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Evaluation of the conformal anomaly of Polyakov's string theory
by the stochastic quantization method
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The stochastic quantization method is applied to the calculation of the conformal anomaly of
Polyakov's string theory in Fujikawa*s string path-integral formalism. The calculation is based on
the stochastic quantization of Bose fields and Fermi fields. As a result, the standard dimension
D =26 is obtained once again.

The string field theory has received much attention re-
cently, in view of rising prospects for a unified theory
with gravity. ' When one deals with the quantum string
field theory, however, some of its fundamental syrn-
metries are spoiled by the quantization procedure (i.e.,
various anomalies appear), as in the case of ordinary

quantum field theory. In the case of the string path-
integral formalism, the integration measures lose some of
their classical symmetries. ' In this paper, we calculate
the conformal anomaly of Polyakov's bosonic string
theory in Fujikawa's path-integral formalism using the
stochastic quantization method. Since it was first pro-
posed, the stochastic quantization method has been ap-
plied by many authors to derive the chiral anomaly7's and
to clarify the quantum origin of the chiral anomaly. '
The stochastic quantization method was applied recently
to calculate the conformal anomaly of Polyakov's string
theory by Koh and Zhang, " and they used the bosoniza-
tion technique to treat the ghost fields. However, the sto-
chastic quantization method can be more simply applied
to Fujikawa s Becchi-Rouet-Stora- (BRS-) invariant
string path-integral formalism, because the space-time
manifold is effectively fiat in this formalism. In this pa-
per, we directly apply the stochastic quantization method
for the Fermi fields' and the Bose fields, ' respectively,
to the ghost fields and the weighted string variables that
appear in Fujikawa s string path-integral formalism. The
solutions of the corresponding Langevin equations are
then used to calculate the conformal anomaly.

Let us briefly review the conformal anomaly in

Fujikawa's string path-integral formalism. We start
with the Polyakov string Lagrangian (our conventions
are those of Ref. 3):

,'&g g~ a„x'( )a~'(—x—)

with the string variables X'(x), a =1, . . . , D, the two-
dimensional parameter x", and the two-dimensional
gravitational field g""(x). Here

g =detg„

Taking the conformally Euclidean gauge

g„(x)=p(x)5„

and following the conventional Faddeev-Popov prescrip-
tion, Fujikawa obtained the partition function

Z= px X'x x gx
X' X'

Xexp f dX
p p

T

1+( &p~—n
p

with the Faddeev-Popov ghost and antighost

and

and

tl—:cr a) + tr a2

X '(x ) =&p(x )X'(x ) . (7)

Let us ignore 2)v'p(x) for the moment and regard p(x) as
the background field. Then the partition function be-
comes

Zp= X x x 'g x

X' X'
Xexp f dx —

—,'a„a„
p p

—:lnW[p] .

1
+k &p&—~

p

The conformal anomaly is defined for the variations

X '(x)~exp[ —,'a(x)]X '(x),

g(x) ~exp[ ——,'a(x)]g(x),

si(x )~exp[a(x ) ]g(x ),
p(x)~exp[a(x)]p(x) .

The action S in (8) is invariant under (9). Therefore, if
the integration measure of (8) were also invariant under
(9), we should obtain

W[e p]= W[p] .
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The existence of a conformal anomaly means that this relation is invalid, and the functional W[p(x) ] is not conformally
invariant. Therefore, we intend to calculate the variation of 8'by an infinitesimal conformal transformation:

5W= f dx&a(x&)p(x, ) = f dx&p(x&)
5W[p] 55

5ax, px& 5p(x 1 )

X' X'= f dx ——,'a a — + —-g &7»—n+r&e& n)—
v'p v'p 2 p p

=5W, +5W2,

where

X' X' X'f 2)X'(x) f dx ——,'B„B„— — exp f dx

f SX'(x)exp f dx —
—,'8& — 8&

X' X' (12)

and

f g)g(x)2)r)(x) f dx —'g &pp —rl+p pj3 rj exp—f dx p p8—r)
1 -1 1

P P P

f 2)g(x)2)rl(x)exp f dxp pg rl—1

P

(13)

5W& and 5W2 will be calculated using the stochastic quantization method for Bose fields' and Fermi fields, ' respec-
tively. In calculating the quantuin average, 5 W, and 5W2, we use the ultraviolet regularization scheme introduced by
Breit, Gupta, and Zaks, ' and the infrared regularization scheme, ' which assumes finite, nonzero eigenvalues for the
involved operators.

We calculate 5 W, first. Remembering that the index a runs from 1 to D, 5 W~ becomes

f 2)X(x) f dx ——,'B„B„— exp f dx —~a„a„
Xx exp x

X X
p p

(14)

Then our action for X is

S=fd, a„X a„X
The Langevin equation is given by'

dX(x, r) 5S +g(x, r ) =CIX+ g(x, r ),
5X

where

(15)

(16)

I

respect to the random variable g(x, r), and the regulator
function a„(r—r') introduced by Breit, Gupta, and
Zaks' has the properties

aA(r)=a„( r), f dr'a„(r—r')=1, —
(19)

lim a„(r—r')=5(r r') . —
A~ oo

The limit A~ oo will be performed after all the calcula-
tions have been done. The solution of the Langevin equa-
tion (16) reads

1 XGX:— —B„B„
P P

(17)
Dr —~l )

X~(x,r)= e ' g(x, r, )dr, .
0

(20)

Here r denotes the fictitious time, and the Gaussian ran-
dom variable g(x, r) satisfies the relations

According to the prescription of the stochastic quantiza-
tion method for Bose fields,

(Px, r)),=0,
(18)

Xt(x, r) Xg(x, r)
5W, =D lim f dx —

—,'B„B„
7~00 p . p

(g(x, r)g(x', r'))( ——25(x x')a„(r r'—) . —
The angular brackets denote the white-noise average with (21)
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Substituting (20) into (21), 5 W) becomes

5W) = ,'—D—lim f dx f dr f drze 'g(x, rz)Oe
' "g(x, r))r~ oo 0 0

Performing the g average

5W) = D —lim lim f dx f dr f d~zaz(r) —rz)(x
~

e ' 'CI ~x & .
r~ oo A~ oo 0 0

At this point, it is advantageous to introduce new integration variables

t =r) rz,—T = —,'(r)+re) .

Thus, one gets

5W) —— D lim— lim f dx f' dT f dt+ f' dT f '
dt a„(t)&x le ' "'Cl~x& .r~ oo A ~ oo 0 —2T r/2 —2(r —T)

Taking the properties of the regulator function a A into account, it is easy to evaluate the t integration for A~ 00.
T

2T 1 2(r —T) 1f dt a„(t)=8 T — +0, dt az(t) =8 r T —— +0
2A A —2(r —T) 2A A

(22)

(23)

(24)

(25)

(26)

Hence we end up with

r —1/2A
5W) —— D lim —lim f dx f, dT(x e ' 'Cl

~

x &r~ oo A~ oo 1/2A

D lim ljm d~ ~ e20(1/2A ) ~ ~ e20(r —1/2A )

r~oo A —+oo
(27)

Let us assume that 0 always has finite negative eigenvalues. Thus we can take the limit ~~ oo, while U is finite. Then
(27) gives

5W = 'D lim f—dx&x ))e" "~x&. (28)

Since we are only interested in the short-distance behavior, we can use the plane-wave representation, ' although in
curved space-time a global definition of the momentum representation is not available:

d k
5W) = ,'D lim lim —fdx f e '""exp

A —+ oo g~x (2m )
(29)

Recalling the well-known formula

lim Tr e-""e-H'A e""= lim 2 ( —B„B„lnp)+ A
A~ oo (2~)' ~-. 24~ » 4~

(30)

where Tr denotes the trace in spinor space, and

—(n + ) )/2g ny (n + ) )/2—

we obtain

(31)

8
rt(x, r)= —g grI(x, ~)+g y(x, r),

g(x, ~)= —g(x, r)88 +y(x, ~),
C}7.

(35)

5W, = lim f dx( —B„B~+6pA ) .
48m A-~

(32)

S=f dxg8g,

where

(33)

Similarly, 58'2 can be calculated. From the form of
5Wz, our action for g(x) and g(x) reads

where

&y (, )y ( ', ')&,= —&y ( ', ')y.(, )&,

=25 t)5(x x')a/, (r ~')—. (36)

(37)

Equation (35) gives the evolution of the Fermi fields g
and g with respect to the fictitious time r as

—8 9(r—r~)
rid(x, ~)=f e '8 y(x, ~z)dr&

18= —&p8—.
P

The Langevin equations are given by'

(34)
and

n—n —
yr —un (r—r, )

g (x,r)= y(x, r))e dT] n (38)
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According to the prescription of the stochastic quantization method for Fermi fields,

158', = lim f dx[ —,'t„(x,r)v'pB —g„(x,r)+t„(x,r)&pB—v1„(x,r)])7~00 p p
Substituting (37) and (38) into (39), 5&2 becomes

T P Q (T Tl) 1 P P(T T2)
t

58'2 ——lim f dx de.
) d72 ,'y(—x,r) )e ' Vpg —e ' g y(x, r2)7~ 00 0 0 p

L

Performing the y average of the noise function, we have

5W2 ——lim lim f dx f dr) f dr2[ 2aA(—r) —r2)]g~ ao A —oo 0 0

p y

(
—88 (r r)) ——1 —2s 8(r r2)—t

X x Tr —,'e '
p —e

p

(T—Ti ) 1 —p p(f' —T2)+e '
p8 —e 'g x

p

T —9 g (r—~) ) —8 8(&—&~)
t t

= lim lim f dx d~, dr22aA(r) —r2) x Tr —,'e 'ge 2 g
r~ao A~oo 0 0

(& &] ) 8 8(&—&2)—e 'ge x (41)

We compute the last trace
—88 (r —7) ) —8 8(7—r2) t —8 8 (r —r) ) —9 2))(r r2) t — —88 (27—r) —r2)t t

Tr -'e
2

e —e e =Tr —'e
2

—9 8(2r r) —r2)——e (42)

Using the integral variable t and T and the properties of the regulator function a A as before, we obtain

5W'2 ——lim lim f dx f dT f dt+ f dT f dt 2(2A(t)(x
~

Tr( —,'e
~~ ao A~oo 0 —2T T2 —2(s—T)

—9 82(r T)sty )
—
i
» )

w —A /2=2 lim lim f dx f dT(x ~Tr( —'e ' '8g —e ' '9 8) ~x)
v'~ ao A ~ ao A /22 2

=lim lim f dx[(x ~Tr( —,'e +@""'—e @@"A')~x)
~~00 A~ao

(X
~

Tt(e —88 2(r )/2A ) e t 82(—r 1/2A ))—
~

X )]—
Let us assume that PP and 8 8 always have finite positive eigenvalues. Thus we can take the limit r —+ ao, while 8N
and g g are finite. Then (43) gives

5&2 ——lim f dx(x ~Tr( —'e "/ ' —e ""')~x) .
2A~ oo

Using the plane-wave basis' same as before and Eqs. (30) and (31),

5&2 ——lim lim f dx f e ' Tr —,'exp ~pe) 8v'p
d2k 1 — 1

A~oo y~x (2n ) p A

1 1 1—exP —BP8— 2p
iky

= lim f dx —,'X2 ( —8 8 lnp)+ A —2 ( —a a lnp)+ A
A~ oo 24 " " 4 24 " " 4

lim f dx( —B„B„lnp+—,', pA ) . (45)
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Combining the results of 5W, and 6&2 we finally obtain

+ lim f dx[(D —2)pA ] .
8m

(46)

Since the second term can be renormalized to zero by
adding a bare cosmological term to the starting Lagrang-
ian, 58'=0 when D =26.

In conclusion, we have shown by explicit calculation
that the stochastic quantization method can be applied to
the evaluation of the conformal anomaly of Polyakov's
string theory and, as a result, we have obtained the stan-
dard dimension, D =26, once again. In this calculation,
we directly applied the stochastic quantization method to
the ghost fields without appeal to the bosonization tech-
nique. Note also that we chose a specific regularization
scheme to achieve the result. In the ultraviolet regulari-
zation procedure, ' we take the limit ~~ ~ first, keeping
A finite. Then the limit A~op is taken. This limiting

process is physically plausible, since the ~ limit is the
equilibrium limit that is necessary to obtain the Euclide-
an Green's function and the A limit is the regularization
limit. Our assumption for the infrared regularization of
ghost fields is equivalent to that used by Tzani and Al-
faro and Gavela for the infrared regularization of the
Fermi fields. In this paper we have not clarified the quan-
tum origin of the conformal anomaly in the context of
the stochastic quantization formalism, but we have
shown how to apply the stochastic quantization method
to the calculation of the conformal anomaly expressed in
terms of the string path-integral formalism. The quan-
tum origin of the conformal anomaly in the context of
the stochastic quantization formalism and the generaliza-
tion of this approach to the fermionic string theory re-
quire further investigations.
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