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Calculating boson and fermion loops in 3+1dimensions and the derivative expansion
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We extend our work on the numerical calculation of one-loop quantum corrections from two to
four space-time dimensions, using a Green s-function technique. Studying time-independent, spher-

ically symmetric background fields, we illustrate this method by calculating one-boson-loop and

one-fermion-loop quantum corrections to the energy. We use our results to test derivative expan-
sions and illuminate their convergence properties.

I. INTRGDUCTIGN D '(P, ) = —t) —W(P, ),
Over the past few years, there has been much interest

in the derivative expansion of the effective action. '

This is motivated by attempts to study quantum correc-
tions of solitons and by effective theories that contain
terms with higher powers of the derivative of fields (e.g.,
the Skyrmion model). The derivative expansion is an ap-
proximation that allows one to extract low-energy and
long-wavelength physics from local quantum fluctua-
tions. Previously, work had been mainly focused on the
leading term in the derivative expansion, the effective po-
tential. Simple methods have been developed' in the
past few years to obtain higher-order terms of the expan-
sion for the one-boson-loop and one-fermion-loop
effective actions. However, little work has addressed the
validity of the derivative expansion in the study of quan-
tum corrections to solitons in four space-time dimen-
sions, or even in two dimensions. This is partly due to
the fact that the one-loop corrections are nonlocal, and
usually cannot be calculated analytically.

Solitons are widely used to model hadrons and nuclei
and it would greatly simplify the problem of understand-
ing quantum corrections if a local expansion, such as the
derivative expansion, works. In this paper, we extend our
work on the boson and fermion one-loop corrections in
1 + 1 space-time dimensions to study the validity of the
derivative expansion in 3+ 1 space-time dimensions. In
the following, we present our study of the one-boson loop
in Sec. II, and in Sec. III the study of the one-fermion
loop.

II. THE GNE-BOSON LGGP

d U(, )
W(P, )=

df2
(4)

Tr lnD '= Tr lnDo ' —g —(Do W)"
n=1 n

=Tr(lnDo ' Do W 2Do—W + ——),

where in the second line we display only the terms that
are divergent. Subtracting these divergent terms, one ob-
tains a renormalized one-loop effective action:

I ttit (P, )=—Tr[lnD '(P, ) —lnD& '+Do W+ ,'DoW—
6DO( Wo )'(&„p—, )'—],

Throughout this paper we will assume that P, is time in-
dependent and spherically symmetric. The trace is taken
on the space-time coordinates. I'z is divergent and re-
normalization is needed. We make a functional Taylor-
series expansion of I z around the vacuum to identify and
isolate the divergences, and first subtract the divergences
from I &. Define

D '(P, )=Do ' —W,

Do ' = —a' —Wo

where WO=W(go), Po=g(ao), and W=W —Wo. The
Taylor-series expansion gives

We start with a renormalizable boson theory, whose
Lagrangian is

X = —,'(t)„P) —U(P) .

From the loop expansion, the one-boson-loop effective
action is given by

I tt (P, )=—Tr lnD '(P, ),

where Wo =d Wo/dPo. Note that in Eq. (8), we also sub-
tract a finite term, —,'Do(Wo) (t)„P, ) . After taking the
trace this latter term becomes f d x —,'zo(t)„Q, )~, where

zo is a constant, so that this subtraction corresponds to a
wave-function renormalization.

Expanding I s„(P, ) in terms of the derivatives of P,
(Ref. 7), one has

with P, = (P), the expectation value of P, and
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where Vii(P, ) is the familiar effective potential. The
finite subtraction in Eq. (8) was made so that Zii(go) =0.
From Eq. (8) one obtains

to decompose the various terms in the derivative expan-
sion into partial waves.

We make the Fourier transformations

V~(((},)= W(r) ln
W(r}

64 0

——,'[ W(r) —Wo][3W(r) —Wo] (10)

D '(to)= f dt e ' 'D '(P, ),

Do'(to)= f dte ' 'Do'
(12)

and
For a static P„ it is more convenient to study the energy
E, which is simply related to the action through

Zti($, )= 1 1 d8'
192~'

d~0
Wo dgo

Z= —r f dt. (13)

We first discuss how to calculate I z& exactly by
decomposing it into partial waves, and then discuss how

I

From Eq. (8), integrating by parts, and making the rota-
tion e=iy, one obtains the renormalized one-boson-loop
energy

Ez„—— y Tr' D iy —Do iy —Do iy W —Do iy 8' ——,'Do iy ~o
OQ 2' dT

(14)

where Tr differs from Tr by excluding the time integration. One then makes the partial-wave decomposition of
D(iy, r, r'): &r

I
D(i—y) I

r'):
oo I

D(iy, r, r')=, g g D&(y, r, r')Yt (8,$)Yi' (O', P'),
1=0 m= —I

(15)

d
GT

1(i + 1)
2

—y —W(r) Di(y, r, r')=5(r r') . — (16)

One can decompose

Do(ty, r, r') —= &r
I
Do(ty} I

r'&

in a similar fashion, leading to Doi(y, r, r ), which satisfy the same equation as (16) with Wo replacing W(P, ). These
Green's functions can now be accurately constructed numerically. ' '"

After the partial-wave decomposition, the energy becomes

Eaa ——f y f dr g (21+1) Dt(y, r, r) Dot(y, r, r) Do—t(y, r, r)W(—r)2' 0

where

D ot(y r r') =—& r
I
D oI(y) I

r')

Dot(y, r, r)W —(r) ——,'D ot(y, r, r)(Wo } = g (2l+1)Et,
1=0

(17)

(18)

The evaluation of matrix elements of powers of D0I is discussed elsewhere. "
One can make a partial-wave decomposition for the derivative expansion as well. The derivative expansion for the

energy that includes up to second order is given by '
T

ED y
+ 2dy 3 d p 2- 3

—2 & 4d r (b, —5o+b,oW —b,oW )——
(2~)3 2 dr

where b = 1/[y +p + W(r)] and ho= I/(y +p + Wo ). One has the relation'

'2
d—a'( W' )'0 0 (19)

d3 oo

f P =( —1)"&r
I
D o(iy} I

r) =( —1)" g (21+1) D o&(y, r, r),
(2n) (y +p + Wo)" 1=0 4m. r

and similarly the relation

=( —1)"g (2i + 1) 6,"(y, r, r),1

y +p+W" I 0 4nr

(20)
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where

b, &(y, r, r)= [ a—r iI (a r)k&(a r)],1 1

(n —1)! 2a da
(22)

with a =(y + W)' . i& and k& are the modified spherical Bessel functions of the first and second kind. Using these re-
lations, one arrives at'

Eaa ——g (21+1)Ei
1=0

with

E = dr (6 D —D—W D i—W )+—b,

2

(23)

(24)

(25)

We also employ a convenient parametrized background
field:

(26)1+exp[(r R) /T)—
which we loosely refer to as a soliton. R controls the ra-
dius, T the surface thickness, and pb the depth of the soli-
ton at the origin. Because of scaling, without losing gen-
erality, we can set Po= 1 for the convenience of our inves-
tigation. Table I presents the results for E~z and the first
two terms in its derivative expansion for various partial
waves using the parameter set R =10, pb=0. 2, and
T=2. From the results, we see that each partial-wave
component shows the behavior we found for a two-
dimensional boson theory. That is to say, the energy lies
between the first and second derivative expansion approx-
imations, and the second improves the approximation for

where all Green's functions have the arguments
Doi(y, r, r). After summing over all the partial waves, the
terms in the first set of parentheses give J d r Va(P, ),

and the terms in the large square brackets give

I d r ,'Za(P, —)(VP, ) .
To study the convergence of the derivative expansion,

for simplicity we take U(P)= —,'(P —Po), and conse-

quently

W=3$, —Po .

this set of pararneteis. Table II gives the results for the
I =1 partial-wave component for various sets of parame-
ters that represent different shapes of the background-
field configuration. In the first six entries of Table II we
change the thickness T of the soliton while keeping R and

pb fixed. One can clearly see that as the surface thickness
increases, causing the magnitude of the field derivatives
to decrease, the derivative expansion improves. In the
next three entries we vary R and T at the same time, but
keep R/T and pb fixed. By dimensional arguments, this
corresponds to scaling the effective mass, 8" . Since
Pic =1, multiplying all lengths by a and masses by 1/a in

the definition of 8' will lead to a trivial scaling of E by
1/a. On the other hand, if one scales lengths by a while
fixing the masses, one arrives at the same results as scal-
ing all masses by 1/a and fixing the lengths. As R and T
simultaneously decrease, the boson effective mass de-
creases and the expansion begins to fail. In the example
shown the "failure" is not dramatic, but is more so in
other cases. In the last three entries of Table II we vary
pb while keeping R and T fixed. As pb increases, the ap-
proximation worsens, as one would expect.

From the results we see that for a smooth soliton the
first two terms in the derivative expansion approximate
the full energy well, with the second term improving the
approximation. Also, for each partial wave, the full ener-
gy always falls between f d r Vii (P, ) and

TABLE I. The boson-loop energy and the two leading terms in its derivative expansion for various
partial waves with the parameter set R =10, T =2, and pb

——0.2. All results should be multiplied by
10

—1.793 36
—1.386 72
—1.073 33
—0.833 04
—0.649 20
—0.508 52
—0.400 64
—0.31761
—0.253 44
—0.203 57

—1.799 86
—1.392 66
—1.078 50
—0.837 34
—0.652 66
—0.511 22
—0.402 70
—0.319 18
—0.254 62
—0.20444

f d'r 2Zs(Vcr, )'—
0.006 58
0.00606
0.005 27
0.004 38
0.003 54
0.002 78
0.002 14
0.001 63
0.001 22
0.000 91

f d'r [Vs+ —,'Zs(VQ, )']

—1.793 28
—1.386 62
—1.073 23
—0.832 96
—0.649 12
—0.508 44
—0.400 58
—0.317 55
—0.253 40
—0.203 53
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TABLE II. The boson-loop energy and the two leading terms in its derivative expansion for the I =1
partial wave for various P, . All results should be multiplied by 10

I d'r[V, +-,'Z, (Vy, )']

10
10
10
10
10
10
7
5

3
10
10
10

0.3
0.5
1

2
3
4
1.4
1

0.6
2
2
2

0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0. 1

0.3
0.4

—2.050 76
—1.967 74
—1.762 70
—1.386 72
—1.11547
—0.942 25
—0.813 48
—0.457 72
—0.159 18
—0.174 18
—4.711 82

—11.5196

—2.073 70
—1.987 28
—1.774 32
—1.392 66
—1.11924
—0.944 86
—0.821 10
—0.466 48
—0.16646
—0.174 76
—4.741 20

—11.650 5

—2.031 74
—1.962 22
—1.762 31
—1.386 62
—1.11545
—0.942 25
—0.813 16
—0.456 92
—0.156 58
—0.174 18
—4.711 22

—11.5134

f d'r[V~($, )+ ,'Ztt($,—)(VP,)'] . EF —i N Tr' /ST)
c 2K

(30)

This indicates that the derivative expansion for the boson

loop, as in two dimensions, may be asymptotic. These
features, however, depend on the renormalization scheme
that one chooses. For a different renormalization
scheme, a finite polynomial that has the same form as U

as well as a term —,'z (VP, ), with z a constant, can be add-

ed to the energy density. Adding a finite polynomial
would not change the fact that the energy falls between

f d r Vs and f d r[Vtt+ ,'Z~(VP, ) ]—. However, it

may change the fact that f d r Vz alone is a good ap-

proximation to the energy in the above tables. Adding a
term —,'z (VP, ), however, would modify the contri-

bution from the second derivative term in the boson-

loop energy, and could make Eztt + f d r2tz(VP, ) less

than f d r V~ for some z, thus making the expansion ap-

pear nonasymptotic.

III. THE ONE-FERMION LOOP

The contour is the conventional one that encloses the en-

tire negative real axis. The physical meaning of the
fermion-loop energy is clear from the following relations:

i co Tr' y S co = e;,c 2'JT
(31)

( ia V—+pgp, )f, =e;1i, . (32)

G(y, r, r') = yoS(iy, r,—r'),
where

S(iy, r, r')=—(r
~

S(iy)
~

r'),

(33)

(34)

one expands 6 as

That is, the fermion-loop energy gives the energy shift of
the Dirac sea in the presence of the background field P, .

In order to calculate S(cu) we make a partial-wave
decomposition. ' Making the rotation ~=iy and defining

For fermion fields coupled to a scalar field through a
simple Yukawa interaction, the fermion-loop action is
given by

eP. (8,$)P„(8',P'), (35)

I F(P, ) = i Tr lnS—'(P, ),
where

S '(P, )= —(i8 gg, ), —

(27)
where

P, (8,$):—PI (8,$)

(l, m ,'m,
~
jm) Y( —(8,$)X (36)

P, is a scalar external field, and g is the Yukawa coupling
constant. The trace is taken on the space-time
configuration and on the Dirac indices. As for the boson
case, we assume that P, is time independent and spheri-
cally symmetric, P, =P, (r). Making the Fourier trans-
formation

P?k I tll

1 0
Yi/P — 0 & + ]/2 (37)

( lmpm,
~
jm ) are Clebsch-Gordan coefficients,

while

S '(P, )= f dte ' 'S '(P, ), (29)

integrating by parts and disposing of an unimportant
constant, we have the one-fermion-loop energy

are the two-component Pauli spinors, and j is the to-
tal angular momentum. v is related to j;
a = ( —1)' ' + ' (j +—,' ). G„(y,r, r') satisfies
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gP, (r) —iy —d Idr —«/r

d /dr —« Ir —gP, (r) —iy
(38)

After the partial-wave decomposition, the energy be-
comes

E,= i f—' y f "dr g 2~«~tr[G„(y, r, r)].—oo 2K 0

trG, (y, r, r') = —trG„( y—, r, r') .

From this one obtains

EF ——g «E, ,
It= 1

where

E„=4f y f dr tr ImG„(y, r, r) .
2m o

(41)

(42)

(43)

G „(y,r, r')= c«, G—„( y, r, r'—)0, ,

where o.
&

is the first Pauli matrix. Therefore, we have

(40)

(39)

The remaining trace is taken on the matrix space of G„.
Observe that 6, has the following property:

EF here is divergent and renormalization is needed.
One follows the same procedure as for the boson case,
makes a functional Taylor-series expansion of
tr ImG„(y, r, r} around the vacuum, isolates all the diver-
gent terms in EF, and subtracts them. The partial-wave
components for the renormalized energy are then given
by 1 1& 12

E„s——f y f dr tr ImG„(y, r—, r)+Go„+Go„[(gg, ) —(g&0) )—oo 277 0

+GO. l [(g{t,}'—(g{t0)']'+ [go,'(«)]'l+

where

Do. i

Do
(45)

d «(«+1) 2 2D ()„—— -(g40) -y .
dr r

(46)

In the above, the ellipsis represents further finite subtractions that go beyond the minimal subtractions and are required
in order to satisfy certain renormalization conditions.

The derivative expansion allows one to expand the renormalized energy EF„ in powers of the derivatives of P, . The
derivative expansion for EFz, up to 0 (8 ), is given by'

3

FR V d P QF pop op g g o QoF g g + Q Q g

(47)

Here bF ——1/[y +p +(gP, ) ], boF ——1/[y +p +(ggo) ], P,'=dP, /dr, and P,"=d P, /dr If one p. erforms the p in-
tegration and the y integration, the above would collapse into a rather simple form that is similar to Eq. (9):

EFR = f d «[V~(p, )+ ,'ZF(p, )(Vp, )—], (48)

where VF({(},} is the familiar eff'ective potential, given by

VF({t,)=—
2

, (gk, )'», ——,'[(g{(},)' —(gA)'][3(g{(',)' —(g4o)'1 (49)

and

ZF(p, ) = ln
2n.

(50)

In Eq. (47), we have chosen to subtract a finite term so that Zr($0}=0. Since we calculate the full ferniion-loop energy
partial wave by partial wave, we need to make partial-wave decompositions of the terms in the derivative expansion.

This is accomplished by using the following formulas
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=( —1)" g 2 [b,," &(y, r, r)+b",(y, r, r)],(2') [y'+p +(gP, ) ]" „,4~r
(51)

d3 00

p, , y, r, r +D O„y, r, r
(2'rr) [y +p +(gQo) ]",i 4ar

(52)

where

1 1 d
(n —1)! 2P» dP»

[ /3 r i—„(p r)k (p»r)], (53)

with p = [y +(gp, ) ]'» . After the partial wave decomposition, from Eq. (47) the derivative expansion of EFR is given
by

EFR 4 y ~ F ~OKF ~OKF g c g 0

~0 F[(gd ) —(g4o) ] ] +[(~ F ~o F)(g'(t'' ) ]) (54)

where

~„F=b, , (y, r, r)+—~„(y,r, r),

~0&F =D o~ —i(y, r, r) +D o (y, r, r)

(55)

(56)

TABLE III. The fermion-loop energy and the two leading
terms in its derivative expansion for various partial waves with

R = 10, T =2, and P~ = 1.

1

2
3
4
5
6
7
8
9

10

0.930 88
0.618 62
0.42409
0.297 05
0.211 83
0.153 52
0.11295
0.084 30
0.063 75
0.048 84

d3r vF

0.87642
0.579 20
0.398 21
0.279 21
0.199 16
0.144 33
0.106 16
0.079 20
0.059 88
0.045 86

jd'r [Vr+ —,'Zr(VP, )']

0.93992
0.622 02
0.425 82
0.298 04
0.212 44
0.153 92
0.11322
0.084 49
0.063 90
0.048 94

For convenience, we take P, to have the form found in

Eq. (26). Again, we set Po ——1 and also set g =1. Tables
III and IV contain our numerical results. In Table III we
present EFR and the first two terms in its derivative ex-
pansion for various partial waves with R =10, T =2, and

Pb
——1. The second term in the derivative expansion not-

ably improves the approximation for this case. Table IV
gives the results for the a =2 partial-wave component for
various sets of parameters that represent different shapes
of the background-field configuration. Similar to the bo-
son loop, in the first five entries of Table IV we change
the thickness T of the soliton while keeping R and Pb

fixed. As T increases and derivatives decrease, the ap-
proximation improves. In the next three entries we vary
R and T at the same time, but keep R/T and Pb fixed.

By dimensional arguments, this corresponds to scaling
the effective mass, gP, . As the effective mass decreases,
the approximation starts to break down. In the last
three entries of Table IV we vary Pb while keeping R and
T fixed. Naturally, as the depth of the soliton decreases,
the derivatives of the background field decrease and the
approximation improves.

From the results of Table III we see that for the partic-
ular P, the first two terms in the derivative expansion ap-
proximate the full energy well for each partial-wave com-
ponent, and the full energy always falls between

f d r VF(p, ) and f d r[VF(p, )+2ZF(p, )(Vp, ) ].
This indicates that the derivative expansion for the fer-
mion loop, as in two dimensions, may be asymptotic.
The above finding, however, should only apply to smooth
solitons, since we do find that for sharp solitons the ener-

gy is less than f d r Vz(P, ) (Ref. 12). In fact, when the
derivatives become extremely large, the energy will ap-
proach negative infinity, but f d r VF will remain posi-
tive. ' This is in contrast with what we found for the
one-boson loop, in which each partial wave is rather simi-
lar to a two-dimensional boson loop. As in the case for
the boson loop, the above features are also subject to
change should we alter the particular renormalization
scheme used here.

In summary, we present a Green's function and
partial-wave decomposition method to study the conver-
gence and validity of the derivative expansion for the
one-boson and one-fermion loop. For the cases presented
here, the expansion for each partial-wave component
behaves similarly to the one-loop derivative expansion in
two space-time dimensions. Our study also indicates that
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TABLE IV. The fermion-loop energy and the two leading terms in its derivative expansion for the
«=2 partial wave for various P, .

10
10
10
10
10
7
5

3
10
10
10

0.1

0.5
1

2
4
1.4
1

0.6
2
2
2

1

1

1

1

1

1

1

1

1.5
0.5
0.1

1.24005
0.827 82
0.71977
0.618 54
0.529 34
0.334 19
0.17691
0.060 19
0.81346
0.137 30
0.001 47

drVF

0.692 38
0.665 04
0.633 26
0.579 20
0.51494
0.296 26
0.143 57
0.03904
0.62402
0.13490
0.001 46

J d'r [ V r +—,
' ZF ( Vp, )']

1.888 86
0.889 18
0.73609
0.62202
0.529 97
0.338 90
0.182 90
0.068 23
0.872 46
0.137 32
0.001 47

the expansion may be asymptotic. This means that one
can estimate the error of the derivative expansion at a
given order by calculating the next term. The error will
be less than the magnitude of this term. The questions of
how the expansion depends on the renormalization
scheme and how the higher-order (more than two) deriva-
tive terms behave require further investigation. The abil-
ity to numerically calculate energies for different

should aid in Anding alternative expansions when the
derivative expansion starts to fail.
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