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The sum-over-histories quantum mechanics of a nonrelativistic particle gives a spacetime formu-
lation of that theory in which the preferred Newtonian time does not enter immediately into the
quantum kinematics. We investigate on what spacetime hypersurfaces a Schrédinger-Heisenberg
formulation of the theory can be recovered and conclude that, in general, this is possible only on the
surfaces of constant preferred Newtonian time. The significance of this for a quantum theory of

spacetime is discussed.

I. INTRODUCTION

Time plays a central and peculiar role in Hamiltonian
quantum mechanics. The scalar product specifying the
Hilbert space of states is defined at one instant of time.
States specify directly probabilities of observations car-
ried out at one instant of time. Time is the sole observ-
able not represented by an operator in Hilbert space but
rather enters the theory as a parameter describing evolu-
tion. In the construction of a quantum theory for a
specific system, the identification of the time variable be-
comes a central issue. !

In nonrelativistic classical physics time plays a special
role which is unambiguously transferred to nonrelativis-
tic quantum mechanics. In special-relativistic quantum
mechanics there is already an issue of the choice of time
variable, but there is also a resolution. We can construct
special-relativistic quantum mechanics using as the pecu-
liar time variable the time of a particular Lorentz frame.
The issue is whether the quantum theory, so constructed,
is consistent with the equivalence of Lorentz frames. It
is. There is a unitary relation between the quantum
theories constructed in different Lorentz frames and
physical probabilities are therefore Lorentz invariant.

For the construction of quantum theories of spacetime,
the issue of the choice of time variable becomes a funda-
mental difficulty. This is apparent in the history of the
efforts to construct a canonical quantum theory of gen-
eral relativity.? These efforts necessarily begin by choos-
ing a foliation of spacetime surfaces. The variable label-
ing the surfaces is the time. This or that variable, this or
that “intrinsic time” or “extrinsic time,” has been pro-
posed as a fitting starting point for the construction of a
Hamiltonian quantum theory. As yet, however, we have
no evidence that the quantum theories constructed from
different choices are physically equivalent.® It seems nat-
ural to conclude that there is a conflict between the
framework of Hamiltonian quantum mechanics and the
general covariance of theories of spacetime such as gen-
eral relativity.

Feynman’s sum-over-histories formulation of quantum
mechanics is a natural alternative starting point for con-
structing quantum theories of spacetime. Here the prob-
lem of the choice of time is neither as immediate nor as
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central as it is in the Hamiltonian theory. If, however,
the sums over histories are regarded only as calculational
tools for specifying scalar products of quantum states
then equivalent issues arise. For then, to associate the re-
sulting amplitudes with physical probabilities, one must
have in hand the scalar product defining the Hilbert
space of states. In the identification of the scalar product
““at one instant of time” or ‘“on a spacelike surface” the
problem of time reenters the theory.

In this series of papers we shall pursue the point of
view that the sum-over-histories formulation of quantum
mechanics is a more general framework for quantum
theory than the Hamiltonian formulation in either the
Schrédinger or the Heisenberg pictures. From this point
of view the existence of either a Schrodinger-picture or a
Heisenberg-picture formulation of quantum mechanics
which is equivalent to the sum-over-histories formulation
is an issue for investigation rather than a fundamental as-
sumption. To stress this distinction we shall refer to the
sum-over-histories formulation of quantum mechanics on
the one hand and the Schrodinger-Heisenberg formula-
tion on the other.

We shall apply the sum-over-histories formulation to
describe a quantum kinematical framework for spacetime
theories for which there may be no preferred time. Sums
over histories will be used to define conditional probabili-
ties for observation directly. An observational interpreta-
tion of the quantum theory is thus achieved in which a
Hilbert space of states on a surface of preferred time does
not enter as a primary element. Neither is there a funda-
mental notion of “state of the system at a moment of
time.” In this series we shall apply such a sum-over-
histories formulation to three theories: nonrelativistic
quantum mechanics (paper I), a model nonrelativistic
‘“quantum cosmology” including realistic clocks (paper
II), and the general-relativistic quantum mechanics of
closed cosmologies (paper III). We thus progress from a
nonrelativistic quantum mechanics which has a preferred
time to theories where there is none. In each case we
shall argue that the sum-over-histories formulation is
sufficient for the prediction of observations. In each case
we shall investigate under what circumstances a
Schrodinger-Heisenberg formulation of the theory can be
recovered. For nonrelativistic quantum mechanics this

2818 © 1988 The American Physical Society



can be achieved on surfaces of the preferred Newtonian
time and only on these surfaces. For quantum cosmolo-
gy, however, we only recover a Schrédinger-Heisenberg
formulation approximately in situations where the initial
conditions are such as to allow the approximately classi-
cal behavior of clocks.

The goal of this series of papers is to present a
kinematical framework for quantum cosmology suffi-
ciently general to be free from the usual difficulties asso-
ciated with the problem of time, but yet sufficiently
specific to allow the precise calculation of the a priori
probabilities used to interpret that theory.* This will be
discussed in paper III.

Nonrelativistic quantum mechanics is already a
sufficient canvas for illustrating the quantum kinematics
we shall describe if it is formulated in a spacetime fashion
which employs the preferred nonrelativistic time as little
as possible. We shall therefore begin in this paper with
the sum-over-histories formulation of nonrelativistic
quantum mechanics. From a spacetime point of view
there is no fundamental distinction between observations
made at one instant of the preferred time and observa-
tions made at different times. The sum-over-histories for-
mulation of quantum mechanics gives a unified and
democratic prescription for the probabilities of both. It
does this in a way which does not depend on the intro-
duction of a Hilbert space and a preferred time. The re-
sults are fully equivalent to the usual measurement
theory.®> From the sum-over-histories point of view, the
preferred Newtonian time enters not in the kinematics
which describe observation but in the special property of
nonrelativistic histories that they move only forward in
that time. Starting from the sum-over-histories formula-
tion we shall investigate on what surfaces it is possible to
construct a Hilbert space whose scalar products give the
conditional probabilities of a particular set of observa-
tions. We shall conclude that probabilities for observa-
tions made on a surface of the constant preferred time
can be related to an inner product on a Hilbert space
while those made at different instants of this time are in
general not so related. The possibility of introducing a
Schrodinger-Heisenberg formulation of nonrelativistic
quantum mechanics on a surface of preferred Newtonian
time is thus, in part, a consequence the special property
of nonrelativistic particle histories that they move for-
ward in that time.

II. SUM OVER HISTORIES QUANTUM MECHANICS
A. General formulation

There are four general ingredients of the sum-over-
histories formulation of the quantum mechanics of a
physical system:5~% (1) the histories, (2) the action, (3)
the measure, and (4) the basic observables for which joint
probabilities and the conditional probabilities for exhaus-
tive and exclusive observations can be calculated. In this
section we shall describe the general sum-over-histories
formulation and indicate each of these ingredients in the
case of the nonrelativistic quantum mechanics of a single
particle.

(1) The histories: A history Ff is the set of observables
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and auxiliary labels which describe the results of all possi-
ble experiments. For a nonrelativistic particle a history is
a world line in three dimensions X (7). For a relativistic
particle it is a world line in four dimensions, x %(r), and
for a relativistic string it is a world sheet x%(r,o). For a
gauge field a history is a four-dimensional configuration
of a gauge potential 4,(x). For a theory of spacetime a
history is a four-geometry. The results of finite numbers
of experiments are subsets of history segments—
segments of world lines, bounded regions of world sheets,
potentials on finite spacetime regions, and four-
geometries with boundary.

It is frequently convenient, if not essential, to use unob-
servable labels to describe a history. Familiar examples
are the labels of identical particles, gauge-redundant po-
tentials, and, if spacetime histories as viewed as metrics
on manifolds, their coordinate-dependent parts. We shall
discuss this distinction between observables and labels
more fully in paper II. Labels do not enter in the descrip-
tion of a nonrelativistic particle.

(2) The joint probability amplitude for a history: The
Jjoint probability amplitude for a history segment is

O(Ff)=exp[iS(F)], 2.1

where S[F£] is the action functional for the system.

(3) Joint probability amplitudes for an experiment: The
basic observables in terms of which any particular experi-
ment® can be described are specified as restrictions on the
histories. For a particular experiment, the observables
and labels of a history, #, can be divided into three
classes. (i) Those parts of # fixed by the experimental
design. We call these basic observables the conditions @.
(ii) The results of the experiment whose probabilities are
predicted. We call these basic observables the observa-
tions O@. (iii) The parts of the history which are undeter-
mined, neither conditioned nor observed, %. These al-
ways include the labels.

The joint probability amplitude for observing © and @
is, from the principle of superposition,

®(0,0)= 3 B(H) . (2.2)
U

Note that conditions and observations enter symmetrical-
ly into the joint probability amplitude. Together they are
the part of the history determined by the experiment. A
precise measure must be specified to carry out each sums.
This is just as important as specifying the action.

(4) Probability: The joint probability for an observation
O and conditions C is given by

2(0,0)= | ®(0,C)|? . 2.3)

Conditional probabilities can be constructed for exhaus-
tive and exclusive sets of observations. These are sets
such that, given the conditions ¢, one member and one
member only, is certain to occur. Conditional probabili-
ties are constructed from the joint probabilities (2.3) by
normalization according to the usual classical probability
laws. For example, if {O;} are a discrete set of exhaus-
tive and exclusive observations, the conditional probabili-
ty of O, given € is
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0, @)= 29 (2.4)

p(O; | )—EP(@i,@)' .
1

Exhaustive and exclusive sets of observations are deter-
mined by an analysis of the possible histories consistent
with the conditions €. In nonrelativistic quantum
mechanics, for example, the positions at a moment of the
Newtonian time are an exhaustive and exclusive set of
observables because the particle’s history intersects a
constant time surface at one and only one place. In a
similar way the configurations of a field on an arbitrary
spacelike surface are an exhaustive and exclusive set be-
cause the field history is a single-valued function of space-
time. However, exhaustive and exclusive sets of observa-
tions do not have to be confined to spacelike surfaces or
moments of time. We shall give examples in nonrelativis-
tic quantum mechanics below. It is to avoid confusion
with a complete set of observables at a moment of time in
the Schrodinger-Heisenberg formulation that we have
used the word ‘“‘exhaustive” rather than “complete.”

Not every set of @ and € correspond to a possible ex-
periment whose probability is predicted by (2.3). There
must be restrictions which allow the isolation of a history
segment from the totality of a history. The specific form
of these restrictions varies from application to applica-
tion. A common one for the applications we shall consid-
er is that at least one of the observations @ define the end
of a history segment. We shall illustrate the others in the
subsequent discussion.

The joint probabilities specified by (2.3) are for @ and
@ selected from among the basic observables. In the
language of Feynman,® we assume the conditions and
define “‘interfering alternatives.” In realistic situations,
however, there is not always complete information as to
what O and @ are. If information is absent or ignored,
the probabilities determined by the above rules must be
summed over the absent or ignored quantities in the fa-
miliar classical way.

An experiment may not contain conditions or observa-
tions which isolate a history segment and indeed most ex-
periments fall in this class. Probabilities for these experi-
ments are computed as though there were conditions or
observations which isolated the history but whose values
are unknown. One sums the probabilities computed from
(2.3) over these unknown values as discussed above. This
is a restatement in more general terms of the injunction
to ‘“sum probabilities if you could have measured it but
didn’t.”” The precise rules for constructing these proba-
bilities depends on the specific form of the restrictions
isolating a history. In this series of papers we shall illus-
trate several different cases.

Such is the general framework of sum-over-histories
quantum mechanics. It is not claimed that its four ele-
ments may be specified arbitrarily and yield a sensible
theory. Rather, this is a context in which the search for a
sensible theory can be conducted. The four ingredients
must be consistent with each other and may have to satis-
fy other criteria as well. In the end we hope for a single
specific theory of quantum spacetime and general “frame-
works” such as this one can be dispensed with. Until
that time, however, they are important as guides to
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research even if unspecified in all precision.

The sum-over-histories framework differs in several as-
pects from the Schrodinger-Heisenberg formulation.
Probabilities for observation are constructed directly
from spacetime histories rather than through a notion of
state at a moment of time. As a consequence a preferred
time is not a prerequisite for the formulation. However,
also as a consequence, there is a preferred set of variables
for physical description—those basic observables con-
tained in the histories—and it is assumed that all experi-
ments can be described by these variables. There is no
immediate transformation theory as there is in the
Schrodinger-Heisenberg formulation. From the sum-
over-histories perspective, the existence of the familiar
features of the Schrodinger-Heisenberg formulation—a
preferred time, a Hilbert space of states, transformation
theory, unitary evolution—are possibilities for investiga-
tion rather than assumed starting points.'® In this paper
we shall give an example of such an investigation with
nonrelativistic quantum mechanics.

B. Nonrelativistic quantum mechanics

The nonrelativistic quantum mechanics of a particle in
one dimension gives a familiar and straightforward con-
crete example of the application of the general sum-over-
histories framework described above. The histories are
the paths X (7) which move forward in Newtonian time
in the sense of having a unique X for each 7. From the
sum-over-histories point of view, this restriction is the
characteristic feature of nonrelativistic theory. The ac-
tion is

7 .

Sx(m)= [ drlimX >V (0] 2.5)
The measure which reproduces the usual theory is dis-
cussed in standard texts.®~® There remains the
specification of the basic observables.

By basic observables in nonrelativistic quantum
mechanics we mean observables which can be measured
by an external observer with external apparatus. The
division of the universe into a single particle and all else
external to it is, of course, an approximation whose range
of validity can be discussed in the broader context of
cosmology (Refs. 4 and paper III). In asserting certain
basic observables for nonrelativistic quantum mechanics
we are positing the possibility of external detectors which
can measure them.

The basic observables of nonrelativistic theory may be
taken to be determinations of whether or not the particle
crosses a given spacetime region. That is, we imagine a
detector associated with a spacetime region which regis-
ters if the particle crosses that region at least once but
possibly many times. As idealizations, we include space-
time regions of vanishingly small time dimension thus
permitting determinations of position at a given moment
of time. This choice of basic observables includes all the
variables of a history. There are thus no labels. Positing
that the basic observables correspond to spacetime re-
gions does not, of course, guarantee that apparatus can
be constructed which registers their values.

As restrictions on the observations and conditions



which isolate the history it is convenient to require that
the end points of a history segment be determined, that
is, that measurements of position which determine the
ends of a segment of path be among the observations and
conditions of those experiments whose probabilities are
given by (2.3). These conditions can be considered as
possible conditions for the approximation of isolating the
system from its cosmological context. There are other
possibilities which yield effectively equivalent theories.
For example, one could introduce detectors which emit a
particle at a given position and time and similarly detec-
tors which destroy it. Experiments whose probabilities
are predicted by (2.3) would include one detector of each
type. One could also imagine detectors which introduce
particles in a definite way analogous to preparation in a
particular “state.”” We shall confine attention, however,
to the simple requirement that there be both conditions
and observations which determine the ends of a path seg-
ment. Probabilities for experiments which do not pre-
cisely localize the end points are to be computed as if the
detections which determine the end points were present
but their locations were ignored to the precision of the
experimental arrangement. In fact, it is usually easiest to
simply imagine adding position measurements to the ex-
periment in the far future or far past which determine the
end points but whose results are completely ignored. The
consistency of this procedure is guaranteed by the causal-
ity of nonrelativistic quantum mechanics.

The above basic observables include the familiar
“ijdeal” measurements of position at a moment of time
and localization of the particle to a position interval at a
moment of time. The latter case corresponds to a space-
time region of zero extent in time which the particle can
cross once and only once. As an example of an experi-
ment described in terms of these familiar observables we
might consider conditions such that the particle be locat-
ed at a definite position X, at time 7, and in an interval
A, at time 7,. For observations we might ask whether the
particle is inside or outside an interval A; at time 73 and
an observation of its position X, at time 7,. These four
conditions and observations are examples of the types we
shall need to discuss (Fig. 1). The joint amplitude for the
observations given the conditions is

DX 74, A373, 8975, X 7y)= 3, expliS[X(7)]} .

paths

(2.6)

Here, the action is (2.5) and the sum is over paths which
start at X, at time 7, pass through the intervals A, and
A, at time 7, and 73, and end at X, at time 7,. This sum
as others for the nonrelativistic particle may be given a
definite meaning as the limit of approximate sums defined
on a spacetime lattice as we shall illustrate in Sec. IV.

In this experiment an exhaustive and exclusive set of
observations might be the position at time 7, and whether
the particle was in the interval A; at time 75 or outside it
in R —A;. A nonrelativistic particle must be at one posi-
tion at a given time and cannot be at two. The probabili-
ty for any one observation described in this way is zero
because the position at 7, has a continuous range. In the
familiar way, however, one can ask not for the probabili-
ty that the precise measurement of position at 7, will
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FIG. 1. A simple experiment illustrating the construction of
conditional probabilities in nonrelativistic sum-over-histories
quantum mechanics. A particle starts localized at 7, registers
or does not register in detectors at 7, and 73 and has its position
determined at 7,. The detectors at 7, and 73 localize the particle
to intervals A, and A;. The joint amplitude to start at X, pass
through both detectors and arrive at X, is the sum of exp(iS)
over all paths satisfying these restrictions. Possible conditions
defining an experiment are that the particle start at X, at 7, and
definitely register in the detector at 7,. An exhaustive and ex-
clusive set of observations are the possible values of X, and
whether the detector at 7; registers or does not. Conditional
probabilities for these outcomes are the normalized squares of
the joint amplitudes computed from the sum over paths corre-
sponding to these possibilities.

yield a definite value but rather a value in one or another
of a set of small disjoint intervals A, which comprise the
X, axis. These and the observations at 75 also constitute
a complete and exclusive set of observations. The joint
probability for each is the sum of the joint probability for
definite position over the small intervals. If the intervals
A, have size | A,| small compared to the characteristic
scales of the problem we have

P (A4T4, A3T3 | Asz,Xl Tl )

:N_z I A4| | <I)(X'Q‘r-i.a AJT31A27'2,X1T1) | 2 > (27)

where X is the center of A, and, in an obvious notation,

N2= fR dX,[ | D(X474Ay73, A7, X 7)) | 2

+ |¢(X4T4,(R —A3)T3,A2T2,X17'1) ‘ 2] .

(2.8)

As we shall show in the next section this is equivalent to
the results of the standard quantum-mechanical measure-
ment theory.

This example illustrates the distinction between experi-
ments in which information is complete and those in
which it is not. The measurement at 7; was assumed to
distinguish only whether the particle was in or out of the
integral A;; we therefore summed amplitudes over these
ranges and squared to find the probability. Should the
distinction have been made by actually measuring the po-
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sition at this time we should have squared and summed
probabilities. Similarly, the localization at 7, is assumed
to be by passing the particle through a suitable “slit” and
not by a measurement of position. Thus we summed am-
plitudes not probabilities. The final measurement of posi-
tion at 7, was assumed to be precise but the result was
unknown to an accuracy A,. We therefore summed the
joint probability of a measurement of position over an in-
terval A, about X,. However, should the measurement at
T4 been carried out with an imprecise detector as those
used at 7, and 7; the probability would still have been
computed in the same way since this is the measurement
which isolates the history from the future.

What if our experiment had consisted only of the
detectors at the three times 7, 75, and 73?7 The detector
at 73 does not define the end of a path so the probabilties
are not given by (2.3). Rather we compute probabilities
with an assumed detector at any later 7, which does lo-
calize the particle and integrate over the results. That is,
we integrate (2.7) over X,. The result is independent of
T4

Positing that the basic observables for physical descrip-
tion correspond to a particle’s presence or absence in
spacetime regions is an assertion which has an analogous
status to the assertion in the familiar theory that observ-
ables correspond to the Hermitian operators in Hilbert
space. However, it is important to understand that the
two assertions do not necessarily coincide. In one sense,
the sum-over-histories observables are more restricted. It
is assumed in particular that every measurement has a
spacetime description. This is generally the case. For ex-
ample, the measurement of the momentum of a nonrela-
tivistic particle can be carried out’ by passing the particle
through a slit of width A and then detecting its position
at time T later. If the detected displacement from the
slit’s position is D, the classical value of the momentum is
mD /T with a classical uncertainty due to the width of
the slit m (A/T). There is also the quantum-mechanical
uncertainty #/A. By making A large and A/T small an
accurate measurement of momentum can be achieved
and the probabilities of the outcome of such a measure-
ment calculated in the above framework. The results are,
of course, the same as the usual transformation theory of
ordinary quantum mechanics.

In this framework, however, it becomes difficult to ask
a question such as “Given a preparation what is the am-
plitude for the particle to have a certain value of the ob-
servable X3P +PX>?” because the spacetime description
of the apparatus which measures this quantity is unclear.
However, in the usual formulation of quantum mechanics
while it is easy to ask such a question, it is less clear what
the answer means for the same reason. In the sum-over-
histories formulation spacetime occupies a preferred
place in the description of observation.

In another sense, the sum-over-histories observables
are broader than the usual ‘“observables” of the
Schridinger-Heisenberg formulation. There are observ-
ables associated with spacetime regions which find no
simple expressions as operators. These are the measure-
ments which involve spacetime regions with an extent in
time. They appear to be no more idealized than measure-
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ments of position ‘““at an exact instant of time.” Includ-
ing them makes the set of basic observables symmetric in
space and time. This is necessary in order that a pre-
ferred time not be distinguished at the outset by the
choice of basic observables.

In neither the sum-over-histories formulation nor the
Schrodinger-Heisenberg version does positing a set of
basic observables guarantee that there is an apparatus
which actually registers their values. To ensure this one
needs to invent and discuss the apparatus.

III. EQUIVALENCE WITH
SCHRODINGER-HEISENBERG
QUANTUM MECHANICS

In this section we shall review the equivalence of the
sum-over-histories formulation of the quantum mechan-
ics of a nonrelativistic particle with the more standard
Schrodinger-Heisenberg formulation of that theory. We
shall be brief because this connection has been explored
very clearly by Feynman® and more recently for multi-
time observations by Caves and others.>!! To investigate
this equivalence we shall restrict attention to basic ob-
servables defined at a moment of time for these are the
quantities considered in the Schrodigner-Heisenberg for-
mulation.

In the Schrédinger formulation of quantum mechanics
probabilities for the results of experiments carried out at
a particular instant of the preferred Newtonian time are
calculated from the normalized vector in Hilbert space,
| ,7), which describes the “state” of the system at that
time. The state vector evolves in two ways. In the ab-
sence of observation it evolves by the Schrodinger equa-
tion
| ¥,7)=0.

—i—a-+H (3.1
T

3

If an observation is made at one instant of time, then im-
mediately afterward the state is the normalized projection
of the state before the observation onto the subspace of
the Hilbert space appropriate to the results of the obser-
vation

[¥) (Y|P )" VHP |9)) . (3.2)

Examples will be given below.

An experiment may consist of observations made at a
number of different times. The probabilities for the possi-
ble outcomes of the experiment are the probabilities of
the results at the separate times multiplied together. The
probability of an outcome at a single time is given by
(¢| P |¢) where P is the projection onto the subspace
consistent with the outcome of the observation.

An analyis of the experiment described in Sec. III in
these terms will serve both to clarify the procedure and
also to demonstrate its equivalence with the sum-over-
histories formulation. Recall that this experiment (Fig. 1)
consisted of a localization of the particle’s position at X,
at time 7, at X, at time 74, and in intervals A, and A, at
intermediate times 7, and 7;. Let | X7) be the states in
which particle is localized at time 7 normalized so that
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(X'7|X7)=8(X -X"), (3.3) where N, is fixed so the state has unit norm

The initial state in this experiment is | X,7,). After the Ni= fAz dX, | {X,7, | X,7) | 2. (3.5)

localization at T, it is . . .
2 In this state, the probability that a measurement of posi-

N;! fA dX, | X, (X7 | Xy1y) (3.4)  tion at 7, yields a value in the range A; is
2

N;? fA dX, | fA dX (X373 | Xyr) ) (Xymy | X1y |2 (3.6)
3 2
The state vector after the observation at 75 is
N3_1 fA dx, fA dX, | X3m3) (X373 | X1 ) Xymy | Xy 7p) (3.7)
3 2

with N; determined so it has unit norm. The probability that, in this state, a measurement of position at time 7, yields
a value X, in a small range A, is

2
N3‘2|A4| }fAst:; fAZdX2<X4T4|X3T3>(X3’T3|X27'2>(X2T2‘X1T]> . (3.8)

The probability of both observations is the product of (3.6) and (3.8). In fact, N3 is exactly equal to (3.6) so the com-
bined probability is just

2
p(A4T4,A3T3|A2T2XlT1)=N;2|A4| ‘fAJdX3 fAZdXZ(X4T4|X3T3>(X3T3|X2T2>(X2T2|XIT1> . (3.9)

It is not difficult using (3.3) and the definition of N, to verify that this probability is correctly normalized.

The probability (3.9) is identical with that computed from the sum-over-histories rules (2.6). This is because, first, the
paths of nonrelativistic particles move forward in time. Each path entering in (2.6) intersects the constant time surfaces
74 and 74 at a single position X; and X, respectively. Therefore

D(X 474, A373, 0575, X 7)== fAst3 fAzdX2<I>(X4T4,X3T3)<1>(X31'3,X27'2)<D(X27'2,X17'l) , (3.10)

where ®(X" 7, X'7") is the “propagator’” —the sum of exp(iS) over all paths which start at X',7’, and end at X"',7"". As
Feynman showed

CI)(X"T",X'T')z(X”T“ !X’T’) (3.11)

with an appropriate choice of the measure for the sum over histories. The normalizing factor N in (2.7) is then exactly
N, defined by (3.5). Thus, the sum-over-histories formulation and the Schrédinger formulation of quantum mechanics

are equivalent for this simple example. This sample example, however, has all the essential features of the demonstra-
tion in the general case.’

The description of multitime measurements can be transcribed into the Heisenberg formulation of quantum mechan-
ics. There (see, e.g., Refs. 12-15)

Tr[PA4(T4)PA3(T3)PA2(T2)p(T1)PAZ(TZ)PAJ(T3)PA4(T4)]

P (AT gy | AgT, X 7)) = Te[P, (1))p(1))] ’

(3.12)

f
where p is the time-independent density matrix referred the equivalence of the sum-over-histories and the Heisen-

to the initial time 7, berg formulations is more easily demonstrated directly.
There are advantages and disadvantages to each of
plr)=| X X, , (3.13)  these formulations of quantum mechanics, and each sug-
gests different perspectives on interperative issues. The
and the P, () are time-dependent projections onto the in-  Schrédinger formulation has the advantage of historical
terval A: familiarity. Its basic notion of time-dependent ‘‘state”

obeying two laws of evolution, however, breeds seeming
(3.14) paradox if too close an analogy with the classical notion

of “state” is imagined. In fact the notions are very
Tr denotes the trace operation. This Heisenberg formula- different.'® In neither the Heisenberg nor the sum-over-
tion is, of course, completely equivalent to the  histories formulation is a notion of “state” obeying a
Schrédinger formulation and from the above analysis it is “reduction of the wave packet” law of evolution needed.
also fully equivalent (for the restricted class of basic ob- Probabilities are computed directly. The advantages of
servables) to the sum-over-histories formulation. Indeed, this point of view have been expressed very clearly by

iH(r—1))

PA('r)=e —iH(r—1)) [

J dX 1 X)X | |e
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Wigner, > more recently by Gell-Mann,'* Unruh,'> and
by many others.

The most important advantage of the sum-over-
histories formulation for our subsequent considerations
concerns the role played by time. In Schrodinger formu-
lation a preferred time enters centrally into the formula-
tion of the notion of state and in the evolutionary laws
for that state. In the Heisenberg formulation a preferred
time is needed to define the ordering of the projections in
(3.12). By contrast, in the sum-over-histories formula-
tion, although a preferred time is singled out by the non-
relativistic histories and action, it does not enter the for-
malism for computing probabilities in such a central way.
For this reason we distinguish the Schrodinger-
Heisenberg formulation on the one hand and the sum-
over-histories formulation on the other.

. IV. RECOVERY OF A
SCHRODINGER-HEISENBERG FORMULATION

The discussion of the preceding two sections shows
that the Schrodinger-Heisenberg formulation of nonrela-
tivistic quantum mechanics is equivalent to the sum-
over-histories formulation provided that the Hilbert
space of states is constructed on surfaces of constant pre-
ferred Newtonian time. In this section we shall investi-
gate the possibility of recovering a Schrodinger-
Heisenberg formulation from the sum-over-histories for-
mulation on more general surfaces. A brief sketch of the
derivation on the surfaces of preferred Newtonian time
will indicate how such a derivation might go.

Suppose the particle is prepared in a certain way prior
to some particular value of the preferred time. In sum-
over-histories language this preparation corresponds to a
set of conditions @ all of which occur prior to this time.
The joint amplitude to find the particle'at a position X on
a surface of constant later time defines the wave function
of the system at that time:

Yol XT)=D(X1,C) . @.1)

In a similar way we can define a wave function corre-
sponding to a set of observations @ which take place after
time 7:

VX T)=D(O,XT) . 4.2)

For example, an analysis’ of the observations correspond-
ing to a time-of-flight measurement of momentum show
¥p(X 7)< exp(iPX). Since a particle path crosses the sur-
face at one and only one X, one can write, for the joint
amplitude to observe @ given €,

®(0,6)= [ dX ®(0,X1)®(XT,C)

= o X VX TIPe(XT) . 4.3)
This composition law across the surface of constant 7
defines the Hilbert space inner product.

Because the paths of a nonrelativistic particle move
only forward in time, the values of X on a surface of con-
stant time are a set of exhaustive and exclusive observa-
tions. The wave function thus acquires a probability in-
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FIG. 2. A spacetime lattice with a general surface S. Points
in the spacetime lattice are labeled by integer paths (x,?).
Points are spaced by a distance 7 in X and a distance € in 7.
The surface S divides the spacetime lattice into a region M _ to
its past and a region M to its future. Lattice points on S may
be numbered by an integer y starting at — oo on the far left. A
typical path contributing to the propagator from (x't’) to
(x'"t"") will intersect the surface S in many positions y; - - y,.

terpretation through (2.4) and (4.1). The probability to be
in an interval A about a position X is

p (AT @)=A [ elX) |2 | [ dX | detXr)|? L4
This is the familiar result.

We shall now investigate whether a composition law
can be achieved across more general surfaces. For sim-
plicity we shall restrict attention to surfaces built up of
constant X and constant 7 surfaces (Fig. 2). Such surfaces
are certainly possible and any continuous surface can be
arbitrarily closely approximated by ones of this type. It
is immediately clear that for a general surface the compo-
sition law analogous to (4.3) will involve sums over prod-
ucts of multicomponent wave functions because a particle
path can cross a general surface an arbitrary number of
times (Fig. 2). The possibility of recovering a Hilbert
space formulation on a general surface depends on the ex-
istence of such sums and therefore on a more concrete
definition of a sum over paths. It is to this definition that
we now turn.

A. Lattice sums over histories

For simplicity and definiteness we shall consider only
the case of a free nonrelativistic particle. Since we are in-
terested in kinematical rather than dynamical issues, this
will suffice for our purpose. In this theory let us consider,
in particular, the propagator—the joint amplitude for
the particle to be found at X'7' and again at X"'7"'. The
sum over histories for the propagator in the nonrelativis-
tic quantum mechanics of a free particle may be given a
concrete meaning in two steps. First, continue the time
to imaginary values 7— —i7. The formal sum over paths
becomes Euclidean:



DX, —it"; X, —iT) =D (X", X'T)

= 3 exp{—I[X(D]},
paths 4.5)

where I is the Euclidean action
_m r7 )
Ixm==> [T drX?. (4.6)

Second, make such sums concrete by defining them as
continuum limits of discrete sums on a spacetime lattice.
The way to do this can be found in the close connection
between sums over histories and stochastic processes. !’
In particular, Euclidean path integrals may be viewed as
integrals of a probability measure on the space of paths.
Discrete models of such stochastic processes can give ap-
proximations to path integrals which lead to computa-
tional algorithms and which, through the continuum lim-
it, can be regarded as the definition of such integrals. As
one might expect from the central limit theorem, or even
from the numerical evaluation of ordinary integrals, there
may be many discrete processes approximating a given
continuum path integral.

In the case of a free particle there is a particularly sim-
ple discrete approximation process: the random walk on
the line. We consider a rectangular spacetime lattice
with temporal spacing € and spatial spacing 7. We take
the lattice to coincide with the segments defining the gen-
eral surface. The shape of the surface, however, is to
remain fixed as the continuum limit is taken. A point on
the lattice will be located by the integer variables x and t.
The particle moves forward one step in time on the lat-
tice with a “probability” of J to walk one site to the left
and a “probability” of 1 to walk one site to the right.
(These are ‘“‘probabilities” of the random process not
quantum-mechanical probabilities. We shall distinguish
them by quotation marks.) The “probability” to start at
site (0,0) and arrive at site (x,?) is the sum over all paths
P which connect the two points and which move one step
in space for each step in time. If | P | is the length (in
steps) of P then this “probability” is

1 1 t
u(xt,00)=§w=-27 t-;—x . 4.7)

Here, by convention, we interpret the binomial coefficient
as zero if t +x is not even.

To define the continuum amplitude ®z(X7,00) we
consider approximating lattices with smaller and smaller
values of the spacings € and 7 such that (X,7) and (0,0
always lie on sites. We evaluate the “probability” u at

]

27 2

n T,

u+(.x”t”,y1

ey, Shu_(yy oy, Sx't’) .
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x =X/7n and t =7/€ and sum the result over the neigh-
boring x site to eliminate the odd-even asymmetry in
(4.7). We then calculate the “probability” density u /(27)
in the limit that € and 7 approach zero keeping X, 7, and
the ratio €/1?=m fixed. The result is

2
e —mX*°/27

(211)_1u(xt,00)—>ﬁ
-

=&, (X7,00). (4.8)

This is the standard “diffusion limit” of the random-walk
process.'® The result (4.8) shows that, as a method of
evaluating sums over paths, it reproduces the correct
propagator of the free particle.

The composition law corresponding to (4.3) for the Eu-
clidean amplitudes ®z(X"'7",X'r") across a surface of
constant 7 follows directly from this lattice definition of
sum over paths. Since each path intersects such a surface
once and only once, we have, from (4.7),

2m) lu(x"t",x't")
=3 lux"t", xthu(xt,x't’) . (4.9)

In the continuum limit, using (4.8), this reads
D (X" X'T )= Q)P (X" x,7)
X

XPp(nx,1;X'7") . (4.10)

3,(29)( -+ ) becomes [dX(---) and we derive the
Euclidean transcription of (4.3). The important property
for the existence of the continuum limit was that u —nu
where 7 is finite.

A concrete prescription for defining and calculating
sums over histories in hand, we may now ask whether we
can construct a Hilbert space inner product on a general
surface in the manner that it was constructed for a sur-
face of constant preferred time in (4.10). Consider for
definiteness the surface S shown in Fig. 2. This surface
divides spacetime into two parts: a region M _ to the
“past” of § and a region M to its “future.” The lattice
points on S may be labeled by an integer y which ranges
from — oo at large negative x to + oo at large positive x.
A given path P may intersect the surface S many times.
We may define

u(y, -y, 8x'th= 3 (HIFl,
PEM_

4.11)

The sum is over paths, connected and disconnected,
which lie in M _ and have (x’,¢t') and y, - - -y, as end
points. A similar expression defines
u, (x"t",y, - -y,8). Next, define the composition of
u . and u _ across the surface by

(4.12)

This sum includes not only the connected paths which define u (x"'t"",x’t’) but also “closed loop” paths (Fig. 3) which
are not connected to (x’,#') or (x"',¢""). With a familiar'® manipulation (4.12) can be rewritten as
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2 7(1— 2 (connected paths from x’t’ to x"'t"" with y, - - - y, fixed on §)
= Yy Yk
2 L' >, (closed loop paths with y, - - -y, fixed on §). (4.13)
=0 Py oy,
The first factor in (4.13) is u (x”t”,x ‘t'). Defining D (S) to be the second factor we have
DSux"t"x't)=3 — 3 u,(x"t"y; - p.Shu_(p; -y S,x't') . 4.14)
noda My 75 es
—

The sums occurring on the right-hand side of (4.14) and
those defining D are all finite for a fixed lattice and sur-
face S because it is easily seen that there is a largest value
of |y | which can contribute and a largest number of
vertices which will make either a closed loop or connect-
ed path fitting in the given interval ¢’ to ¢"'.

Equation (4.14) shows that a composition law for am-
plitudes exists on the spacetime lattice for an arbitrary
surface S which divides spacetime into two regions. We
shall now investigate whether the existence of a composi-
tion law on the lattice implies the existence of such a law
in the continuum. By dividing spacetime by constant 7
surfaces, we can reduce the study of the continuum limit
on a general surface S to its study in cases of the type
shown in Fig. 4. Figure 4(b) is the familiar one of compo-
sition across a constant 7 surface and has already been
discussed.

The special case in Fig. 4(c) will illuminate the general
situation. Consider the surface .S shown in Fig. 5 with
(x",t") and (x’,t') arranged as shown. A typical term in
the connected part of (4.14) represents the contribution of
paths which intersect the origin n times. The question of
the existence of the continuum limit is the question of
whether the sums over the y; organize themselves into a

(X.L'.) < (a)

v, R,

(o, 1)

(1)

AN BN

(x',¥) (b)

N

(x',1)

I

FIG. 3. The composition of two lattice amplitudes across a
general surface S will typically give rise to closed loops. Illus-
trated on the left are two amplitudes. One is constructed from a
sum over paths in M _, both connected and disconnected, which
link (x'¢') and three points y,,y,,y; on S. A similar sum in M |
defines the second amplitude. The composition will contain
paths linking (x't’) to (x’’t"’) which are connected as in (a) but
also paths which are disconnected as in (b).

multiple integral over the surface. To put the question
more precisely rewrite (4.14) as

D(S)ﬁ(x"t”,x't')

=(21’)—1u(xntn,xltl)D(S)
=3 — 3 Qeru,(x",t"t 1,5
nodd tl'--t"
Xu_(t; - 1,8,x't"), (4.15)
where
u_(t;--1,5x't)
=(26)""22m) "V _(t, - 1,8,x't")  (4.16)

and a similar expression for # , . If the various # remain
finite in the continuum limit then the sum over the ¢; can
be replaced by a multiple time integral over the interval
[7',7] and a continuum composition law will exist. We
now test the finiteness of the #’s in this limit by evaluat-
ing them explicitly.

The amplitude u _ (¢, - - - 1,S,x't") is

(b)

PN
™ /'y
N

@ S{K

(d)

FIG. 4. An investigation of the continuum limit of the lattice
composition law across a general surface such as that shown in
(a) may be broken up into a series of elementary cases, examples
of which are shown in (b), (c), and (d).
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(X",t") S
M, ts 1 t
t, X
t
M.
(x',t')

FIG. 5. An elementary case of the lattice composition law.
The amplitude to go from (x't’) to (x''t”) is a sum over paths
such as the one illustrated which intersect the vertical part of
the surface S many times. On the lattice this sum may be
decomposed into a sum over paths to the right of S which inter-
sect it at n positions ¢;, a similar sum to the left, a sum over the
values of t;,i =1,...,n, and finally a sum over the number of
crossings n. On the lattice the sums over the paths to the left
and right of S may be thought of as defining “wave functions”
on S and the remaining sum over y; and » as defining their inner
product. However, in the continuum limit these functions van-
ish for any finite n because the sum is dominated by n’s of the
order (¢" —t')!”? which goes to infinity.

u_(t,---1,8x't"

= ¥ u_(0¢,,0t,_)u_(0t,_,,0t,_5) -

perm
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the sum being over paths which connect the two points
and which lie entirely in M _. It is not difficult to evalu-
ate (4.18); it is the “probability” in a random walk with
one “absorbing barrier” at x = —1. This is a standard
problem.'® Briefly, u_(x't’,xt) satisfies the difference
equation

u_(x',t'+ Lxt)=4[u_(x"—1,t";xt)

+u_(x"+1,t";xt)] (4.19)

with the boundary conditions
u_(x't,xt)=38,, , (4.20a)
u_(—1t"xt)=0, t'>t, (4.20b)
u_(x't'xt)»0, x'>o0 . (4.20c¢)

This difference equation can be solved by the “method of
images” in terms of the unrestricted random walk
u(x't',xt):

u_(x't'yxt)=u(x't';xt)—u(x't'; —2—x,t) . (4.21)

This is a solution because u (x't';xt)=u(x'—x,t'—1;00)
and u (—x,t;00)=u(x,t;00). Since u (xt,00) is given ex-
plicitly by (4.7), we can explicitly evaluate the terms
entering (4.18). Since u _(0t',xt)=u_(00,x,z —t') it is
suffucient to evaluate u _ (00,xt). This is

t+1
t+Xx
2

1 x+1

u_(00,xt)=—
20 t+1

4.22)
+1

To take the continuum limit of (4.22) put x =X/,
t =7/€, and take the limit 7—0 while X and 7 remain
constant and e=mn?. There are two cases. For X0
one finds

U_(00,x1) > ——2X o -mX/2r 4.23)
' Vars/m
Xu _(0t5,0t,)u _(0t),x't"), (4.17)
while for X =0 one has
2
where the sum is over all permutations of the ¢; and u _(00,0t)— —#— . (4.24)
- Vorr/m
tet _ 1\|P
u_x'thxt)= 3 (3) ’ (4.18) Thus, a typical term in (4.16) is
PEM_
J
A_(t) - 1,8,x't')~ (2€)~"2(2n) " 2(2ne)" ~1/%(2¢)
172 172
m m —mX'?
3 — X'ex (4.25)
2m(t, —t, )’ 2m(t, —1')} ‘ P 2(t,—1t") ‘

The leading power in 7, as 7 becomes small keeping
e=mm?, is therefore (n/2). This is always positive and
% _ vanishes in the continuum limit. A continuum com-
position law does not exist, and we do not recover from
the sum over histories of Hilbert space of states on the
general surface.

It is not difficult to convince oneself that this result will

f

hold for the other cases such as that shown in Fig. 4(d).
There, the evaluation of the lattice amplitudes is
equivalent to calculating ‘‘probabilities” in random walks
with two absorbing barriers. This too is a standard prob-
lem!® and the additional complication in no way changes
the behavior (4.23) and (4.24) which are essentially local.
There are a few other amplitudes to discuss but the main
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result remains unchanged: there is a composition law
across a general surface for Euclidean amplitudes on the
lattice, but its continuum limit does not exist.

The above discussion has been for amplitudes contin-
ued to Euclidean time. Some such continuation is needed
just to define the sums over exp(iS). However, one could
worry that there might exist a composition law for sums
over exp(iS) despite the nonexistence of the analogous
Euclidean law. This is not the case. The question of the
existence of a composition law across a general surface
may be decomposed into a series of elementary problems
as in Fig. 4. Consider, for example, the problem in Fig.
5. The amplitudes defined as sums of exp(iS) have the
same value when computed by a method which does not
involve continuing the time (say, solving the Schrodinger
equation) as when computed as the continuum limit of
the Euclidean time lattice sums above—namely, zero.
The Euclidean time computation is thus correct as judged
by these alternative standards. From vanishing ampli-
tudes it not possible to assemble a composition law which
gives a nonvanishing result.

There is a simple physical reason for these results. The
dominant contribution to the sum over histories defining
the propagator in nonrelativistic quantum mechanics
comes from paths which are nowhere differentiable.®—%
For example, (X"7"|(dX/d7)?|X'T")=w. The gen-
eral particle path intersects a surface of constant 7 only
once, but it intersects a surface on which 7 is not constant
an arbitrarily large number of times. On the lattice the
“composition law” (4.14) is valid and, indeed, the sum
over n is finite since n must be less than ¢t —t'. As the
lattice spacing becomes smaller the dominant contribu-
tion to the sum comes'® from n’s comparable to
[(#"—7')/€]'/? which does not approach a continuum
limit. Put differently, the joint amplitude to cross the
surface a finite number of times [Eq. (4.25)] is zero in the
continuum limit because the most likely number of cross-
ings is infinite.

The results of this section show that starting from a
sum-over-histories formulation of nonrelativistic quan-
tum mechanics it is possible to recover a Schrodinger-
Heisenberg formulation on a surface of constant pre-
ferred Newtonian time but not on a general surface. The
absence of Schrodinger-Heisenberg formulation on a gen-
eral surface is, of course, no surprise when viewed from
the perspectives of the more familiar formulations. Posi-
tions at different times do not commute and, therefore,
one cannot have a complete set of commuting positions
on a general surface. Alternatively, if the Schrodinger
equation is transformed so that the label of a general sur-
face replaces Newtonian time, the equation becomes
second order in that label so a positive inner product can-
not be constructed without further restrictions on the
states. From the sum-over-histories perspective, howev-
er, a more general reason can be given which does not,
like these, presume the existence of a Schrodinger-
Heisenberg formulation on some surface. A
Schrodinger-Heisenberg formulation is possible on sur-
faces of constant Newtonian time because those are sur-
faces which the histories intersect once and only once.
Given the locality of the measure, a composition law can
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then be constructed. Such a construction is not possible
on a general surface which histories intersect arbitrarily
often.

V. LESSON OF THE RELATIVISTIC PARTICLE

The discussion of the preceding section shows that the
straightforward sum-over-histories derivation of a
Schrodinger-Heisenberg formulation fails on spacetime
surfaces which the histories cross arbitrarily often. How-
ever, the argument does not exclude a construction by a
cleverer choice of variables. In particular, the same
theory may have a variety of sum-over-histories formula-
tions using different variables and a Schrodinger-
Heisenberg formulation may follow from one but not the
other. The quantum mechanics of a free relativistic par-
ticle is a good example of this.

A useful form of the classical action for path-integral
formulations of the quantum mechanics of a free relativ-
istic particle is?°

(x @)?

_N
N

, (5.1

S[xer),N(r), 7,7 1="20 [ dr

where, x% 1), a=0,1,2,3 describes the particle’s world
line in a particular Lorentz frame, N(7) is a Lagrange
multiplier, and (% @)2 is shorthand for the four-vector
inner product of x * with itself. Variation of (5.1) with
respect to x* and N yield the classical equations of
motion and a constraint which implies that N is the rate
of change of proper time with respect to parameter time,
7. The action (5.1) is invariant under reparametrizations
of the parameter time (including the end points of in-
tegration unless suitably restricted) in  which
X H1)=x%f (7)) and N(7)=f(r)N(f(7)).

The action (5.1) can serve as the starting point for a
sum-over-histories quantum mechanics of the relativistic
particle.?"?*® When exp(iS) is summed over all paths
which connect two spacetime points x’ and x ", including
both those moving forward in time and backward, there
results the Feynman propagator of the many particle
theory. When exp(iS) is summed over paths which move
only forward in the time of a particular Lorentz frame,
the result is the Newton-Wigner propagator of the
single-particle theory. More specifically, if |p) are the
invariantly normalized momentum eigenstates of the
single-particle theory, the Newton-Wigner states in
which the particle is located at x at time ¢ are

3
|xt>=f(2—d0;lL/2—exp(ipax“)|p) , (5.2)
P

where p®=(p>+m?)!2. The propagator which results
from properly summing exp(iS) over forward-moving
paths is (x"t"" | x't’). The reparametrization invariance
of the action must be taken into account in carrying out
sums over exp(iS) and suitable “gauge fixing” conditions
must be used in each case so that each path is counted
only once. A nontrivial measure is also required. These
details needed to actually carry out the sums over paths
can be found in Refs. 21 and 20. What is important for
us is that a sum over histories exists for both the relativis-
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tic Feynman propagator and for the Newton-Wigner
propagators of all Lorentz frames. We will now investi-
gate the construction of a Schriodinger-Heisenberg for-
mulation in each of these path-integral versions of the
theory.

Let us begin with the relativistic propagator and at-
tempt a construction of a Hilbert space on a surface of
constant time. The paths which contribute to the sum
cross and recross such a surface an arbitrarily large num-
ber of times. The experience with the nonrelativistic
theory in the previous sections would suggest that it is
not possible to construct a Hilbert space based on the
inner product which is the continuum analog of (4.15).
This is correct. It is also misleading. A Hilbert space
does exist for the relativistic particle as the single-particle
version of the theory shows. A Schrodinger-Heisenberg
formulation for the relativistic particle can be construct-
ed from the path integral for the Newton-Wigner propa-
gator in a way that is completely analogous to the nonre-
lativistic construction at the start of Sec. IV. The for-
ward moving paths intersect a surface of constant time at
one and only one position. Single-particle wave functions
can be defined and the inner product is fd3x P (x)X(x).

The particle paths which move forward in the pre-
ferred time of a particular Lorentz frame will intersect a
Lorentz-boosted slice an arbitrarily large number of
times. Experience with the nonrelativistic theory would
therefore suggest that it is not possible to construct a Hil-
bert space on this slice. This is again correct by mislead-
ing. It is correct that a Hilbert space on the boosted slice
cannot be constructed using the same notions of localiza-
tion and particle path as on the unboosted slice. Howev-
er, since the theory is Lorentz invariant, if a Hilbert
space can be constructed in one Lorentz frame, it is possi-
ble to do it in all Lorentz frames. However, different no-
tions of localization are used in each frame. In fact, any
two such Hilbert-space formulations are unitarily
equivalent.

The lesson of the relativistic particle is this: The sum-
over-histories formulation of quantum mechanics yields a
Schrodinger-Heisenberg formulation on surfaces which a
history crosses once and only once. It typically does not
yield a construction on surfaces which a generic history
can be expected to cross an arbitrarily large number of
times. The failure of this construction, however, does not
preclude rewriting the theory of terms of a different set of
variables in terms of which a Schrodinger-Heisenberg for-
mulation can be given on such surfaces. Indeed, we are
familiar with another set of variables which are generally
useful in this way. They are called fields.

VI. QUANTUM MECHANICS ON GENERAL SURFACES

In nonrelativistic particle quantum mechanics, the ab-
sence of a notion of state for a general spacetime surface
does not mean that one cannot calculate probabilities for
the outcomes of experiments whose observation and con-
ditions lie on such surfaces. This can be done by consid-
ering “multitime” observations in the usual measurement
theory or considerably more conveniently and covariant-
ly in the Heisenberg or sum-over-histories formula-
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tion.>!! The meaningful experiments will, however, in

general require both conditions as well as observations on
the surface. We will illustrate these conclusions in this
section with a few simple thought experiments. One of
these will also be an example of the more general basic
observables of sum-over-histories quantum mechanics
discussed in Sec. II.

A simple surface, which is not a surface of constant
preferred time, is the surface shown in Fig. 6. To define
experiments we must specify conditions and a complete
and exclusive set of observations. Two of these condi-
tions or observations must specify the end points of a seg-
ment of the particle’s world line. For definiteness let us
take two of the conditions to be that the particle is local-
ized at position X' at time 7' and passes immediately
through a centered slit of width A’. What are some possi-
bilities for the remaining conditions and observations?

We know that we cannot ask for observations which
include specifying the number of intersections of a histo-
ry with the surface. The amplitude for these is zero. An
alternative is to place a finite number of particle detectors
at fixed places on the surface and to ask whether or not
they register. A complete and exclusive set of observa-
tions for one detector is whether it registers or does not
and a complete and exclusive set for the collection are the
various combinations of the individual possibilities. One
of the detectors must localize the end of the particle’s
world line. For definiteness take this to be a detector at
position X'’ on the horizontal branch at 7"'. This locali-
zation may be taken to be part of the conditions. We
place the remaining detectors at the origin at time
Ty - - ., Ty and assume they each have a spatial fiducial

xll

TII

T

XI

FIG. 6. One type of experiment involving outcomes ranged
along a general surface S. The conditions of this experiment are
that the particle start localized in an interval A’ at 7’ and be
detected at position X'’ on S. Possible outcomes may be defined
by putting a detector at the origin which localizes the particle to
a spatial volume A’ but is only “on” at times 7y, 75, and 73 along
the surface. Some paths contributing to the joint amplitude for
the outcome “only the detector at 7, registers” are shown. The
probability for this outcome is correctly computed by the sum-
over-histories prescription but not as the square of a state
defined on S. This experiment is characteristic of meaningful
experiments on a general surface in having a condition on the
surface, in this case the restriction to the value X",
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volume A. This experiment could be realized in real time
by putting a detector at the origin which is only “on” (in-
teracting) at the times 7, ..., 7y, “preparing” the sys-
tem by localizing the particle at X'7’, and finally measur-
ing the position at 7'’ and discarding all results in which
it is not X''. It might be objected that such idealizations
border on the fictitious, but they do so no more than
those used in the usual formulations of quantum mechan-
ics.

The joint amplitudes for the outcomes of this experi-
ment can now be calculated according to the sum-over-
histories framework of Sec. II. Some typical paths con-
tributing to the outcome “only detector 2 registers” are
shown in Fig. 6. The calculation of such amplitudes was
discussed in Secs. III and IV. For example, if there is a
single detector at 7, the joint amplitude for it to register
(“click”) is

®(click, X" 7", A'7")
— X ' " ”,X o, , " ,
fAd lfA,dX(pO(X T 17'1) O(XITIXT)
6.1)

where @, is the unrestricted propagator. The joint ampli-
tude not to register is

®(no click, X7, A'1")
= dx dX'®y(X"7", X 7)) P X7, X'T') .
fR_A 1fA, ol X7, X T )P( X 71, X' T)
(6.2)

The conditional probabilities for either of these two pos-
sible outcomes “click” or “no click” are the normalized
squares of these two amplitudes.

As an illustration of an experiment which involves
basic observables not restricted to a moment of time dis-
cussed in Sec. II, consider the following: Suppose we
place a detector at the origin which registers “yes” if the
particle crosses the origin, irrespective of the number of
times it crosses, and registers “no” if the particle never
crosses the origin. We might realize such a device by
having a detector at the origin which ceases to interact
after the first time it registers. For conditions, we sup-
pose, as before, that the particle is localized at X"’ at time
7' and at X' at time 7. These fix the end points of the
history segment. The exhaustive and exclusive set of ob-
servations given these conditions are whether the detec-
|
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tor registers ‘“‘yes” or “no.”

The joint amplitude ®(no,X''7",X'7’) is the sum of
exp(iS) over all paths which connect X'7’ and X"’'7"' and
do not cross the origin. This is not difficult to evaluate
using the lattice methods of Sec. IV. The amplitude is
proportional to the analytic continuation to real time of
the continuum limit of the “probability” of starting at
x't’ and arriving at the x'’t’ in a one-dimensional random
walk with absorbing barrier at the origin. Indeed, we
have already evaluated this ‘“probability”’; it is the
u_(x"t"|x't") of Eq. (4.21). Using (4.7) taking the con-
tinuum limit as in (4.8), and returning to real time, we
have

172
m
¢ ’Xll, I!’XI ’ — _'—_
(no T ™) 2w —71)
im(X"—X')?
>< exp 2(7_11_1_!) ]

im(X"+X')?

To calculate the amplitude ®P(yes,X''7",X'7’) we sum
exp(iS) over all paths which cross the origin at least once.
This sum is the continuum limit of the corresponding
“probability” in a random walk on a spacetime lattice as
described in Sec. IV. Let ¢, be the lattice time at which
the particle first crosses the origin. The “probability”
u,(x"t"|x't") to random walk from x't’ to x’'t" cross-
ing the origin at least once is the composition of the
“probabilities” u _(0¢, |x't’) to the first crossing with
the unrestricted “probability” u (x''t""|0t;) to move on
to x''t" summed over all possible first crossing times #,:

o
u (x"t",x't")=3 u(x"t" |0t )u_(0t, |x't") .
ty=t'

(6.4)

The amplitude ®(yes,X''7"',X'7’) is the continuum limit
of (27)!u,(x"t"|x't') returned to real times. Equa-
tion (4.8) gives the continuum limit of u. Equation (4.23)
gives the continuum limit of » _ taking time translation
invariance into account. The continuum limit exists be-

Dlyes, X', X'7') = f:'drl

2mi(r" — 1))

The conditional probabilities for the two possible out-
comes of the experiment are the squares of (6.3) and (6.5)
normalized so their sum is unity. While such experi-
ments appear naturally in the sum-over-histories frame-
work, their status in the context of the familiar measure-
ment theory is not clear without a realization of the ex-

2mi(r—1)°

cause the sum organizes itself into the form
b ,1(26) X (finite factors). The result is
172 . "2 . 2
m imX imX
X' . 6.5
B PTEEE R T (©3)

perimental interaction. Understanding such experiments
is essential if the basic observables are not to be restricted
to an instant of the preferred time.

Both of these experiments on general surfaces involve
conditions on the surface as well as in its past. This is
unusual from the point of view of familiar nonrelativistic



quantum mechanics, but in quantum cosmology all ex-
periments are of this type.

VII. CONCLUSIONS

The sum-over-histories formulation of quantum
mechanics provides an approach to the problem of pre-
diction for quantum systems which does not by itself re-
quire a special family of spacetime surfaces defining a
preferred time. The two laws of evolution of the
Schrodinger formulation are wunified into a single
prescription in the sum-over-histories framework. With
it, predictions can be made about observations ranged
along any general surface provided appropriate care is
taken to define meaningful experimental conditions.
Thus, all surfaces have the same status within the general
framework. Indeed, there is no requirement that obser-
vations even be arranged on a surface. For these reasons
the sum-over-histories formulation seems to be a natural
framework for investigating quantum theories of space-
time, such as general relativity, which do not single out a
preferred family of spacelike surfaces.

Many of the familiar elements of the Schrodinger-
Heisenberg formulation of quantum mechanics—a pre-
ferred time, a Hilbert space of states on surfaces of con-
stant time, unitary evolution of states, the transformation
theory of observables, and so forth—are not primary no-
tions in the sum-over-histories framework but derived
ones. A Schrodinger-Heisenberg formulation is possible
on a given surface if a composition law for amplitudes
across this surface can be derived. In turn, this depends
on several features of the theory such as having a mea-
sure which is sufficiently local and the precise relation be-
tween the class of histories and the surface. In the nonre-
lativistic quantum mechanics investigated here, there was
a direct construction of a Hilbert space of states on those
surfaces which each history intersects once and only
once. These were surfaces of constant Newtonian time.
A similar construction on other surfaces which the his-
tories cross arbitrarily often was not possible. The possi-
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bility of a Schrodinger-Heisenberg formulation of nonre-
lativistic quantum mechanics may then be viewed, in
part, as a consequence of a special property of its his-
tories, namely, that particle paths move forward in
Newtonian time.

What if there were a theory in whose natural sum-
over-histories formulation there were no surfaces which
the histories intersected once and only once? The exam-
ple of general surfaces nonrelativistic quantum mechanics
suggests that it may not be possible to construct a
Schrodinger-Heisenberg in a straightforward way. How-
ever, the example of the relativistic particle shows that it
may still be possible by introducing other variables. We
offer no general rules for when a Schrédinger-Heisenberg
formulation is possible. Our main point is that a solution
to this problem, or even the existence of one, is not a
prerequisite for making predictions in the sum-over-
histories framework.  Sum-over-histories quantum
mechanics is predictive even in the absence of a
Schrodinger-Heisenberg formulation. For theories with
no preferred time the sum-over-histories formulation is a
more accessible, equally predictive, and probably more
general formulation of quantum mechanics. In the fol-
lowing two papers we shall argue that covariant theories
of curved spacetime are examples of theories of this type.
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