
PHYSICAL REVIEW D VOLUME 37, NUMBER 10 15 MAY 1988
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A well-known model, due to Zanon, which exhibits dynamical supersymmetry breaking at large
N is reexamined. The breaking is known to be pathological because the Goldstone fermion has neg-
ative norm. Here the two-loop corrections to the large-N effective potential are computed, and it is
seen that the effect of the negative-norm state is to soften ultraviolet divergences beyond what is
found in perturbation theory, rendering the model superrenormalizable in the loop expansion.

I. INTRODUCTION

The argument that quantum field theories with
indefinite metric exhibit a softening of ultraviolet diver-
gences has a long history. ' Of course, if there are stable
negative-norm states in the physical Hilbert space of a
theory the S matrix is not unitary, so the price of reduc-
ing divergences in this way is a loss of causality. Super-
symmetric theories also exhibit soft ultraviolet behavior,
and some time ago Olive and West suggested that the
suppression of divergences in these two types of theories
might be closely related.

The roots of this relationship lie in the old argument
that ultraviolet divergences arise because the simultane-
ous requirements of causality (Lorentz invariance) and
quantum mechanics (the uncertainty principle) result in
an infinite probability of finding high-momentum states
near the light cone. Olive and West point out that in su-
persymmetric theories this argument needs modification
because the invariant interval has a superspace part

(x,„x2„)+(8,—o„8,)
It might therefore be possible to understand the Fermi-
Bose cancellation one sees in diagrams in terms of this
"smearing" of the light cone in superspace. As these au-
thors note, this discussion touches on some rather timely
questions, since it suggests that a four-dimensional field
theory which is constrained to have especially soft ultra-
violet behavior should either be supersymmetric, or have
a noncausal spectrum. This is supported by what is
currently known about dynamical supersymmetry break-
ing. Theories which exhibit supersymmetry at the tree
level resist breaking because of the positive
semidefiniteness of the vacuum energy. The exceptions
are chiral gauge theories, in which it seems possible that
infrared divergences destroy supersymmetry.

A simple argument due to Higuchi and Kazama
shows the physical reason for the requirement of positive
semidefiniteness. The generators of the supersymmetry
algebra are Weyl spinors Q, Q. which obey

IQ, Q. I =2o" P„. .

Writing the Q's in terms of conserved currents in the usu-
al way, Q = f d x Ja(x, t }, taking the trace and the
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is manifestly non-negative. Higuchi and Kazama note
that the standard Ward identity for conserved currents,

T(J"(x)J" (y))=5(x —yo)
Bx"

X I J,(x),J" (y) J,
together with the above expression for (0

i
H(x)

i 0) im-
pose a constraint on the two-point function

S"(P)=i f d x e ' "(Oi T(Jt'(x)J (0))
i
0),

namely,

li P„S"(P)=4(0
i
H

i
0& .

P~O
(1.3)

Now if (0
i
H

i
0) is nonzero there must be a Goldstone

fermion among the intermediate states on the right-hand
side of (1.2). In this case one may write

J"(x)=ifo" g(x)+J"(x.},
J" (x}=ifo" g (x}+J"(x)

with g the Goldstone fermion field and J"free of mass-
less poles. The coupling f is real, as can be verified by
constructing a Hermitian supercurrent from J" and J" .
With these definitions the pole in the two-point function

vacuum expectation value gives

f d xd y(0i IJ (x, t),J (y, t)I i0)

=4&0
I Po I

0&5:=4f d" &0
I
H(x)10&5: .

From the above follows the famous condition that
(Oi Po i0)=0 if and only if Q, i0) =Q. i0)=0. The
condition that Po) 0 is implied since after the insertion
of intermediate states the expression for the vacuum en-
ergy density

(0
i
H(x)

i
0) =—,

' g (2ir} 5 (P„)
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n= z(0iH i0) &0.2
(1.4)

Since (1.4) is inconsistent with unitarity the resulting
theory, although not actually mathematically ill defined,
is physically unacceptable.

The model I will discuss in this paper exhibits dynami-
cal supersymmetry breaking through just such a loss of
positive semidefiniteness. It was first analyzed by Za-
non, and subsequently by the other authors of Ref. 5.
The Lagrangian is

L = f d 8d 8(itif+iti;i';)

S"(P) is given by

lim P„S&(P)=if lim (ir p)
P~O P~O

X f d x e ' "(oi Z(g.(x)y,(0)) iO&

(o"P)f l—im (iJP) n
P~O P2

=2 n

The factor n in this expression is the residue of the pole
in (0

i T(g g, )
i
0), i.e., the norm of the Goldstone fer-

mion state. Now from (1.3) one sees that the loss of posi-
tive semidefiniteness after supersymmetry breaking re-
sults in a negative form for the Goldstone fermion be-
cause (0

i
H

i 0) & 0 implies

sion, the appearance of the negative-norm state at large N
reduces ultraviolet divergences beyond what is found in
perturbation theory. The model is actually superrenor-
malizable order by order in the loop expansion in this
limit. This is proved by computing the two-loop correc-
tion to the effective potential. It is shown that there are
no new divergences at this order; power counting then
implies that new divergences cannot arise at any order.

Section II is a review of the one-loop calculation. Sec-
tion III describes the calculation of the two-loop correc-
tion in detail. Section IV contains some concluding re-
marks.

II. THE EFFECTIVE POTENTIAL AT ONE LOOP

The component field version of (1.5) is

L =Lr„,( A, Q, F)+Lr„,( A;, i';,F; )+L;„,

with

L „,(A, P, F)= ,'( igir —Bg—+AB A+FF

+2m AF mfP+H—.c. ),
L;„,= (FA; +2AF; A; 2A;itif; ——Aiti;f;+H. c. ) .

The tree-level effective potential is easily found to be

Vo —— NFF mN—( AF +—AF) F;F, —

g(FA; +2AF—; A;+FA; 2AF; A;)—, (2.1)

fd 8 —P — —([)([)i +H. c. (1.5)

The superfields I([);, i =1, . . . , Nj are regarded as an
O(N) vector and P as an O(N) singlet.

In the large-N limit this model is found to have an
efFective potential which is unbounded from below.
There is also a local minimum below zero for suitable
values of m and g (though this feature is regarded as
unimportant in what follows; since the theory is unphysi-
cal to begin with, its vacuum may as well be unstable).
Here I want to show that, apropos of the above discus-

where the singlet fields have been rescaled: /~ziti
Using the auxiliary field equations of motion this be-
comes

Vo ———/F/ + —,'/F;f, (OiV /0)=0.

The development of a large-N expansion for the
effective potential of this model is straightforward. The
singlet superfield P is shifted by a background value
([)~([)0+/, then the effective action I"[([)0] is defined in
terms of the shifted action

S[po, iti, iti, )=N f d x . f d 8$ $0—0 —f d 8$0+H c.
+ f d'x fd'8iti, y, —g f d'8iti, i'', +H c.—g f d x fd28$$, +H. c.

=Ns [y,]+s[y, ]+s,„,[y, y, ], (2.2)

as

iI[40] iNS['00] — iS [4, ] IS;„[0,4,].
To extract the effective potential set Po= AD+8 Fo. Functional integration gives a formula of standard type (with
0= dx):
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1 ; 5'S[go)
V tr[ko]= fI 1[do]=NVo(((o) —

2II
Tr »

I J
+—( Texp(iS;„,[P,P, ])) . (2.3)

The three terms on the right-hand side of (2.3) are, respectively, the tree-level, quantum corrections at infinite N, and
quantum corrections to all finite orders in 1/N. The large-N term is most easily evaluated in terms of component
fields. Defining

4; =(A;A;FF;), 4; =(f; f, )

one finds

S[4;]=—,
' f d"x 4 (iM ')4+ —,

' f d x 4 (iN ')4,

where the inverse propagators M ', N ' of the component fields are

iM

—2gFo

B2

—2gAo

—2gFO

—2gAO

—2gAO

—2gAO 2gApe ~ io—"~ 8P

—i o. " ~B 2g A pe ~
P

The resulting integrals are trivial and give

V o'[4o]=
I
ao

I I
x

I
+~(apx+a ~px)

g

g'Iaol' Iaol'
z (1+ Ix I) ln(1+Ix I)+(1—Ix I) ln(1 —Ix I)+2lx I

ln
64m. 4'

In this equation the change of notation ap =2g Ao, x =Fp/2g A p
=f /ap has been made for later convenience. V,s is al-

ready renormalized, as can be seen from the appearance of the scale factor p. Bare and renormalized quantities are re-
lated through

~OB =Z Apg FOB =Z Fpg mB =Z m„, gB =Z g„1/2 1/2 —1 2 —1 2

with

Z=1— g2 —+P(1)
3271

Now, as many of the authors of Ref. 5 point out, V,& is
unbounded from below for large

I
ap I. One is free to

choose ao and fp to be real and the auxiliary field equa-
tion (BV,s/Bfo)=0 gives

V.a-—
Ngma

2

1 — ln
g2 ap

32m 4mp

(2.4)

III. TWO-LOOP CORRECTIONS

There is no reason to expect that the pathological be-
havior of V,N will be cured by computing the next term in

for fo « a o. Obviously, the potential goes negative
above the pole in this expression and is unbounded from
below as ap ~ ao.

the expansion (2.2). Cancellations of large-N effects by
nonleading corrections is not known in the 1/N expan-
sion, but the circumstances under which they occur are
very special. In the present case it is apparent that, to
any finite order, corrections will only serve to shift the lo-
cation of the pole in V,&. If N is not large, however, one
cannot be sure that the pole even exists. Higher-order
corrections may move it toward successively larger value
of ap so that it disappears when all orders in N are
summed. This is a lot to infer from lowest-order correc-
tions. But one can expect the next term to at least give
an indication of whether such a scenario is possible.

To calculate this term I make a simplifying assump-
tion. One can see by inspection of the one-loop result,
that supersymmetry will be unbroken in V,z if m =0.
The existence of the pole, however, does not require any
particular value for m; thus one may take m small and re-
tain only those terms which are at most linear in m when
computing V,z. This just amounts to setting m =0 in
the singlet propagators ( PP ) and ( PP ), and consider-
ably simplifies the evaluation of integrals.

The 0 (fi ) term in (2.1) is
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2'Age & T(s...s...) }

f d x,d x, f d'e, d'8, (p(1)p(2})(p,(1)p,(2))'+ f dze, d'8, (p(1)p(2))(p, (1)p, (2))'+H. c.

(3.1)

The appearance of the background fields ao and fo in

S[P;] results in rather complicated expressions for the
vector propagators in (3.9). Consider, for example, the
propagator (P;(z, )((},(z2)). Using the superfield expan-
sion and the inverse propagators of Sec. II, one finds

g) 2

($(1)$(2))=,™,'5(e„) 5(8„) .
p2+m2 4

(3.4)

(PP) in the nonchiral part have a somewhat difFerent
form. The singlet field is again standard:

where

5 (e»} e(p, e, , 82),
hp 16

The factor 5(8&z) in (3.4) ensures that loop graphs con-
tributing to the nonchiral part of V,& will vanish. This
nonrenormalization theorem will be spoiled in the pres-
ence of background fields, so that the vector propagator
must have the form

,', '5'(e») .
p +m 16

(3.3)

I will refer to the contribution involving (3.2} and (3.3) is
the chiral part of V,ff. The propagators (p;p;) and

2
I fo I

'
~'(» ei ez }=P + I

a o I
+ p'+

I ~o I

'

I fo I Iuo I

eifo&o —ezfo&o+—eie 2 p'+
I ~o I

'

~p=(p +
I ao I } —Ifo I

The corresponding two-point function for the singlet field
is of standard form:

(P;(1)$;(2))=(P;(1)((};(2))''+/P;(1)$;(2))' ',
where ($,(1)((},(2))' ' looks like (3.4) with m ~ao,
mz~

I ao I

z and

D 2

(p;(1)p;(2))' '= — 5(8)2) X(p, e),82),
hp 4

2 2 &olfol 2 2 2+(p 8] 82 } fp (81+82 } +8182' pfp ~p'+
I no I'

The part of the vector propagator containing the 5 func-
tion drops out of (3.1). Also, because there are no 8 in-
tegrations in this term, the covariant derivatives only
contribute an overall factor of —1. The nonchiral term
can be written

2

V',z'(nonchiral)= — m (apfp+opfo) I fp I

1

+m (q + I&o I )~I, +q~q [(p+q) + I&pl ]~q~p+ff
(3.&)

The evaluation of the chiral part of (3.1) is no more difficult. This term is (schematically)

'3

z~(ch, ra}) g d p d q d e,d 8 5(8 }
D 2D2

(2~)' (2~)' ' ' 16 " (p'+m')a, a„,
This may be simplified by expressing the covariant derivative factors as exponentials. These cancel because of momen-
tum conservation, so the result is

g2 2 d4p d q I+pl [q + I~pl +(p+q) + I+pl ] +2lfol (q +p q}
ff (chiral)=

I fo (2~}' (2~)' (p'+m'}(q'+
I
ap I')[(p+q)'+

I ~p I']&,&, , +
(3.6)

Setting m =0 in (3.5) and (3.6) and expanding the integrands, one finds that all integrals can be expressed in terms of

J(a+P}= de 1 a
(2n. )' p'+ a+13 (4~)'

'1 —e
4mp, r( —~+1)
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and

a
(4n. )

d'p d'q 1

2m 2m p p+q +a q +
2E'

B (e, e) zF, (2e —l, e;2e;1—P/a) .4m@, I ( —1+2')
a 1 —E

After some algebra, one finds that the dimensionally regularized form of V',s' is

xJ'(
I I

) G(e) (1+ )' " (1+ )+2(1+ )F —2F 2x
1+x

+(1+x)(1—x)' '+2(1 —x)F(x)—4 +I'[(1+x)' '+(1—x)' ' —2]

~o 0+~0 0—m G(e) (1+x)' "
1 —2F

I follao I
', 1+x

—(1 x)' '—+2F(x) (3.7}

Here I have used an abbreviated notation for the hypergeometric function and omitted absolute value signs for x. The
function

P —1+2@)B(e, e)
(1—e)l z( —1+@)

appears in (3.7) because of the relation

K(a,P)= G(e)F 1 ——J(a) p
a a

Finally, the expansion of the hypergeometric function to O(e ) is

F(x)=Fo eF& eFz ———1 ————e —+(1—x)ln(1 —x) e[2x+(—1 —x)ln(1 —x)——,'(1—x) ln ( I x) l.; (x)]—. —

Note, for small x,

F(x)=1——e+—e
x x(1—x) zx

After expanding (3.7) one finds that the first nonvanishing contribution to the term in bold parentheses is 0 (e); it is

—2eG(e)[(1+x)ln(1+x)+(1—x)ln(1 —x)]

so there is a nonlocal divergence. The contribution to V',sI is

g'
I
~o I'

I &o I

'
—+2/(2)+1 —21n [(1+x)ln(1+x)+(1—x)ln(1 —x)] .

(4~}' 4'
The divergent part is canceled by one-loop counterterm diagrams as in Fig. 1. Explicitly these are

2 d4", —'+y(1) f "~, f d'~, &y, (i)y, (T))+ f d'(), &y, (2)y, (2))
32~ e (2n )

g'l~ol'
(4n )

I ~o I

'
—+2@(2)—1 —ln [(1+x)ln(1+x}+(1—x)ln(1 —x)]

4mp

+ —,'[(1+x)ln (1+x)+(1—x)ln (1—x)]
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+ &( I +
FIG. 1. Two-loop effective potential plus counterterms.

FIG. 2. Remaining O(N ) diagrams.

The resulting contribution to V,'z is (for small x)

gi) ao /4x

(4n )

lao I'
1 —ln

4~p
(3.8)

Because this term is proportional to x it will contribute
to the denominator of V,& after x is eliminated through
8 V,s/Bx =0, it must therefore be dropped in order to be
consistent with the small-m approximation used to
evaluate (3.5) and (3.6). The small-x contribution of the
remaining terms is

2
~

[4x2

(4m )

putting this together with (3.8) and the lower-order re-

sult, one finds that the corrected value for V,~ is

Ven'=
g Nm [ao/

g 4 g lao l

1n
32ir' N 32m' 4np, '

(3.9)

The sign of the correction implies that the pole is mere-

ly shifted by 0(1/N) to a smaller value of
~
ao

~
/4np

If this trend continues the pole will not be removed by
higher-order corrections. A more spectacular feature of
(3.9) is that it has only linear in' dependence which origi-
nates from the subtraction of one-loop counterterms; thus
the p function receives no 0 (iri ) correction. This
phenomenon must continue in higher orders, so that the
model is superrenormalizable. This is peculiar because
there are interaction monomials of dimension four in the
Lagrangian and the superficial degree of divergence of di-
agrams does not decrease in perturbation theory. How-
ever, one can see that it is true by turning the latter fact
around: the momentum integrals (3.5) and (3.6) already

Next consider the finite parts of V,& coming from the
0(e ) piece of the term in bold parentheses in (3.7). The
mass-dependent terms give a small-x contribution

2 2g, ma'x'.
(4m )

have negative superficial degrees of divergence; since the
theory is at least renormalizable, all other diagrams must
be superficially convergent as well. Any divergences
which arise at higher order can be gotten rid of by renor-
malizing subdiagrams. Then, by induction, there are no
new divergences. Thus there is at most linear logarithmic
dependence in higher orders, coming from the effect of
the one-loop divergence. Another way to see this is to
note that the diagrams which contribute leading logarith-
mics are the 0 (N ) diagrams (Fig. 2). Since the
coefBcient of the leading power of the logarithm depends
on the second-order correction to the P function, it must
vanish.

IV. CONCLUSIONS

The unexpected suppression of divergences found in
this model fits rather neatly with the folklore discussed in
the Introduction. In this connection it might be desirable
to understand the breaking of supersymmetry from a
more modern point of view. The Lagrangian (1.5) has a
U(1)R symmetry, and at the tree level there are Gold-
stone bosons on the coset space

U(1)a XO(N)/U(1)'XO(N —2) .

This manifold is almost the compact Kahler manifold

O(N)/U(1) XO(N) .

Supersymmetric theories defined on such manifolds are
known to be anomalous, so in a sense, R symmetry must
be broken in the tree eff'ective potential to evade the
anomaly. On the other hand, the large-N limit breaks R
symmetry [but not O(N) symmetry] explicitly because the
singlet field must be given an expectation value. This is
reminiscent of the situation in gauge theories described in
Ref. 4, where there are no physical negative-norm states,
but where also some global-symmetry breaking is sup-
posed to accompany the breakdown of supersyminetry.
It would be intersting to know if this parallel runs deeper.
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