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Recent measurements of ratios of quarkonium annihilation rates are used to evaluate the strong
fine-structure constant u, . Expressions are presented for QCD radiative corrections with a, re-

ferred to the quark-mass scale. We find a, (mb)=0. 179+000, from the ratio I (Y~ygg)/
I (Y~ggg). The corresponding range of A~~~ (the QCD scale factor for four light-quark flavars) is

146-210 MeV, where MS denotes the modified-minimal-subtraction scheme. The experimentally
more precise but theoretically more questionable ratio of the gluonic and muonic widths of J/f and
Y yields a, (m, )=0.29+0.02, a, (mb)=0. 189+0.008 when VIE corrections to these ratios for J/g
and f are parametrized linearly. Further predictions are made for ratios of rates.

The annihilation of a heavy-quark-antiquark pair
("quarkonium") into final states consisting of leptons,
photons, and light quarks can provide useful information
on the strong fine-structure constant a, ((u) (Refs. 1 and
2). Here p is a renormalization scale, for which various
prescriptions have appeared in the literature. ' Annihi-
lation rates typically depend on a, (p ) to some power p,
times a correction factor:

I (QQ~(final state)) = A [a,(p)] [1+8(p)a,(p)

+O(a, )] . (1)

Unless p =0, the coefficient B depends both on the scale

p and on the exact definition of the coupling constant
(the "renormalization scheme"). This double ambiguity
means that a scale choice which is reasonable in one
scheme is unreasonable in another, and has led to some
confusion about whether the power-series expansion is
well behaved in most processes. In Ref. 4, a technique
was introduced for probing physical momentum scales in
QCD processes so as to allow an intelligent and informed
guess for the renormalization scale in a scheme-
independent way. This analysis concluded that with the
important exception of the ratio of the gluonic and
muonic widths of the Y, the perturbation series for most
QCD processes is quite well behaved and can be used for
phenomenology.

The method of Ref. 4 is uniquely specified in QED. In
QCD the prescription of Ref. 4 for choosing the scale p is
such that the coefficient of nf, the number of light-quark
fiavors, is made to vanish in the constant 8 (p) of Eq. (1).
All the dependence on nf is then absorbed into the term
[a,(p)]~. Thus, the choice of scale is form-invariant un-
der a change in the number of flavors. Light fermion
loops act as a probe of the scale of the virtual momentum

which appears in the argument of a, . The corresponding
scale, defined as p =Q', then appears physical and
reasonable for S-wave quarkonium decays. In particular,
one can argue that Q' for such decays corresponds
roughly to an expected scale of virtual momentum associ-
ated with two- or three-gluon emission. (We have quoted
the scales Q' relative to AMs, where MS denotes the
modified-minimal-subtraction scheme. The physical
momentum scales are roughly twice as large, since AM&M
is roughly twice AMs. )

This happy situation does not appear to persist for P-
wave decays. Radiative corrections to hadronic decay
rates of J =0++ and 2++ quarkonium levels contain
terms associated with final states consisting of a light-
quark pair and a gluon which become infrared singular
when the gluon's four-momentum approaches zero. If
the nf dependence associated with such terms is absorbed
into the definition of the scale p, curiously high values of
Q' are obtained. We will return to the interpretation of
these large values of Q' at the end of this paper. For the
purpose of comparing expressions of the form (1) for S-
and P-wave decays, however, we wished instead to exam-
ine the results of making the simpler (but ad hoc ) choice
p=m&. It should be stressed that this choice is not the
one dictated by experience with QED (Ref. 4), and that
p=m& in the MS scheme is not the same as p=m& in
some other scheme. Moreover, the presence of the in-
frared logarithms in corrections to P-wave decays points
to a role of nonperturbative effects in such corrections,
which probably merits further study.

In this paper we provide a concise summary of QCD
corrections to decay rates based on the choice p=rn& in
the MS scheme. At the same time we make use of the
most recent measurements of Y annihilation rates to
evaluate a, (mb ) precisely. We find
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a (mi, )=0.179+0'oos

corresponding to a QCD scale factor of

(2)

(3)

a, '(m&)=a, '(p)+ In(m&/p ),
where

po ——11——', n/

(9)

(10)
from the ratio of partial widths into two gluons and a
photon and into three gluons. The superscript on A—

s
denotes the number of light-quark fiavors. The result (3)
is completely supported by the experimentally more pre-
cise but theoretically more questionable ratio of the
gluonic and muonic widths, which yields a, (mb)
=0.173+0.005. An attempt to describe the ratios of
gluonic and muonic widths of J/P and Y simultaneously
is made by parametrizing U /c corrections to these ra-
tios in a linear fashion. The results are

a, (m, ) =0.29+0.02,

a, (mb ) =0.189+0.008,

AMs
——216+31 MeV

(4)

(5)

in accord with the ranges in Eqs. (2) and (3). Averaging
the determinations (3) and (5), we find

—s=196+22 MeV,

a, (m, ) =0.276+0.014,

a, (mb ) =0.184+0.006 .

(6)

(7)

(8)

We shall compare the result (7) with crude determina-
tions of a, ( m, ) from two-gluon to two-photon partial-
width ratios of g, and X2, and predict more precise values
for these ratios.

At the end of this paper we shall discuss aspects of the
choice (u=g' in more detail. It should be stressed that
with this choice, many of the values of B (Q' ) turn out to
be quite large. Thus, if such a choice is valid, far fewer
quarkonium annihilation processes are amenable to a
satisfactory description within the framework of pertur-
bative QCD.

We relate a, (m&) to a, at some other mass scale p us-

ing the expression

&& [1+B (m& )a, (m&)] (11)

to leading order in a„we find

pPO m&
B (m&) =B(p)+ ln2' p

(12)

Expressions for QCD radiative corrections are taken
from Refs. 4 and 6 for three-gluon and two-gluon plus
photon decays of Si states, and from Ref. 5 (see also the
last of Ref. 2) for two-gluon decays of 'So, Po, and P2
levels. These expressions are summarized in Table I.

In Table I, B is of course independent of p for purely
electromagnetic decays. The number of light flavors is to
be taken as n& ——3 for charmonium states and 4 for bb
ones. The logarithmic correction factors }n(m&R, ),
where R, are confinement radii, are taken as approximate
expressions for in(4m&/

~

M —4m&
~

). The prescription
of renormalization at the scale p=m& leads to some
differences in terms —', ln2 for two-gluon processes or ln2
for three-gluon processes from coeScients of a, /m cited
in the literature.

We now calculate the expression quoted in Table I us-

ing the quarkonium parameters shown in Table II. We
use m, =1.5 GeV/c and mb ——4.9 GeV/c here and in
what follows. The results (including familiar expressions
for total rates) are summarized in Table III. Ambiguities
in the definition of the logarithmic terms in corrections to
I ( Po 2~glue) are such that the coefficient of a,/n.
should not be regarded as known to better than about
+1.

and nI is the number of light flavors with mass less than
pf

Q nf 3 for m &
——m„nI ——4 for m &

——mb . Equating

[a,(p)]~[1+B (}Li)a,(p)]=[a,(m&)]~

TABLE I. Numerical or analytic expressions for first-order corrections to decay rates, of the form
rrr(']=1+@(I )a, g~.

Process

'Sp~yy
'S, glue

'S -~rr
'S, ~glue

S,~y+glue
'~o

Pp ~glue

P2 ~glue

+/3 ——", = —3.38

pgn(@/m&)+ "9 —3}n. /24 —1 1 }n2+n/( —9+ —, ln2)

= —5.33

—12.61+0.03

(3Po/2)ln(p, /m&) —0.26 —l. }6n&

I1o}n(p/m & ) 4.37 077&/— —
+/3 —2' =0.18

po}n(~/m&)+ —",,o +5+/}6—11 }n2+n&[—
2, + —,

' ln2+ 27 }n(m&R, )]
= —5.33

p }n(p/m&)+ ",", —337m /128 —6}n2+n/[ ——'„'+ i ln2+ 9}n(m&R, )]
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TABLE II. Quarkonium parameters affecting first-order

corrections to P-wave annihilation rates. (15)

State Z, (GeV-')

cc(1P)
bb(1P)
bb(2P)

3.17
1.86
3.05

1(r), gg)=I „,(r), )=11.5+4. 3 MeV . (13)

An average of several experiments involving e+e (Ref.
8) and pp collisions gives

yy)=9+4 keV .

The predicted ratio of these two quantities is

(14)

We next summarize relevant partial decay widths and
branching ratios of quarkonium, and give the values of a,
extracted from various ratios. The results are shown in
Table IV. We quote a few details of the determinations.
Unless otherwise noted, experimental values are taken
from Ref. 7.

(1) rI, decays. The total width of r), can be assumed
to be dominated by two-gluon decay:

Here and subsequently we omit the argument (p) of a, in
the correction term, since a change in p only affects
higher-order corrections.

The g, ~yy' width can be expressed in terms of that
for J/g~p+p, if ~%'(0)

~

is the same for the two
states. The magnetic transition J/%~rr), is substantial-
ly weaker than one estimates nonrelativistically, however.
This suggests that the J/f and r), wave functions may
not be identical, with their overlap reduced by hyperfine
and coupled-channel effects. Ignoring such effects, we
would predict

r(n, rr)
I (J/g~p+p )

4 a,
1+1.96

3
'

m

or I (ri, yy)=7 keV for I (J/1(| p+p )=4.7+0.3
keV (Ref. 8). This value is compatible with the present
experimental range (14).

(2) J/g decays. The total decay width I „,(J/f) is
composed of e+e, p+p, y*~qq, yg„ggg, and ygg
contributions. From Ref. 7 we find

TABLE III. Lowest-order expressions and first-order QCD corrections with a, computed at the mass scale of the constituent
quark (m, =1.5 GeV, mb ——4.9 GeV) for decay processes of cc and bb quarkonium states. Here we assume three colors of quarks.
Note that corrections to ratios of PJ decay widths are known more precisely than individual values.

Process Rate Correction factor

'S.-rr
'So glue

12ne&a2
~
4{0)

~
/m&

8rra~
)
4{0)

~

2/3m&

1 —3.4a, /m.

1+4.Sa, /m (g, )

1+4.4a, /7T (gb )

'S) ~e+e
S

'S& ~glue

16na'e&
~

4{0)
~

2/M'

16{+'—9)a'e&
~
4{0)

~

'/3m&'

40{rr —9)a,
~

4{0)
~

/81m&

1 —16a, /3m

1 —12.6a, /~
1 3 7a, /rr —{J./f)

1 —4.9a, /~ (V)

'S& y+ glue 32{rr 9)e&aa,
~

4(—0)
~

/9m& 1 —6.7a, /m {J/g)
1 —7.4a, /n. (Y)

'P~ ~glue' {20/9n )a,'
~

R„'p(0)
~ '1n{m&(R, ) )/m& Not known

'po rr
Po ~glue

27e&a'
~

R„'p(0)
~

/m&

6a,'
~

R„'p(0)
(
'/mg

1+0.2a, /m

1+9.5a, /~ (X)
1+10.0a, /m. (Xb )

1+10.2a, /m. (X' )

P, ~qq+ glue' {8/9n)nfa,'
~

R„'p(0) '/m&ln{m&(R, ) ) Not known

'P2 ~glue
36e&a

~

R„'p(0)
~

2/5m&

8a~
~

R„'p(0)
~

'/5mg
1 —16a, /3~

1 —2.2a, /~ (X, )

1 —0. 1a, /~ (X )

1+1.0a, /~ (X'b)

'(R, ) is the average radius of the 'P, or 'p, state.
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TABLE IV. Information on a, obtained from various ratios of quarkonium annihilation rates.

Ratio

r(g, gg)

r(n. xr )

Expression
(Eq. No. )

(15)

Value'

{1.28+0.74) & 10

[(2.8+0.4) X 10']

Parameter

a, (m, )

Value

0.20+', „

I'(J/t(~pp} (22) 9.0+1.3 a, (m, ) 0. 175+0.008

I (J/g ygg)
I (J/1('~ggg}

(23)
0. 10+0.04

[0.063+0.005]
a, (m, ) 0. 19+p p5

I (X,&~gg)
r(x, rr) (26)

(0.91+0.62) x 10'

[(2.1+0.3)X 10'] a, (m, ) 0 19+P.P5

I (Y~IMP)
(33) 28.4+" a, (mb) 0. 173+0.005

egg)
I (Y~ggg)

(37)
(2.79+0. 15)%%uo

[(2.70+0.09)%]
a, (mb) 0. 179 p pp8

'Quantities in brackets denote predictions based on Eqs. (7) and (8).

I (ee) = I (pp) =(6.9+0.9)% I „, ,

I'(y'~qq ) =(2.4+0.2)1'(pp)

(17a)

(17b)

I (J/1(j~ygg) 16 a
1(J/t(~ggg) 5 a, (m, )

(23)

(the latter value is estimated from e+e cross section
measurements around the J/1( mass); and

(3) X decays. The most precise measurements of the
total and yy widths of Xz (the J =2++ cc state at 3556
MeV) come from a CERN ISR experiment. They yield

I (yri, )=(1.27+0.36)% I „, .

Then

(18) 1(Xz gg)=2. 6+,"o MeV,

I"(Xz yy) =2.9+,'o+1.7 keV .

(24)

(25)

I (ygg)+ I (ggg) =(68.4+4.2)% I „, .

Now we use the measured value'

I (ygg) =(10+4)% I (ggg)

to conclude

I (ggg) =(62.2+4.4}% I „, .

(19)

(20)

I (Yz~gg )

1(Xt yy)

9[a,(m, }] a,
1+3.2

Sa
(26)

The Crystal Ball Collaboration" obtains 2.8+2.0 keV for
this last value. Averaging the two, we obtain
I (Xz~yy)=2. 85+1.43 keV. The predicted ratio of the

gg and yy rates is

Combining this with Eq. (17a), we find the ratio shown in
Table IV. The theoretical expectation is

I (J/1( ggg) 5 M (~ —9)[a,™,)]
I (J/g~p}M) 18 2m, nn

1+1.6

We also present in Table IV predictions for experimen-
tal ratios based on the value of a, (m, ) quoted in Eq. (7).
Future measurements' of q, and 7 widths to gg and yy
will be able to check these predictions much more closely
than in the past.

(4) Y decays. We use the branching ratios

I (ee) =1 (pp) =(2.8+0.2)% I „,
and calculate'

The rather tightly constrained value of a, (m, ) noted in
Table IV is probably in fact a crude estimate, since v /c
corrections have been neglected in Eq. (22).

The ygg/ggg ratio in Eq. (20) is expected to be

I ( rr) =(2.76+0.2)% I

1(y* qq)=(10. 1+0.9)% I „, .

(28)

(29)
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This implies

I (ygg)+ I (ggg) = (81.6+ l.4)% I „, .

There are three determinations of I ( ygg)/I (ggg):

(3.00+0. 13+0.18)%%uo (ARGUS' )

(2.54+0. 18+0.14)%%u (CLEO' )I (Y~ggg}
(2.99+0.59)% (CUSB' ) .

(30)

(31)

Here it appears important' to use the photon energy
spectrum calculated by Field others' are not in accord
with the data. Averaging these values, we find the
ygg/ggg ratio quoted in Table IV, and so

I (ggg) =(79.4+1.4)% I „, (32)

leading to the ggg/}up, ratio cited in Table IV. We expect

r(Y ggg) io
+++ ) 9

M (n —9)[a,(mb)]

2mb ma

X 1+0.43 (33}

The implied experimental value of a, (mb) in Table IV is
in accord with the estimates of Ref. 19:

Y: a, (0.48M&) =0.172+c c07,

Y': a, (0.48M& ) =0.177+c DIz,

Y: a (0.48M' ) =0. 170+0'Dip

The theoretical expression for the ygg lggg ratio is

(34)

(35)

(36}

r(Y }gg) 4
I (Y~ggg) 5 a, (mb)

(37)

a, (p)=
Poln p

MS

2

P, ln ln A-
MS

2

p,'in ",
MS

(38)

where

po ——11——', n, , p, = 102—",nf-
and we use nf ——4 for m, (p (mb.

(39)

The experimental average for this ratio leads to a value of
a, (mb ) almost precisely equal to that obtained from Eq.
(33).

The agreement of the two determinations of a, is espe-
cially important since concerns have been raised about
the convergence of the perturbation series for the ratio of
Eq. (33), but not for the ratio of Eq. (37). The prediction
for the ratio of Eq. (37) based on Eq. (8), shown in the last
line of Table IV in square brackets, is also in accord with
the present experimental value.

We now present details of the calculation that led to
Eqs. (4) and (5). The relation between a, (p) and AMs, to(~n j

two-loop accuracy, is

TABLE V. Quarkonium decay processes and corresponding
values of g* (scale defined in Ref. 4) for setting a, . Also shown
are correction terms B(p) in Eq. (1).

Process

'Sp ~glue

'S& ~glue

3S, ~@+glue

Pp ~glue

cc(1P)

bb(1P)

bb(2P)

'P, glue

cc(1P)

bb(1P)

bb(2P)

Q /2m'

0.264

0.157

0.157

0.58

0.67

0.75

2.52

3.81

Ppln —0.92p
gO

—'Ppin —19.35
2 g4

poln „—17.07

poln + 10.8

d(301n + 12.4

poln + 13.6

poln +7.5

pain + 13.4

pain + 18.0

We parametrize v /c corrections to Eqs. (22) and (33)
by a factor (1+CU /c ), with U /c =0 24. for charmoni-
um, 0.073 for Y. (See the first of Ref. 3.) The experimen-
tal ggg/pp ratios are both reproduced to within one stan-
dard deviation over the range of parameters in Eqs. (4)
and (5), with C ranging between = —2.9 and = —3.5.
The large magnitude of the U /c correction for char-
moniurn means this exercise is at best a qualitative one,
but it does lead to a value of AMs [Eq. (5)] consistent with

that implied by the ygg/ggg ratio [Eq. (3)]. Other deter-
minations of AMs are consistent with values around 200
MeV, but with wide error limits.

To summarize, the choice @=m& for defining the scale
of strong interactions in quarkonium decays leads to a
value of AMs

——196%22 MeV, when one averages deter-
minations from ygg/ggg and ggg/pp ratios of decay
rates. This determination does not properly reAect the
large systematic error associated with a choice of scale,
however. We conclude this paper with a brief summary
of the correction terms in Eq. (1} that arise when one
chooses the scale p = Q

' discussed in Ref. 4.
In Table V we show the values of Q" (in the MS

scheme and in units of 2m & ) and B(p ) [in terms of
ln(p/Q')] appropriate to the S- and P-wave quarkonium
decays discussed above. The values of Q" are approxi-
mately (2m&)/4 and (2m&)/6 for 'So and S, decays.
As noted, since AMQM is roughly twice as large as AMs,
we expect the physical momentum scales to be roughly
twice Q', or (2m&)/2 and (2m&)/3 for 'So and S& de-

cays to two and three gluons, respectively. Thus, for
these states the appropriate scale indeed seems to be the
correct fraction of the mass of the decaying state. The
large values of B (Q' ) for S, decays could be interpreted
pessimistically as indicating that perturbative QCD is
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very risky for describing these decays. At the very least,
the quantities for which perturbative QCD could be valid
appear to be ratios such as ygg/ggg, since the coefficients
B(Q') for Y~ygg and Y~ggg are nearly equal.

A measure of the systematic uncertainty attending the
choice of scale is that on the basis of 1(Y~ygg)/
I (Y~ggg) =(3.00+0. 13+0.18)%%uo, the ARGUS Colla-
boration' quotes a, (0. 157M~ ) =0.225+0.011+0.019,
AMs

——115+17+28 MeV, whereas using the ARGUS re-

sult we would find a, (ms)=0. 168+colo, AMs
——137+3',

MeV.
The values of Q' in Po and particularly in P2 decays

do not appear to be related to any obvious physical scale.
The terms proportional to n&ln(m R, ) in Table I arise
from infrared singularities mentioned at the outset of this
article. Their magnitudes dictate the choice of Q' in
what appears to be an arbitrary manner. It is notable
that no ln(m&R, ) terms appear in n&-independent contri-

butions to B(p, ) in Table I. One would expect such terms
to appear if nf -dependent terms are an accurate probe of
gluon virtuality. In fact, however, since the 1n(m&R, )

terms are of infrared origin, perturbative QCD is on
shaky grounds for describing both the corrections to Po
and Pz decays, and the leading-order contributions to
P& decays. The same conclusion may be drawn from the

large size of the coefficients B(Q") for Po and Pz de-

cays to gluons. A resummation of higher-order contribu-
tions to such decays may be called for.
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