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On the Wilson coefFicient of the penguin operator
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Recently an additional contribution to the real part of the Wilson coefticient function c& of the
dominant penguin operator 05 in X~2m. decay was found by Bardeen, Buras, and Gerard. We
show that in the effective-Hamiltonian approach used by Gilman and Wise with the "heavy"-
charm-quark approximation, the additional contribution to c5 originates from the penguin diagrams
with u-quark loops which are left after the charm quark is integrated out. For p-1 GeV (p being
the renormalization scale), the inclusion of the u-quark loop diagram amounts to adding a contribu-
tion —,a, (p, )/12m to the standard estimate of cs. Penguin diagrams at the low-momentum scale are

briefly discussed.

Recently Bardeen, Buras, and Gerard' (BBG) have
identified an additional enhancement of the real part of
the Wilson coefficient function cs (or 2'6 in the notation of
Ref. 1; we follow the notation of Ref. 2} of the penguin
operator 0, (or Qs) with respect to standard estimates
which comes from an incomplete Glashow-Iliopoulos-
Maiani (GIM) cancellation above the charm-quark mass.
However, this does not mean anything is wrong with the
effective-weak-Hamiltonian approach of Gilman and
Wise with heavy quarks integrated out or their calcula-

tion of c5. In this paper we will show that an additional
contribution to Rec5 stems from the u-loop penguin dia-
grams which are left after the charm quark is integrated
out from the efFective Hamiltonian. Adding the contribu-
tion ,a, (p)/—12m back into the Gilman-Wise estimate of
c5, it is in agreement with the values obtained by Bar-
deen, Buras, and Gerard in the I /N, approximation.

To begin with, the anomalous dimension relevant for
the calculation of Rec5 is computed to be' [a simple way
of deriving this equation is discussed after Eq. (11)]

a, (Q')
y(Q, m„,m, )= I dx 6x (1 —x) Q6~ 0

1 1

m„+x(1—x)Q m, +x(1—x)Q

&,s =' =v'26F sin8c cosOc(c+ 0+ +c 0 },
where

(2)

For a realistic value of m„ it is evident that GIM cancel-
lation is not complete for Q &m, , in contrast with the
usual assumption of an exact GIM compensation above
the charin-quark inass. Therefore, the coefficient cs(p, )

receives contributions not only from the range
p & Q &m, (p being the renormalization scale, i.e., the
QCD subtraction scale) but also from Q &m, . As a
consequence, Rec5 is enhanced relative to standard esti-
mates by a factor of 2 and 3 for p=0. 8 and 1.0 GeV, re-
spectively. '

In the Gilman-Wise (GW) approach of the weak
effective Hamiltonian, the 8' boson, and t, b, c heavy
quarks are successively removed from explicitly appear-
ing in the theory via the penguin diagram. Without loss
of generality in the ensuing discussions, we shall neglect
CP violation and only consider the four-quark case.
When the 8 field is integrated out from the theory, it
leads to the following AS = 1 effective Hamiltonian:

0+ ——(su )(ud )+(sd )(uu ) —(u ~c),
(q, q2):—q, y„(1—ys)q2/2, and c+ are QCD-corrected
coefficients. Also, the 8' line in the penguin diagram
[Fig. 1(a)] is contracted to a point, and u, c quarks propa-
gate in the loop [Fig. 1(b)]. The next step is to integrate
the charm quark out by treating m, as heavy. It follows
from Eq. (1) that, in the "heavy"-charm-quark approxi-
mation (whether this is a reliable approximation is anoth-
er issue),

a, (Q')
m„«Q &m, ,

y(Q, m„,m, )= ~

0, Q&m, .

The anoinalous dimension at Q & m, is precisely the
coefficient of the usual leading-logarithmic term resulting
from the evaluation of the c-quark loop (see below). Be-
cause of the nearly complete GIM cancellation, the Wil-
son coefficient c5 wi11 not receive contributions from

Q & m, with the approximation of a heavy-charm-quark
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where k is the momentum squared of the virtual gluon
and p will be set equal to

~

k
~

in the final step. If the
charm quark is treated as heavy

a, (p) m,
c~(p) = — ln

12m p2

The ( V —A )( V —A ) parts of the penguin Hamiltonian
(4) contribute to the operators 0, and 0, (Ref. 2),
whereas the ( V —A)( V+ A) parts induce new penguin
operators 05 6, where

Os=sr y„I;dL (u„y"A'ua.+d„y"A;dIt +s„y"A;sa )

with qL a =——,'(1+ys)q. A sum of leading logarithms

ln(m, /p, ) and ln(Mii /m, ) to all orders in strong in-
teractions via renormalization-group technique accounts
for all leading QCD logarithmic corrections (from Mii,
down to p) to the real part of the Wilson coefficient c,(p)
of the penguin operator 05.

Therefore, after the charm quark is integrated out
from Fig. 1(b), we are left with the penguin diagrams
Figs. 1(c) and 1(d) (the so-called "eye" graphs in lattice
QCD calculations ). Figures 1(c) and l(d) arise from the
effective Hamiltonian

6

gf ff +2GF sin8& cos8c g c, (p )0;(p )

FIG. 1. Three stages of evolution of the penguin diagram.
To leading order in 1/M~, the 8' line in (a) is contracted to a
point, u and c quarks propagate in the loop of (b). After the
charm-quark loop is integrated out, what are left are the
penguin diagrams (c) and (d). The dominant contribution is (c)
owing to the largest Wilson coeScient c&. The notation q
represents u, d, s quarks and the four-quapk operators 0; are
given in Ref. 2.

mass. Since in the real world m, is not very large, the
realistic value of Recs is the one obtained from Eq. (1)
rather than from Eq. (3). The question is then how to ac-
count for the enhancement of c5 within the approach of
Gilman and Wise. We shall see that there is nothing
wrong with the short-distance expansion of Gilman and
Wise; the enhancement of c5 is due to diagrams with u

quark loops.
When the charm-quark loop is integrated out (the

divergent parts of u- and c-quark loops are canceled out
by the GIM mechanism), a new effective Hamiltonian [we
have neglected leading logarithmic corrections from M~
down to m„ that is we start from Fig. 1(a)]

Gz
—sin8c cos8cc5 [sy„(1—

y 5)A,'d ]Pell gll ill

~, ( ~k2~ } i m„—k x(1—x)
dx x(1—x) ln

2K 0 p
which can be evaluated exactly:

+()k ~) 1 m 5 2m—ln
6 p 18 3

1+2m„/k 1+(1—4m„/k )'
+ ln

6 (1—4m'/k')'" —1+(1—4m'/k')'"

(9)

(10)

in which only the light quarks are explicitly presented.
Therefore, contributions from Figs. 1(c) and 1(d) should
be included after the use of the heavy-charm-quark ap-
proximations. Since the four-quark operator 0, has the
largest Wilson coeScient, it is evident that the penguin
diagram induced by the effective Hamiltonian (8) is dom-
inated by Fig. 1(c) in which only the u quark circulates in
the loop.

As before, we first consider the u-loop penguin dia-
gram in Fig. 1(a). The one-gluon approximation of Fig.
1(a) with the u quark in the loop induces the same
penguin Hamiltonian (4) and contributes to c5 by the
amount

X (u y "1,'u +d y")i,'d +s y "Vs }

is induced with

(4)
For p =

~

k
~

& m, (Ref. 7), Eq. (10) reduces to

~, (p) 5

12m 3

a, (/k /) m, —k x(1 —x)
c5(p)= — f dx x(1—x) ln

2& 0 p

which is a leading-nonlogarithmic contribution. Before
proceeding, we note that Eq. (1) is easily recovered by vir-
tue of the relation y-Q (d/dQ ) [Eq. (5) + Eq. (9)] for
Q =p = —k . When Q »m„(i.e., Q is confined to
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TABLE I. The values of the Wilson coeScient function Recs{p) for different p and a, (p). Values of
Rec& in the analyses of Bardeen, Buras, and Gerard, and of Gilman and Wise are taken from Table I of
Ref. 1; Red& is defined in Eq. (12).

p (GeV)

a, (p)
Recs(p)Gw

Red'(p)
Re&&(p )»G

0.8

0.54
—0.020
—0.044
—0.045

1.0

0.47
—0.010
—0.031
—0.033

0.8

0.77
—0.030
—0.064
—0.065

1.0

0.63
—0.015
—0.043
—0.045

0.8

1.09
—0.045
—0.093
—0.094

1.0

0.82
—0.020
—0.056
—0.060

rz, (p) 5
Recs(p)ow — =—Recs(p)= Recs()tt)aao

12m 3
(12)

where cs(p)ow and cs(p)ano are the values of cs ob-
tained by GW and BBG, respectively. From Table I it is
evident that the agreement between ReV5 and

Recs(p)t)ao is excellent and remarkable, in view of the
fact that the BBG values are obtained in the I /N, ap-
proximation. To see the importance of the new contribu-
tions we note that, to first order in QCD,

Recs()tt) =—a, (p) m,
(13)

It is clear that the contribution —'„which comes from the
u-loop penguin diagram, becomes dominant when p is
in the perturbative regime (i.e., )tt 1 GeV): It will
enhance the naive estimate of Recs by a factor of 2-3 for
p=0. 8—1.0 GeV (see Table I).

the region where perturbative QCD is applicable), it is
easily seen that y=0 for the u-loop penguin diagram.
[Indeed, Eq. (11) does not contain logarithmic terms. ]
This implies that in this case hard-gluon corrections can
be neglected (at least for the range m, & Q & p, ). There-
fore, in spite of the fact that the result (11) is derived at
the level of Fig. 1(a), it represents the contributions of
Figs. 1(c) and 1(d). Consequently, it is expected that the
following relation is established:

Thus far we have only focused on the region p ~ 1 GeV
where perturbative QCD is applied. In principle, the
short-distance ES=1 effective Hamiltonian given by Eq.
(8) will suffice to describe kaon nonleptonic decays if we
are able to evaluate the hadronic matrix elements at p-1
GeV. Unfortunately, an explicit p dependence is not seen
in the usual matrix-element calculations. Normally, it is
argued that the on-shell K —2m matrix elements of four-
quark operators correspond to the scale )u=O(mx, m ).
In the conventional methods of calculations, such as vac-
uum insertion and the bag model, the low-momentum eye
graphs, Figs. 1(c) and 1(d), are entirely neglected. At
p=O(rnlr, m ), the penguin diagrams Figs. 1(c) and 1(d)
are no longer dominated by the one-gluon exchange and
all soft-gluon effects are involved. The inclusion of the
low-energy eye graphs amount to adding long-distance
contributions to the EI= ,' hadronic —matrix elements
(re

~
Ot 3 5 Q ~

K ) and hence could play an essential role
for the explanation of the EI=—,

' rule in kaon decay. '

Unfortunately, the estimate of these graphs is very
diScult, although efforts have been made in passing. "
Finally, a formidable task we need to deal with is how to
continue the Wilson coefficients c;()M) frotn the perturba-
tive domain down to the low-momentum regime. '
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