing that the gauge
choices (3.6) and (3.15) were made for convenience only.

Let us consider an alternative derivation of the trajec-
tory equation. For simplicity, take the one-particle La-
grangian

and is thus associated with the center-of-mass four-vector
(3.16).

It is clear from (3.20) that the conjugate momenta de-
pend on the masses and trajectories of all N particles of
the system. Thus they cannot be given the same physical
interpretation as the conjugate momenta of Sec. III A for
the center-of-mass Lagrangian. The pz„of (3.20) cannot
be calculated from physical measurements made on the
Ith particle alone.

It is the center-of-mass Lagrangian which provides the
basis of the constituent model.

x„=Q„C sinhDS +b„

and the conjugate momentum is

(3.32)

(3.33)

Q =Q Q"=1.2
P (3.34)

IV. LAGRANGIAN FOR THE 4N MODEL
IN NORMAL COORDINATES

The 4N model was first described in Ref. 5. It consists
of a system of 4N constituent particles; there are N each
of four distinct varieties. Later we shall make a
correspondence between the four types and a set of quan-
tum numbers, but for now let it suffice that they couple to
each other in different ways. The 4N Lagrangian was
first given in terms of a set of generalized coordinates and
velocities:

xr„(s),xi„(s), (4.1)

where 3=1,2,3,4; and I =1,2, . . . , N. The evolution pa-
rameter s is discussed in detail in the earlier work; ' we
remark here again that it is not to be confused with phys-
ical time. The Lagrangian takes the form

pp =mcQp

The mass-shell cpnstraint p =m c, fpllpwing frpm
(3.30), implies that

L = —mc [x (s)]'i

The equations of motion are

d [x„/(x )' ]/ds =0 .

Providing x &0, (3.24) can be reexpressed as

(1/x„)d (x„)=(1/2x )d (x ) .

(3.23)

(3.24)

(3.25)

4
L = — 4Nm c V(x|l,x12,x13 ' ' ) X g (XIA)

I=1 A=1

1/2

(4.2)

which is seen to be a simple generalization of the c.m. La-
grangian (3.14) for N free particles. The potential V is a
harmonic-oscillator potential of the form
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N 4

V = 1+const X g g (coupling ) „~(xl„—xJp )

I,J A, B
(4.3)

The explicit form need not concern us here except that
the couplings are for both attractive and repulsive
harmonic-oscillator forces.

Lorentz invariance of the Lagrangian yields ten con-
stants in s, which are

The couplings a (0) and w (0) are taken to be positive
and correspond to repulsive and attractive harmonic-
oscillator forces, respectively. The normalization factors
are included for convenience. Note the absence of W,
from the potential V.

Parametric invariance of the action implies a con-
straint and a choice of gauge. By choosing the form of
the gauge as W1o ——const in s, it follows that

N 4

p, = Xg/l~,
I A

N 4J""=X X (xfMI~ xl"M—I~ »
I A

where the conjugate momenta are defined by

(4.4a)

(4.4b)

L/V =const in s . (4.10)

w/w(0)= 8N gy z„+4N g W „
IA A

C2 1/2

Let us express this constraint by defining a constant w

proportional to L /V:

81~ = dL/»l~ (4.5) =const . (4.11)

With a transformation to a new set of generalized coor-
dinates, the Lagrangian can be expressed in terms of a set
of "normal" coordinates and their velocities. The re-
sulting expression will be considered the starting point in

this paper.
The set of normal coordinates are taken to be

(4.6)

where the yIA are not all independent, but obey

N

X y1~=0.
I=1

(4.7)

1 1 1

1 —1 1 —1

1 1 —1 —1

—1 —1 1

(In this way we retain the correct number of degrees of
freedom. ) The normal coordinates are related to the gen-
eralized coordinates xIA as

xi~ =yi~+ [r W1w

where

The momenta conjugate to the normal coordinates are
defined by

pi„=dL/Byl„=4Nm [w (0)/w]yi„,

p„:BL/BW—„=(4N) m [w(0)/w) W„,
where by (4.7) the pi„satisfy

N

g pl A

I

(4.12a)

(4.12b)

(4. 13)

The momentum p, is equal to the total momentum P
given by (4.4a).

Equations (4.11) and (4.12) allow the constraint to be
given in the form

4N g pi„+ g p„' —(4N)'m'Vc' =0 . (4.14)
IA A

The parametric invariance of the action implies that
the conventional Hamiltonian vanishes, i.e.,

H = gyl„(BL/Byi„)+ g Wz(BL B/W„) L=O . —
IA A

(4.15)

However, we shall not be concerned with the coordinates
xIA in this paper.

The Lagrangian is given by H =uP, u =const in s . (4.16)

According to Dirac's theory of constraints, ' the Hamil-
tonian in this case has the form

N 4 4

L = — 4Nm c V g g yi„+4N g W „
I A A

1/2

(4.8)

Here, H is not identified as the energy; it is the generator
of the evolution of the system in terms of the parameter s.
Although H=O, the functional dependence of P on yi„,
WA, and their conjugate momenta allows us to calculate
the equations of motion in the canonical way; i.e.,

where

4

V = 1+ (4N/c ) a (0) g g yi„+4Na'(0) W,'
I A

yIA =OH/BpIA, pIA ———BH/ByIA

W„=aa/ap, , p, = —aH/aW, .

(4.17a)

(4.17b)

—4Nw (0) g W„ (4.9)

The choice of the constant U is equivalent to choosing a
gauge. We shall choose

A =3,4
u =[1/2m (4N) ]w/w(0), (4.18)
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V. HAMILTONIAN APPROACH
AND QUANTUM CONDITIONS

With the choice of gauge (4.18), the Hamiltonian (4.16)
becomes

H = [1/2m (4N) ][w/w(0)]P, (5.1)

where w/w (0) is given by (4.11) and P by (4.14). Substi-
tuting the expression for V given by (4.9) into ((), we ob-
tain the explicit expression for H in terms of the normal
coordinates and their conjugate momenta:

H =[1/2m(4N) ][w/w(0)] pi+[pz —(4N) m a (0)Wz]+ g [p„+(4N) m w (0)W„]
A =3,4

+4N Q g [pr„—(4N) m a (0)yr„]—(4Nmc)
I A

(5.2)

where gr yr„——QPPrA ——0. Here, the nature of the harinonic-oscillator forces are clear: W3 and W4 describe attrac-
tive harmonic-oscillator motion while 8'2 and yIA correspond to repulsive harmonic oscillators.

We shall quantize by imposing quantum conditions on the normal coordinates and their conjugate momenta:

[yrAp pIA ] imp [WAp, pA ]=i&g„

Now define the operators a2, b2, aIA, bIA, a„,and a „ through the relations

Wz ——[I/4Na(0)][iriw (0)/2m]'r (az+ b z),

pz =4N [mhw(0)/2]'r (az bz), —

yr„——[I/4Na(0)][A'w (0)/2m]' (arA +br„),
prA =[mfiw(0)/2]' (arA "rA ) ~

WA ——[1/4Nw(0)][Aw(0)/2m]rz(aA+a A ), A =3,4,
pA —— i4N[m—hw(0)/2]'r (a„—a „), 3 =3,4.

The quantum conditions yield the commutation relations

[aAp, a Av] gp [azp bzv]= —i [a(0)/w(o)]g„.

[ar„„,br „„]= i 4N [a—(0)Iw (0)]g„, .

Substituting (5.4) into the expression for H in (5.2) yields

H = —,'[w/w(0)] [p, /m (4N) ] mc fi—w(0) —(az bz+bz az) — g (a„a „+a „a„)
A =3,4

+(1/4N) y (arA 'brA +brA 'arA )
IA

(5.3)

(5.4a)

(5.4b)

(5.4c)

(5.4d)

(5.4e)

(5.4f)

(5.5)

(5.6)

By now, the reader may be concerned because of the appearance of the Hermitian operators a2, b2 and aIA, bIA, in the
rePulsive harmonic-oscillator terms in H. The commutation relations (5.5) Present a difficulty, since arA, brA (az, bz)
generate eigenstates of ar„br„+brA (IrA (az bz+bz az) with complex eigenvalues. We avoid the difficulty by putting

a(0) lw (0)=E, e —infinitesimal .

We shall return to this assuinption later. For the time being we continue the formal development of the model.
In the Heisenberg picture, the equation of motion for an operator 0 is given by

0 =(1/iA')[O, H] .

With (5.6) and (5.8), along with the commutation relations (5.5), we obtain the solutions

pi ——(4N) m [w(0)/w]A =const in s,
az ——azexp(e ws), bz =bzexp( Ews), —

(5.7)

(5.8)

(5.9a)

(5.9b)

a „=a „exp( iws), a „=a „—exp( iws), A =3,4, (5.9c)

arA =arA exP(e ws), br„——br„exP( —e ws),2 2

where a2, b2, a A, aIA, bIA are constant operators.
Thus, the Hamiltonian (5.6) can be expressed as

(5.9d)
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H = —,'[w/w(0)] (4N)zm [w(0)lw] A —mc —iriw(0) (az bz+bz az) — g (a„aA+a„a„)
A =3,4

+ ( I/4N) y (al A br A +br A aIA )
IA

(5.10)

It follows from Xr yr„Xr p——r„—0 t—hat

N N

&arA= gbrA=0
I I

The cominutation relations (5.5) become

(5.1 1)

Ho ———
—,'[w/w (0)]mc

Hi ——[1/2m (4N) ][w/w(0)]pi

Hz= ——,'iriw(az bz+bz az),

H„=—,'i)iw(aA aA+aA a„), A =3,4,

(5.15a)

(5.15b)

(5.15c)

(5.15d)

H
l
'k&=0 .

The Hamiltonian can be expressed as"
4 4

H=Ho+ XHA+QXHIA ~

A I A

with

(5.13)

(5.14)

[a„„,a„„]=g„„,[az& bz„]=—i[a(0)/w(0)]g„„,
(5.12)

„,br Av] = i 4N—[a(0)lw (0)]g„„.
In the classical theory, the constraint /=0 implies that

H=O. In the quantized theory, the constraint is not ap-
plied to the operators, but as a condition for the allowed
states. That is, the allowed eigenstates of H must satisfy

1
'tiw (aIA brA +'bIA aIA )2X4N

It follows that the eigenstates
l

4' & can be expressed as

I
+(Ho HA»IA)&= II IHo& IHA & IHIA &

A, I
and, from (5.16), the eigenualues of Ho, HA, and Hr„
must satisfy

4 N 4

Ho+ gH„+ g +HI„——0 . (5.17)
A I A

Note that calculating the eigenvalues of H A and HIA al-
lows us to use (5.15) and (5.17) to obtain w/w (0) in terms
of the eigenvalues:

w/w (0)=4N [mc z/$w (0)]' ( A l'c )' [mc /fiw(0)]+(az bz+bz. az)

(a„a„+a„a„)+(1/4N)g (arA'brA+brA arA )
A =3,4 IA

(5.18)

The operators Ho, HA, HIA are a set of commuting
operators, but not the complete set which would include
angular momentum. Angular momentum is considered
in Sec. VII.

Let us summarize the problem so far. The model was
first formulated in terms of a set of generalized normal
coordinates yr„(s) and WA(s). The coordinate W, is
linear in s, and its conjugate momentum P,„corresponds
to the total "four-momentum" p„of the system in terms
of the original generalized coordinates xIA„, i.e., it yields
four of the ten Poincare constants of the system. The
remaining normal coordinates WA, A =2,3,4, yIA are the
solutions of various attractive and repulsive harrnonic-
oscillator differential equations. It is important to realize
that these equations are not a set of decoupled equations
(We have used the term "normal coordinates" because
the differential equations in matrix form becomes diago-
nal in terms of them. )

The model was next quantized by assuming canonical

quantum conditions for the normal coordinates and their
momenta. Following this, the Hamiltonian was reex-
pressed in terms of p „and the set of generators a2, b2,
aIA, bIA, aA, aA, A =3,4. Eigenstates of H must satisfy
H l+&=0.

As yet, nothing has been said concerning the physical

I

interpretation of these eigenstates. Thus far they are only
the formal eigenstates of the Hamiltonian describing a
system of 4N normal coordinates. Later we shall show
that each eigenstate can be reinterpreted in terms of all
the four-mornenta of observable composite particles in
the asymptotic regions corresponding to physical times
t =+~. The state vector will be interpreted in a way
somewhat analogous to a bound-state problem, e.g. ,
eigenstates for given energy levels of the hydrogen atom.
The reason for this is because we are working in the
Heisenberg picture, and the state vector is a stationary
state in s.

Before coming to this description, it is necessary to add
invariant supplementary conditions, which, as we shall
see are very similar to the set of invariant conditions
placed on solutions for a free relativistic string (the
"gauge" conditions). The supplementary conditions in
the constituent model also consist of imposing a set of
orthonorma1 relations.

VI. INVARIANT SUPPLEMENTARY CONDITIONS

We have stated that the 4N model is developed along
lines similar to the free relativistic string model. Let us
outline very briefly this development. For a free string
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I = —2 f dr f der[(xx') —x x' ]'
0

(6.1)

where A is a constant, x„=dx„/d~, and x„'=dx„/der.
The action is invariant under a change of variables

described by the function x„(r,cr ), the classical action is

given by

and (6.9) imply the relations

a3 ——0,2

aIA a3 bIA Q3 0, A =1,3

al~ bl——~ = —(a3 3+ 3 3), A =1 3,2 2

(6.10a)

(6.10b)

(6.10c)

r~f(r, o }, o~h(r, o), (6.2}

(x+x') =0 . (6.3)

where f and h are arbitrary functions. In order to define
an orthonormal coordinate system on the two-
dimensional surface generated in space-time by the
string, invariant supplementary conditions are applied:

a4 ——0,2

a2.a4 ——b2 a4 ——0,
~IA 04=bi~ '~4=0, A =2,4,
(alA +a 2 ) =(biz +b2 )

(6.11a)

(6.11b)

(6.11c)

With these conditions the action is still invariant under
conformal transformations of v and 0.. It can be shown
that the general solution to the problem has the form

x„(7,o }=r„r+f„(r+o )+f„(r o), — (6.4)

where r„ is a constant vector and f„(u ) is a differentiable
vector function. From the boundary conditions at 0.=0
and oo, and from (6.3), it can be shown that P2 +T2+ — 2 (6.12)

= —(a4 a4+a4 a4), A =2,4 . (6.11d)

These can be rephrased as a set of orthonormal relations
for Hermitian operators by defining, e.g. , a „=M ~

+i%�„.

To this we shall add one more condition which will al-
low for later interpretation of composites and anticompo-
sites in terms of increasing and decreasing s (Ref. 5):

f„(u)=f„(u +2o 0),
(r„+2df„/do ) =0 .

(6.5a)

(6.5b)

This in turn implies

Q2= —b2+E 2 (6.13)

The conformal gauge symmetries lead to two con-
straints in the theory, which, because the constraints
must hold over the entire range of cr, actually represent
an infinite number of constraints. These, plus the (infinite
number of} conditions (6.5) are sufficient to suppress the
(infinite number of} time oscillations. If we choose the
gauge xo ——r, the time-oscillations vanish in the rest
frame of the string.

In the case of the constituent model, there is only one
"bead" on the string, which is equivalent to eliminating
the parameter o. Therefore, we shall impose a set of in-
variant supplementary conditions analogous to (6.5). We
first define the functions

The conditions (6.8)—(6.13) are all to be understood as
operators acting on the state vector

~

4 ) as in (5.13).
The next step is to reformulate the model in terms of

constituent and composite particles.

1V

Ql~ =xi~+ t&Wl ~ X&I~ =o
I

where

(7.1)

VII. CONSTITUENT PARTICLES
AND THE FORMATION OF COMPOSITE PARTICLES

Following earlier work we dePne the physical constit-
uent four-vectors by

rra =+e"p( +Ps)(d/ds)[yiw (s}+(1/~)yrA (s)]

r,+ =+exp—(+Ps)(d lds)[ W, (s)+(I/P) W, (s)] .

From (5.4) and (5.9),

(6.6a)

(6.6b)

0
L

1 0 —1

1 0 1 0
1 0 1

0 1 0 =25 (7.2)

ri+„=( I /4X)[w lw (0)][A'w (0)/2m]'~ X '

b IA

and

a2
r2~ =(I/4N)[w lw(0)][A'w(0)/2m]'~ X 'b

. 2

(6.7a) The inverse relations are

N

W„=(1/N) 5 ' g QI

(6.7b)
(7.3)

Now impose the conditions

(ri*„+dW/ds) =0, A =1,3,
[(r~*„+r2 )+dW/ds] =0, A =2,4 .

(6.8)

(6.9)

The analogy to (6.5b) will become clearer after the con-
stituent solutions are defined in (7.1).

In terms of the constant operators az„, bj„, etc. , (6.8)

Note that the coordinates W~ are shared by all constitu-
ents. For this reason, the W~ will be denoted as the "in-
trinsic" coordinates of the system. Shortly, they will be
related to internal quantum numbers of the composite
particles. For fixed W~, the kinematic behavior of the
various constituents is determined by the yl~.

The constituent solutions written out in full are
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Qi, =[1/4Na(0)][fiw (0)/2m]' [ai,exp(ps)+ biiexp( —ps) ]+As +8
+ [1/4Nw (0)][fiw (0)/2m]'~ [a3exp(iws)+a3exp( —iws)],

Q$3 —[ 1 /4Na( 0) ][Aw (0) /2m ]' [ai3exp( ps) +bi3exp( —ps) ]+ As +8
—[1/4Nw(0)][iriw(0)/2m)' [a3exp(iws)+a&exp( —iws)],

Qli ——[1/4Na(0) ][iiiw (0)/2m]' [(a&2+ a& )exp(ps) + ( biz+ b~ )exp( —ps) ]

+[1/4Nw(0)][hw(0)/2m]' [a~exp(iws)+a4exp( iw—s)],
Qi~=[1/4Na(0)][A'w(0)/2m]' [(a14+ai)exp(ps)+(br~+bi)exp( —ps))

—[1/4Nw(0)][iriw(0)/2m]'~ [a~exp(iws)+a4exp( iws—)],

(7.4a)

(7.4b)

(7.4c)

(7.4d)

and we have defined

P—:[a(0)/w(0)]w =e w . (7.5)

The four-vector W~ will be associated with the intrin-
sic properties of the constituents in the following way.
Denote the coefficients of W, and W2 as the P number
and X number, respectively; and the coefficients of W3
and W4 as the L number and B number, respectively.
Then the constituents are characterized by

Qadi: P=l
Qii. P=l, L= —1;
Qrq. X= 1, 8 =1,
QI4: X =1, 8 = —1 .

(7.6)

(7.7)

Although the 4N model has been chosen mainly for
heuristic purposes, it is also intended to provide a first
approximation to particle interactions. The quantum
numbers are intended to have the following connotations:
P for "pointlike;" X for "extended;" L for "lepton;" and
B for "baryon. " The reasons for this will become clear
later on.

It now remains to formulate the criteria for the inter-
pretation of two constituents as a composite particle in a
given region of space-time. For the 4N model, this means
the formation of asymptotic-free composites. Therefore,

as a first criterion, let us specify that the total four-vector
of the two constituents must describe a straight-line tra-
jectory in space-time. Second, their relative vector must
be localized in space-time. Therefore, we shall require
that their relative vector contain oscillatory terms only.
Third, the internal motion of the two constituents must
be independent of kinematics. Fourth, the composite
four momentum must satisfy a relation of the form
P =M c . And, finally, we shall demand that only one
angular momentum be associated with each composite,
which is equivalent to saying that the degeneracy of the
composite mass operator be removed.

Examination of the constituent solutions (7.4) shows
that, potentially, such composite particles can be formed
from a QI, and Qi3, or from a Qi2 and a Q14. Thus, we
arrive at the following condition (which is necessary but
not sufficient).

Two-body X composite particles are constructed from
constituents of like X number and opposite B number,
while P composites consist of constituents of like P num-
ber and opposite L number. Thus, the two-body X and P
composites are characterized by zero B and L number,
respectively.

Consider a specific example in which two constituents

Qii and QJ4 have solutions such that ai2 ——a&4. Then, as
s ~~, a free two-body system is formed from these two
constituents, described by the four-vector

Q+(IJ) = —,'(QI2+ g&4) ~, + „——[1/4Na(0)][A'w (0)/2m]'~ (ari+a i )exp(ps) . (7.8)

Note that this solution describes a straight-line in Minkowski space. The internal state of this system is described by the
relative vector

q(IJ)=(gi2 —QJ4) ~, „=[1/2N (0w)][Aw(0)/2m]' [a4exp( iws)+a~—exp(iws)], (7.9)

which satisfies the second condition. The third criterion for Q (IJ) to be a composite particle implies that the frequen-
cy w must be independent of the terms al~.bl„+br~.ar~. We will return to this requirement in Sec. IX when the
initial-value problem is considered. For the present, assume that these terms vanish.

From the discussion of Sec. III we must distinguish the composite s physical four-momentum from the canonical
four-momentum. In order to have a measurable four-momentum which corresponds to an isolated free composite, it
will be defined in analogy to (3.33). We take the physical four-momentum of the two-body system to be

P+(IJ)=&2 mc (ali+az) =PI . (7.10)
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(An arbitrary overall multiplicative constant is allowed in defining the momenta, since only relative masses can be mea-
sured. ) From (6.11c),

(Pt) = ——,(2mc) (a4 a4+a4 a4) .t'2
& 2

We therefore identify the composite mass as

M24 ————,(2m) (a4 a4+a4. a4) .2 I 2

(7.11)

(7.12)

Intuitively we could have arrived at this expression, since the term H4 in H describes the internal motion of the
composite's constituent particles.

In a similar manner, a composite Q (IJ) can be formed, having the four-vector

Q (IJ)= [1/4%a(0)][fiw (0)/2m]'~ (bt2+bz )exp( —/3s), (7.13)

and four-momentum

Pr =&2mc(bi2+b2) (7.14)

I

transformation to the rest frame of the composite, in
which case (6.10) or (6.11) imply

From (6.11c) it follows that this composite also has mass
M24.

P composites can be defined in the analogous way and
have mass M &3 given by

and

a~o I

+&=o

a„~+)=0.

(7.18)

(7.19)

M]3 T(2m} (a3 a3+a3 a3) .2 & 2 (7 15) Then, for states satisfying (7.1 8) and (7.19),

(7.16a)

A= A A ~ A' AO'
I

(7.16b)

Then the mass formulas (7.12) and (7.15) can be expressed
as

Thus, for a giuen solution W3 (or W4), all two body P (-or

X) composites have the same mass, respectively, which can
be real or imaginary. This will not present a problem, as
we shall later see that real and imaginary masses are
decoupled. However, the existence of imaginary mass
composites is necessary in order to have a crossing-
symmetric scattering amplitude, as will be seen in Sec.
XI.

For convenience some choices of notation will be
made. Define the number operators

A = A' A' AO= AO AO

(7.20)

and n „ takes on the values 0, 1,2, . . . . Thus we see that
in the 4N model, the choice of gauge W', 0= Aos [which
led to solutions in the form (5.9)] and the supplementary
conditions (6.8) and (6.9) eliminate time oscillations in the
rest frame of the composite particle. (See also Table I.)

The remaining condition for the formation of a com-
posite particle is that only one angular momentum be as-
sociated with each composite particle of real mass. The
mass formula (7.17) is highly degenerate, even for real
mass. But the supplementary conditions have not yet
been fully applied.

In analogy to the angular momentum for the three-
dimensional harmonic oscillator, define the internal orbit-
al angular momentum of the composite's constituents by

M s„=(2m) (n„+1) . (7.17) l„=i%a„xaA . (7.21)

Consider now the case when the composite mass is
real, i.e., M&A ~0. Then it is possible to make a Lorentz

Using the commutation relations [a„,a„]=1we obtain,
from (7.21),

[ ag/(a/2+a/3 ) a/2(ag] +a/3) a/3(ag] +a/2)2 2 t2 2 2 f2 2 2 f2 2 2

+2(n w in w2+n w In w3+ nw2n „3)+2(nz &+ nzz+ ng3)] (7.22)

It follows that for composites of real mass satisfying
(7.19},that in the composite rest frame

Substituting (7.24) into (7.23) and solving for l„,
lq ——(Ms„/2m) —1 . (7.25)

~
l„~ 4}=A' n„(n„+1)

~

4) . (7.23)

IA =n (7.24)

Then, for these states, we can identify the angular
momentum quantum number with n „,i.e.,

If, for X composites (mesons), we assume that the Ms„
lie on the leading Regge trajectory, and we identify I„
with the internal orbital angular momentum of the nonre-
lativistic quark model, then comparing (7.25) to the
known resonances in Table II indicates good agreement
with experiment. We will return to further consideration
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of (7.25) in Sec. XI where the X-composite scattering am-
plitude is calculated.

[a2„,b2„]= i e g—„„,
(5.12)

[ar„„,br„„]——t 4Xe g„„.
By allowing e to vanish, the a2, b2, al~, bz„will become
commuting operators, in which case the Pz—+ commute
with H. At the same time, by (7.8) and (7.13), the Qrr be-

come singular and therefore unmeasurable. Considerable
care must be exercised in taking this limit, however, for if
the frequency m is finite, then

exp(+l3s) =exp(+e ws) —1+e ws .
e ~0

(8.1)

VIII. SOLUTIONS CORRESPONDING TO
p,„=o:CONSTITUENTS AS "STRINGS"

Looking ahead, we will later reformulate the constitu-
ent description of the system in terms of composite parti-
cles. That is, the constituent description will be replaced
by a composite-particle description in which each state
vector will be an eigenvector of the four-momenta of all
the (asymptotic) composites of the system. However, it is
clear from the expressions for composite four-momenta
given in (7.10) and (7.14), and from the commutation re-
lations (5.12), that such cannot be the case at present.
For

I

4 & cannot be an eigenstate of Pr+unle—ss

[a2,b2]=0 and [ar„,br„]=0. Therefore, let us return
now to examine the commutation relations (5.12):

In the limit e =0, all possible composite four-vectors be-
come linear in s, for all s. In other words, the system
consists of free, noninteracting composites.

Therefore, we shall assume that at the same time as e
tends to zero, the frequency m tends to infinity, that is,

m —1/e,
e ~0

so that

(8.2)

P=e w —e.
e ~0

(8.3)

p,„ I
+&=constXe1 +& . (8.4)

(Recall that p,„=P„,the total "four-momentum" of the
system in terms of the original generalized coordinates
xr„„. ) Therefore, the symmetry of the system is consid-
erably enlarged.

From (8.4) it follows that pf -e, and thus, from the
solution (5.9a) for p,„,that w /w (0)-1/e, as long as the
constant A is finite. Then, since H must vanish, Eq.
(5.10) for H implies that

Then P tends to zero less rapidly than e . Therefore, to
first order, we shall treat the a2, bz, ar„, br„as commut
ing operators, but retain P as nonzero until the end of the
calculation.

All of this is accomplished by postulating that the
physical solutions of the system correspond to the Poin-
care constants p,„=0. That is, the eigenstates of H must
also satisfy

[mc /Aw(0)]+a2 b2+b2 a2 — g (a„a„+a„a„)+X(ar„b,„+br„ar„) -e2 2

A =3,4 IA
(8.5)

and, thus,

H-e.
That is, we must relax the condition H

I
+ & =0 to

H
I

4 & =const X e
I

'p & .

(8.6)

(8.7)

where the following are to be understood:

I n3 &
I n3l &

I n32 &
I n33 &

I "3o & etc.

The states are assumed to be orthonormal, i.e.,

(8.10)

(8.11a)

I

P&= 1n3& ln4& I
a2& lb2& H lor~ &

I br~ & (8.8)

or, equivalently,

The eigenstates of H are now taken to be eigenstates also
of the operators a~„, br„, a2, b2, and a„a„,3=3,4.

The eigenvectors
I
4 & of H are conveniently expressed

&a2
I
a2 & b(a2 a2»

& b2
I

b2 & =5(b2 b2), —

& ar'w
I
ar~ & = 8(ar'w

&br'a
I bra & =b(br'~ br~ ) . —

(8.11b)

(8.11c)

(8.11d)

(8.11e)

10'& =
I
n3, n4,'a2', b2, II are''bra &

IA
(8.9) Recalling that the arz(br& ) are not all independent, we

shall express the general eigenstates
I

4 & as

N 4

I
+& = H II 8 2 arw 8 g bra I n;n4, a2 b2, ar„,br' '& .

I=13=1 J J
(8.12)
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These states must satisfy (8.7). Since H is constant in s,
the state vector in the Schrodinger picture is related to
the state vector in the Heisenberg picture by

Qt3 [at3exp(Ps ) +bt3exp( —Ps) ]+ ( As +8 ) —W3

(9.2b)

~
%s ) =exp( iH—s)

~
4H ) . (8.13) Qtz ——[(atz+az )exp(Ps)+(btz+bz )exp( —Ps)]+ p'4,

IX. REFORMULATION IN TERMS
OF COMPOSITE PARTICLES

A great deal of groundwork has been done, first in
terms of the normal coordinates, then the commuting
operators a2, bz, a&~, bz„, a&a„, and finally in terms of
the constituent particles. We are now in a position to
consider the physical interpretation of the model. In do-
ing so, several questions must be answered. (I) Under
what conditions are composite particles formed in some
region of Minkowski space? (2) How may we explicitly
demonstrate that couplings between composites of real
and imaginary mass are ruled out? (3) Can we eliminate
solutions in which constituents can be isolated from the
remainder of the system'?

We shall now consider these questions in detail for sys-
tems corresponding to N=2. The generalization to arbi-
trary N will be discussed later. For N=2, there are just
eight constituents:

and

Q», Q», Qz, , Qz3(P constituents) (9.1a)

Qlz Q14 Qzz Q24(X constituents) (9.1b}

That is,
~
%s ) is a stationary state in s, and in the limit

o
I
'ps & =

I
q'H &.

Now we consider the constituent trajectories as w

tends to infinity. Each constituent four-vector has an os-
cillatory term in s, given by either W3 or 8'4. That is,
the constituent trajectory in space-time bears a resem-
blance to a "slinky" toy (the oscillatory terms have been
suppressed in the schematic diagrams of Fig. 1). As
m~~, these oscillations in Minkowski space become
infinitely rapid, and in the limit, the constituent trajec-
tories actually map out two-dimensional surfaces in
space-time (see also, Ref. 6). In other words, the constit-
uents can be reinterpreted as strings.

A word of caution is due here. The oscillations in s,
given by the terms exp(+itvs), should not be confused
with the oscillatory modes of a physical string. In the 4N
model, for instance, a better name than "string" might be
a "rigid rod, " or "rigid string, " as the "string" itself is in
a zero-frequency mode.

It is important to recognize that the "strings" of the con
stituent theory are not equivalent to conventional strings
defined, for example, in superstring theories Because .the
conventional string is really an infinite number of
"beads, " it has an infinite number of modes of oscillation.
That is, in general, a string solution can be decomposed
into a Fourier series. The constituent "string" solution
cannot.

(9.2c)

Q&4
——[(at4+az )exp(Ps)+ (bt4+ bz )exp( —Ps)]—8'4 .

(9.2d)

P composites can be formed from a Qt, and a QJ3,
while the X composites can be formed from a Qtz and a

QJ4 (see Sec. VI). From the mass formulas (7.12) and
(7.15) it follows that composites can have both real and
imaginary masses.

In order to keep in mind the physical picture that will
emerge, it may be helpful to consult the scattering dia-
grams of Fig. 1. There, the scattering of two X compos-
ites is schematically illustrated. The arrows on the trajec-
tories indicate increasing s. At s = —~, Q, z and Qzz
pair up to form composite Q, , and Qzz and Qz4 pair up
to form composite Qz . Similarly, at s =+ ~, Q, z and

Qz4 pair up to form Q+, , while Q, 4 and Qzz pair up to
form Qz . If the time axis is taken vertically, the dia-
grams can be intorpreted as follows. In Fig. 1(a) two
composites come together and exchange a constituent
such that two new composites emerge. In Figs. 1(b) and
1(c), the two incoming (outgoing) composites "share" a
constituent (possible because the constituent turns
around in time}. These last two diagrams can be reinter-
preted as illustrating constituent pair annihilation fol-
lowed by pair creation.

We shall now define composite and anticomposite par-
ticles as having four-vectors with time components in-
creasing or decreasing with increasing s, respectively.
Thus, Fig. 1(a) represents the scattering of two compos-
ites or two anticomposites, while Figs. 1(b) and 1(c)
represent composite-anticomposite scattering. Note that
in the constituent model, a composite (meson) is not con-
structed from a constituent (quark) and an anticonsti-
tuent (antiquark). The composite contains two constitu-
ents of opposite 8 number (see Sec. VI}.

Returning now to the formation of composite particles
we consider the initial-value problem in s. A distinction
must be made between initial conditions in s and the
physical initial conditions set or observed in the laborato-
ry at an initial "time." The latter consist of specifying
what composite particles exist and their four-momenta,
at time, say, t = —~. We will come to the physical ini-
tial problem in Sec. X. At present we are concerned with
initial conditions (or, equivalently, boundary conditions)
in s, which will be regarded as inherent to the system.

Although the equations of motion for the normal coor-
dinates are nonlinear (linear superpositions of solutions
are not solutions), with a little algebra one is easily con-
vinced that specifying, say,

Their solutions take the form ylA (so ) yIA (so ) ~A (so) and ~A (so ) (9.3)

Qt, = [at,exp(Ps)+ bt, exp( —Ps)]+ ( As +8)+W3,

(9.2a)

will uniquely determine the solution. Alternatively, the
same is true if we specify the normal coordinates at two
different values of s:
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ytg(sp), ytg(si), Wg(sp), and Wq(si) . (9.4)

(In fact, the boundary conditions of the earlier work in
Refs. 4 and 5 take the form of the above with so ———~,
ands, =+00. )

We do not completely specify the initial conditions,
but, instead, impose

Q| (1 3)=-,'«li+Q13)1,
=b» exp( —Ps),

Qz ( I& }=z(Q21+Q23 }
I

= —b» exp( —Ps),

(9.9a)

(9.9b)

rt+, (s) =—+ rt3 (s),
rt+z(s) = + rt*4(s) .

(9.5a)

(9.5b)

a» ———a,3, az, ———az3

11 13 ~ 21 23

(9.6)

a1z ———a 14, azz ———az4,

b 1z ——b, 4, bz3 ——bz4,
(9.7}

az ———bz . (9.8)

Substituting (9.6)—(9.8) into the expressions for the con-
stituent four-vectors (9.5) suggests that the constituents
pair up into composite particles at s =+~. At s = —~,
define composite four-vectors as

These conditions still allow a very wide class of solutions.
The conditions (9.5} have been imposed in order to force
the constituents to pair up into composite particles at
s =+oo; they do not eliminate composites of imaginary
mass.

Now consider the consequences of the conditions (9.5)
on the solutions for the N= 2 system. Substitution of the
normal coordinates given by (5.4) and (5.9) into
(9.5a) -(9.5c) yields

Ql (»4}—:—,'(Qlz+Q14)1,

=(biz —az )exp( —Ps),

Qz (»4)=——,'(Qzz+Q24 }
I .

=( —b, z
—az)exp( —Ps) .

(9.9c)

(9.9d)

Note that these solutions describe straight-line trajec-
tories in Minkowski space.

The internal states of these two-constituent systems are
described by the corresponding relative vectors:

&i (1 3)=-,'«ii —Q13) I.
ez '(1 3)—= -'(Qzi —Qz3} I.
~1 (2 4) = z(Q|z —Qi4) I.
ez (»4}=——,'(Qzz Q24} I, .—= II'4 .

(9.10a)

(9.10b)

(9.10c)

(9.10d)

We now note the important fact that the relations (9.6)
and (9.7) iinply that

g X at~ bi~ =o
I A

(9.11)

which, in turn, implies that the frequency w is free of ki
nematics. From the expression (5.18) it follows that w

takes the form

wlw(0)=4N[mc Ifiw(0)]' (A lc )'i [mc lfiw(0)]+(az bz+bz az) — g (a„a„"+a~t a„)
A =3,4

(9.12)

P, (1,3)=&2mcb„,

Pz (1,3)= —&2mcb»,

P, (2,4)=v'2mc(b» —a, ),
Pz (2,4)=&2mc( —b, z

—az) .

The momenta satisfy the mass-shell constraint

(Pt ™aAc

(9.13a)

(9.13b)

(9.13c)

(9.13d)

(9.14)

A similar picture is obtained at s~+ ~. In that
asymptotic region the following composites are formed:

Ql (1 3}=p(Q11+Q23 } I,
=a, i exp(Ps),

Qz+(1 3}—= —,'(Qzi+Qi3} I.-+-
= —a» exp(Ps ),

(9.15a)

(9.15b)

Following Sec. VII and the relations (9.6)—(9.8), the phys-
ical momenta of the composites at s = —~ are given by

Ql (2 4}= (Qlz+Q24) I . +

=(a &z+az )exp(Ps),

Qz (2 4}=z(Qzz+Q14} I,

=( —a&z+az)exp(Ps) .

(9.15c)

(9.15d)

P+ ( 1 3)=v'2 mca
& &,

Pz+ (1,3)= —&2 mca11,

P i+ (2,4)=&2 mc (a, z +az ),
Pz+ (2,4)=&2 mc ( —a iz+ az ) .

(9.16a)

(9.16b)

(9.16c)

(9.16d)

And again, the composite momenta satisfy (9.14).
Recall now that "constant" up to now has meant con-

stant in the parameter s, not physical time. Therefore, it
is necessary to verify the conservation laws of four-

As before, the internal states are described by 8'3 and
8'4 for the P and X composites, respectively. The corre-
sponding composite four-momenta are
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momentum and angular momentum. Examination of
(9.13) and (9.15) shows that the total four-momentum is
separately conserved for the P composites and the X com-
posites:

P~ (1,3)+P2 (1,3)+P~+(1,3)+P~+(1,3)=0,
Pi (2,4)+P2 (2,4)+Pi+(2, 4)+P2+(2, 4)=0 .

(9.17)

(9.18)

Each incoming (outgoing) composite has zero orbital
angular momentum, since its velocity is directed along its
position vector. Also, since the internal states determine
the internal angular momenta of the composites, total
internal angular momentum is conserved for the P (Q)
system.

Thus, we conclude that the P composites are decoupled
kinematically from the X composites in the 4N model.
This is a desirable feature for a future interpretation of
the P and X composites as decoupling strongly.

Let us consider the P composite system more carefully.
Equations (9.13) and (9.16) imply, in fact, that

Pi+ =-P2+ P~ =-P2 (9.19)

In other words, the P composite solution describes the
elastic scattering of two composites in the forward-
backward direction. ' In this simple model, the P com-
posites act as point particles. We suggest that in this
"first approximation" the P composites bear a similarity
to leptons, which do not interact strongly.

For the X composite system, however, the situation is
quite different. In spite of the initial and final composites
having zero-orbital angular momentum, scattering can
take place at arbitrary angles (hence the terminology "X"
for "extended"). The scattering angle depends on the ei-
genvalue of a2, so that a2 acts as a kind of "impact pa-
rameter. " We will return to this interpretation in Sec. XI
where the X-composite scattering amplitude is calculated.

Let us now summarize the results of this section. By
partially specifying the initial conditions we limit the
solutions to systems in which the constituents pair up
asymptotically into composite particles. As a result we
obtain independent solutions describing elastic scattering
of two X composites and of two P constituents, respec-
tively. The usual space-time conservation laws hold sepa-
rately for both systems, in the sense that we calculate to-
tal momentum and angular momentum at t = —~ and
r =+ ~ (since the composites lose their identities for
finite s, it is meaningless to define "energy, " "momen-

I

X. INTERPRETATION
OF THE PHYSICAL STATE VECTORS

We are finally in a position to interpret the state vec-
tors %') in terms of physical composite states (we can-
tinue to limit the discussion to N=2 systems). Before do-
ing so, let us summarize the conditions so far obtained on
the eigenvalues of the commuting set of operators. From
(9.8), i.e. , a2 —— b2, so th—e label b2 can be dropped from
the state vectors in (8.12). From the relations between
the eigenvalues in (9.6) and (9.7), and the vanishing of H
and p f, we obtain, from (8.5),

az —[mc /2Rw(0)] +n 3+n4 +4-e

where n& ———a& a&.
Two new operators are now introduced:

Pl = Pl 3 + Pl 4 +4

and

a( a 2 ) =—a z [m c /2'—w (0)) .

(10.1)

(10.2)

(10.3)

Since the P-composite system corresponds to forward-
backward scattering of P composites, and is decoupled
from the X-composite system, we shall drop the corre-
sponding kinematic labels from the state vectors and as-
sume the P-composite system remains unobserved. The
state vectors satisfying the conditions (6.11c), (9.7), and
(10.1) can be expressed as

turn, " etc. , except in the asymptotic regions). It is clear
from the mass formulas that all X (P) composites have
the same masses. Therefore, there is no coupling between
real and imaginary mass particles.

Before continuing to the physical interpretation of the
state vectors and the calculation of the X-composite
scattering amplitude, a few remarks are in order concern-
ing the limitations of the 4N model. Within this model,
only two-body composite particles can be formed, as an
attempt to define, say, four-body composite particles
would lead to overlapping constituent trajectories, a situ-
ation we reject as unphysical. Further, the simple 4N
model is i@capable of describing interactions between
composites of different mass, since the a „and a „are
fixed in a given solution. In addition, the forward-
backward scattering of the P composites is due to the
lack of a term in the solution analogous to a2.

2 2 2

~
+phys) =5(a(a ) n) g g—5 pa „5 gb „

I=i 3=24 J
5(a~2+ a~4 )5(br 2 b14)—

X5(2(a~„+a2) (n4+ l)—)5(2(bz„—a ) 2(n4+1)) —
~
n3;nz, a2;a~„;b~„) . (10.4)

We see that the state vectors
~

+phys) have a very
different interpretation than state vectors generally asso-
ciated with scattering problems. Typically, two complete
sets of state vectors are employed —the "incoming"

states and the "outgoing" states of the "system, " where
the system" is defined, at t = —oo, as the incoming par-
ticles, and at t =+ ~, as the outgoing particles. One
goes from the "out" basis to the "in" basis by means of a
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unitary transformation, namely, the S matrix. A particu-
lar "transition" is characterized by an S-matrix element,
e.g. ,

(g out
~

g' in) = (g out
~

S
~

g' out) =Stt, (10.5)

where g'(g) stand for all the quantum numbers necessary
to describe the state

~

g' in ) (
~ g out ) ) as t ~—~

(t ~+ oo ).
In the constituent model,

~

%phys) contains all the
quantum numbers of all the composites, regardless of
whether they exist at t =+ ~ or t = —00. It must be
remembered that

~
%phys ) is a stationary state of the

system, in terms of the evolutionary parameter s. The
system is the totality of the 4N constituents, and a given
solution of the equations of motion for the system yields
all the trajectories of the constituents in space-time, i.e.,
their "orbits. " We may draw an analogy, for example, to
the nonrelativistic hydrogen atom. Stationary eigenstates
describe the electron in particular "orbits, "depending on
the energy level of H (and other quantum numbers).

Therefore, it is misleading to speak of the "transition"
of the composites at t = —~ to the composites at
t =+~. A particular solution

~
+phys) is characterized

by the eigenvalues of n3, n4, a2, aI~, bI~, which com-
pletely specify what composites exist at both t =+ Oo and
what their momenta are.

Why, then, does the repeated scattering experiment of
two given hadrons, for example, continually yield
different results? After all, the hydrogen atom always ex-
hibits the same characteristics in a given energy level.
The answer is that not all the eigenvalues n 3, n4, a2, aI„,
bI„correspond to physically measurable quantities. All
that we can measure at t =+~ are (1) which composites
are present and (2) the composite four momenta. We
cannot know which pairs of constituents have combined
to form each composite, and even if we did, we could
only measure, for the X composites, the quantities n4,
aI~+a2, and bI~ —a2. From this point of view, at least
some of the eigenvalues become hidden variables.

Summarizing, the physical "initial" conditions at

t = —Do do not determine the eigenstate of the system
uniquely. In the language of "multiple universes, " the in-
itial conditions do not tell us what universe we are in.
Measurements made, say, on one of the "final" compos-
ites at t = + ~ will further reduce the number of possibil-
ities, but still will not determine the eigenstate uniquely.
It is not the measurement made, say, on one of the final

composites which forces a second composite, a large dis-
tance away in space, to behave in a given way. it is sim-

ply the additional information gained about the possible
eigenstates of the total system that allows for the deduc-
tion.

XI. SCATTERING AMPLITUDE FOR
TWO-COMPOSITE ELASTIC SCATTERING

Now we shall calculate the amplitude for the elastic
scattering of the two X composites. For such processes,
there are four constituents involved, Q, 2, Q, 4, Q22, and

Q24. The possible scattering configurations are shown in
Fig. 1. These diagrams correspond to the initial condi-
tions [see (9.7)]

P1++P2++P, +P2 =0 . (9.19)

Recall that the signs of the momenta depend on the inter-
pretation of the composites at time t = —00. For exam-
ple, in Fig. 1(a), if the time axis is taken vertically with
the time increasing upward, the b12o —a2o and b220 a20
are both negative, and the composites Q &

and Q2 are in-

terpreted to have physical momentum —P1 and —P2,
respectively.

The physical state vectors are given by (10.4), or

a12 =a24, a22 =a14

12 b14~ b22 b24

The composites Q,+, Q, , Qz+, Q2 are formed as
s ~+ Oo, as indicated in the diagrams. Their four-vectors
are defined by (9.9c) and (9.9d), and their four-momenta
satisfy (9.18), i.e.,

+phys) =5(a(a2) —n) g g 5(a&2 —a&4)5(b, 2 b&4)5(2(arA—+ax) —(no+1))5(2(brA a2) (n4+ I))
I=1,2 3 =2,4

X5(a~A+a2„)5(b, „+b2A )
I n3 n4 a2 arA brA ) (11.2)

The integers n3 and n4 can take on both positive and negative values, so the same is true for n =n3+n4+4. In the
present case X composites are assumed to be observable, i.e., the states above are restricted to values of n4 correspond-
ing to positive (mass), i.e., n4 ——0, 1,2, . . . .

Specifying the physical initial conditions at t = —~, i.e., the incoming composite momenta, does not determine
which of the diagrams in Fig. 1 apply (assuming anticomposites are not distinguishable from composites in this model).
Thus, the state

~

%phys) which satisfies the initial conditions must be expressed as a linear combination of states
describing all possible diagrams. Assume that each diagram in Fig. 1 has an equal probability of occurring, and that
each diagram is, in principle, distinguishable from all others. Then the state is the sum (or integration) over states
describing each process.

Consider first Fig. 1(a), the "s channel, " or direct channel. Denote the incoming momenta as P, and P2. Then
P, =P~ and P2 P2, or vice versa. The per——mutations are easily added in, so the first choice will be used. From (7.14)
this implies
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P1 P2—b,z+a2=0, — +b, z+a2=0,v'2 mc &2 mc

where we ha~e used the relations b» ———b» and b2 = —a2.
Summing all states in (11.2}which satisfy (11.3},we write

(1 1.3}

l

er'N&= 2 g fd az fd ar„ fd brA5(a1z —az4)5(b1z b1—4)
n3 ———oo I =1,2

A =2,4

X5(2(arA+az) (—n4+1))5(2(brA az} ("4+1})

X5(a1A+azA )5(b1A+bzA )5(tt(az) —n )

P]x5
&2 mc

P2
b12+az 5 +b12+az

l
n3 n4''az ar„','br„& . (114)

2 mc

The momenta of the composites at t = + oo will be labeled P3 and P4. For the diagram of Fig. 1(a) we put

P4—Q]2 —Q2 =0, — +a]2 —Q2 =0,
&2mc &2mc

where we have used azz ———a,z. Then, in analogy to (11.4), define the state (4;„, l
by

(1II;„,l= g g fd zfd r„fd br 5(, —
z )5(b, b, )—

n3 ———oo I=],2
A =2,4

(11.5)

X5(2(arA+az) (n4+—1))5(2(brA az) ("4+1})

X5(alA +a2A }5(blA +b2A )5(@a2 )

P3x5
v'2 mc

P4
a12+a2 5 +a12 a2 & n3 n4 a2 aIA bIA

2 mc

Let us continue to calculate the states corresponding to the "t channel" of Fig. 1(b). Corresponding to t = —~, set

P] P2—b]2+Q2 =0, — —a]2 —Q2 =0 .
&2 mc v'2 mc

Then the state 1prbrr & is defined analogously to (11.4) with the replacement

P2 P2
+b]2+,a2 — —a]2 —a2 .

&2mc ' &2mc

At t =+~, set

P3 P4
+b,2+a2 ——0, — +a,2

—a2 ——0 .
&2mc &2mc

Then (%',„, l
may be obtained from (11.6) by the replacement

P3 P3—a, z
—az — +b,z+az .

v'2mc &2mc

From these expressions we can calculate

& e:„,l e,'„&= & e.'„,
l e;„&=0,

(4;„,l
4;„&=5, g 5(PI Mc )5(P, +Pz+P—3+P4) g 5 a

I=1 n = —oo

(P, +Pz}
4M2c 2

—n

(1 1.9)

(11.10)
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(11.11)
(P, +Ps}(%.'„, ~%,'„)=5, g 5(P,' M—'c')5(P, +P, +P, +P, ) g 5 a, , —n

I=1 4M c

From the similar calculation for the "u channel" of Fig. 1(c), one finds that the states
~
4;„) and (4;„, ~

are orthogonal
to the

~

4') and the
~

%'" ) states and satisfy
I'

(P, +P4)
(y:„,

~

+',„)=5, Q 5(P,' —M'c')5(P, +P, +P, +P, ) g 5 a
1=1 4M c

The above results are combined to give the scattering amplitude

w =Ã((0:„,
~
e;„)+(et„,

~
e,'„)+(0:„,

~
0;„)),

where JV is a normalization constant.
To express A in terms of invariant parameters s, t, and u, define

s =(P, +P2), t =(P, +P3), u =(P)+P4)
Also, define a "trajectory" function a(z) by

a(z)=a(z/4M c )=(1/4M c )z —mc /2iriw(0) .

—n (11.12)

(11.13)

(11.14)

(11.15)

Then A takes the form

4
A (s, t, u)=JV5, g 5(P Mc )—5(P, +P +P +P )[D(s)+D(t)+D(u)],

I=1
(11.16)

where

D (z) = g 5(a(z) —n )

and, by (7.17),

l z
a(z) = —CXO,n4+1 4(2mc)

with, we recall,

(11.17)

(11.18) s =(EcE/c) (11.20)

where ECE is the energy in the CE system,

I

physical regions), the solid lines correspond to nonzero
terms of D(s), D(t), or D(u). Their intersections,
represented by the heavy dots, then correspond a three-
fold increase in scattering amplitude.

In the center-of-energy system of the incoming (or out-
going} composites,

ao—=mc /2Rw(0) . (11.19) t = —2qz(1 —cos8), (11.21)

n the s-t uplot of Fig. -2 (the plotted regions indicate the where q and 8 are the CE three-momentum and scatter-
ing angle, respectively, and

u = —2q2(1+cos8) . (11.22)

TTY

Note that we may now allow a~0 without affecting
the results.

From (10.3), (11.14), and (11.15), it follows that az
plays the role of an impact parameter. When a2 ——0,
scattering occurs only in the forward or backward direc-
tion. It should be noted that, in general, scattering can
occur at arbitrary angles even though the relative orbital
angular momentum is zero for the incoming and outgoing
composites. Thus, an observer unable to measure the ini-
tial (zero) orbital angular momentum may interpret the
scattering as due to the composites having an interaction
range and a nonzero impact parameter.

The internal angular momenta of the composites have
not played a direct role in the interactions of the 4N mod-
el. However, the solutions to the trajectory equation

a(s„)=n (11.23)

FIG. 2. Contributing physical values of s, t, and u to the in-
variant scattering amplitude for two-composite scattering.

are generally interpreted as resonances of mass Qs„and
angular momentum a(s„}=n Therefore, .let us tentative-
ly identify a(s„) as the orbital angular momentum of the
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TABLE II. Observed singlet mesons (based on quark-

antiquark model) and typical masses (Refs. 12 and 13).

qq orbital
angular

momentum

L=O
L=1
L=2

qq
spin

S=O
S=O
S=O

JPC

nonet

O
—+

1+—
2

Typical
mass

(MeV)

500
1250
1680

5-
4-
3-
2
1-

1 2 3

[M(res)/2m] =(n4+1)(1+ao) . (11.24)

Figure 3 shows a plot of the leading trajectory and the
next few lower trajectory resonances, where we have set
ao ——1. The figure illustrates the paucity of lower-lying
meson states, a fact that seems in accord with existing ex-
perimental evidence. However, we caution that the re-
sults of this simple version of the constituent model
should not be taken too seriously.

XII. DISCUSSION

To be sure, the constituent model is a limited model.
Much remains to be understood even within the context
of the simple 4N version. Invariant supplementary condi-
tions are imposed in addition to the Lagrangian to elirni-
nate time oscillations and unwanted solutions. The mod-
el seems to yield local interactions between composite

nonrelativistic quark model. In Table II, the observed
mesons in the states LJ, based on the quark-antiquark
models' ' are given along with the typical meson
masses. The spacing in energy between mesons is gen-
erally taken to be about 600 MeV (Ref. 13). We have al-
ready assumed the states 0 +, 1+, and 2 + lie on the
leading Regge trajectory defined by (7.25). This suggests
that we assume (11.23) yields trajectory equations for
lower-lying (unstable) resonances. This would yield

(M»
I 2fn)

FIG. 3. Plot of resonance mass squared vs orbital angular
momentum.

particles even though it is based on action-at-a distance.
The classical version of the model contains aspects of the
quantum theory and of quantum field theory. At the very
least, it requires us to rethink creation and annihilation of
particles in classical theories. The analytical properties
of the scattering amplitudes need to be understood, since
the usual partial-wave expansions do not apply. Quite
apart from such fundamental questions, the question
arises of how to extend the model to more realistic prob-
lems, for example, to composites of differing masses and
spins, to the inclusion of other quantum numbers and
other interactions (Ref. 5 contains an initial investigation
of color in the classical model), to multiple scattering,
etc. Nevertheless, it appears to contain features which
suggest it could lead to an alternative approach to under-
standing particle interactions without many of the bur-
dens that plague conventional theories. In addition, the
inadequacy of the physical initial conditions to uniquely
determine the solutions (even classically) and the nonlo-
cal nature of the equations suggest a bearing on the foun-
dations of quantum mechanics.
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