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The dynamics of hot matter produced in ultrarelativistic heavy-ion collisions is studied with a
cascade simulation. We model the putative quark-gluon plasma with independent globs of high-
density matter. The hadronic phase is treated by explicit tracking of pion coordinates. We find that
the pions make 0-2 collisions with globs and 1-3 collisions with other pions, under conditions ex-
pected for heavy ions at collider energies. The entropy increases by about 20% during the phase
transition. The transverse momentum in the final state is almost entirely due to the momentum
with which pions are emitted from the globs, except at extremely high densities where the hydro-
dynamic expansion of the pure plasma phase is significant.

I. INTRODUCTION

An important objective in studying ultrarelativistic col-
lisions of heavy ions is to find out which observables are
sensitive to a phase transition of hadronic matter into a
quark-gluon plasma. One possibility of a useful observ-
able is the transverse momentum of the particles in the
final state, measured as a function of their density in rapi-
dity."? Qualitatively, the effect of a phase transition is to
lower the pressure of the matter for a given entropy den-
sity. If the entropy is conserved, then it is related to the
number of particles in the final state. Thus there will be
less transverse momentum for a given entropy in the final
state if a phase change takes place.

A detailed hydrodynamic study of the evolution of the
high-density matter and the relation between transverse
momentum and multiplicity has been made by von Gers-
dorff et al.’ and Kataja et al.* These authors find a
definite signature of the phase transition, but as they
point out the assumption of hydrodynamics may be
unjustified in the rapidly expanding hadronic phase. In
this work we examine the expansion in a more micro-
scopic model of the hadronic phase, treating the evolu-
tion by a cascade simulation of the pion motion in the
final state.

We will follow the previous work in modeling the plas-
ma phase and the initial conditions of the expansion. For
the hadronic phase, we explicitly follow the motion of in-
dividual pions. Their interactions with each other and
with the plasma material will be described in detail
below. We first review the description of the plasma
phase and the initial expansion.

II. UNDERLYING ASSUMPTIONS

The initial condition for the simulation is the boost-
invariant cylinder of high energy density, as proposed by
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Bjorken.? This is formed at time 7=0 by two nuclei

passing through each other, leaving a wake of the excited
matter. We need only specify for the initial condition the
radius of the cylinder and some measure of the excitation
of the medium, either the energy density or the entropy
density. It is convenient to discuss the bulk properties of
the two phases in terms of the entropy density. In simple
models, the expansion and phase change is isentropic,
which allows one to use information about the final-state
entropy to specify the earlier conditions in the high-
density matter. It is generally assumed that the pions are
highly relativistic in the final state, in which case the en-
tropy is related to the particle density in rapidity by

dN _ £(3) dS _ wR*ro
dy ~ 4L4)dy 3.6

Here R is the radius of the cylinder and o is the entropy
density.

The equation of state of the two phases is derived from
entropy of a thermal distribution of massless particles.
The formulas for the entropy density in the two phases
are given by

2.1

2

Op=¢Cy T3=_‘1;g T, (2.2a)
5 14872 5

aqg=cqu =—90—T , (2.2b)

where T is the temperature. The coefficients are obtained
taking three kinds of pion for the hadronic phase, and
two quark flavors and eight gluon colors for the plasma
phase. The pressure of the pion gas at temperature of in-
terest is close to that for massless particles, which is given
by

(2.3)
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The pressure of the plasma phase has a similar contribu-
tion from the quark and gluon constituents, together with
a bag pressure term B:

P 0T
8’ 4

We want to specify the model by the transition tempera-

ture between the two phases, T,. This occurs when the

two pressures are equal, which allows us to write (1.4) in
terms of T, instead of B:

—B . (2.4)

Cog s 4 Ch 4
qu=—4“‘(T —Tc)+TTc .

(2.5)
We shall also need the energy density in the quark-gluon
phase. This is given by

3o c c
qu=—7‘j—gT+B=—f—(3T“+T:)-T"T: . 2.6

If we assume that entropy is conserved and neglect
transverse expansion, the time 7, at which the hadronic
phase begins to form may be simply calculated. Equation
(2.2b) is evaluated at the transition temperature, giving
the result

_ 3.6dN /dy

= . (2.7)
¢ uR 2ng T3

A similar formula may be obtained for the time 7, at
which the plasma phase disappears. The only difference

is that c,, is replaced by c,. At intermediate times, the
fraction f of the volume in the hadronic phase is
T—T,
f= , (2.8)
Ty —Tq

assuming that entropy is conserved and the expansion is
purely longitudinal.

In previous work, the evolution of the hadronic final
state required specifying a freeze-out density, below
which interactions cease. In our model, both the middle
mixed phase and the final hadronic phase are treated mi-
croscopically. We do not need to specify a freeze-out
density or assume entropy conservation. Instead, we
model the - collisions explicitly in propagating the sys-
tem through the freeze-out point.

We also postulate a microscopic mechanism by which
the phase transition takes place. This process may gen-
erate entropy, depending on how rapidly the expansion
takes place. An upper limit to the entropy generation in
our model is obtained if all of the internal energy of the
plasma phase is converted to internal energy in the ha-
dronic phase. The increase is then given by

dS/dy | gna &_Eig__ 1—c, /4cy, ~13

< 2.9)
das /dy I initial aqg Eh %

II1. PHYSICAL ASPECTS OF THE MODEL

Our starting point in time is 7,,the point at which the
plasma phase begins to convert to hadronic matter.
There are two quite different scenarios that can be imag-

ined here, depending on whether the plasma phase super-
cools or breaks up immediately. We only consider the
latter situation in this paper. We assume that the plasma
becomes unstable with respect to the breakup into drop-
lets as the system expands. The droplets of quark-gluon
matter will be called globs. At 7, we describe the system
by a collection of globs, having a thermal velocity distri-
bution at temperature T,. The globs evaporate by emit-
ting pions, shrinking in size and eventually disappearing.
They can also absorb pions that are incident upon them.
We neglect the interaction of the globs with each other,
allowing them to freely move throughout the medium.
This introduces an error in the momentum transport as
does the initial condition of a thermal momentum distri-
bution at T, We estimate the error below, and find that
it is small except at extremely high multiplicities.

The globs are treated as spheres of plasma with a
definite radius r, and surface thickness d. The energy of
the glob is obtained from the plasma energy density in
the volume:

417 3

E =quTrg .

(3.1)
There are two considerations in choosing an initial radius
of the globs. First, a glob cannot be so small that it only
contains a few pions, or else it would be a known physical
state. Second, we assume that the globs are much smaller
than the transverse dimension of the cylinder, to allow
the globs to participate in a transverse hydrodynamic ex-
pansion. Of course, the physical reality could well be
that plasma does not break up into globs but remains
connected, evaporating pions from an external surface.
That would surely have more noticeable observational
consequences than the conservative assumption we make
here. We have somewhat arbitrarily chosen an initial
plasma radius of 1 fm and a surface thickness of 1 fm.

As the globs emit pions, the plasma radius shrinks to
preserve the energy density of the plasma phase. The to-
tal number of pions associated with a glob depends on de-
tails of the dynamics. If the expansion is slow, so that a
given glob absorbs and emits many pions, the conversion
will be adiabatic, and Eq. (2.2a) can be used to find the
number of pions created from each glob. On the other
hand, if the expansion takes place with little reabsorption
of pions, energy conservation determines the number of
created pions. Each pion is emitted with an average ener-
gy of 2.7 T,, so the number of pions per glob would be
the ratio of (3.1) to this energy. We assume in this work a
transition temperature 7, =200 MeV. Then the globs of
radius 1 fm have an energy of 13 GeV from Eq. (3.1).
These transform into roughly 18 pions under adiabatic
conditions and 24 pions under sudden expansion condi-
tions. The model will give a prediction for the entropy
production during the phase change. In contrast, the hy-
drodynamic equations by themselves do not give a unique
prediction under the conditions found here.

We determine the rate at which the globs emit pions by
detailed balance. We assume that the globs absorb all in-
cident pions that come within a distance r, 4+-d of the
glob. The rate at which they are emitted must equal the
absorption rate when the globs are in a thermal bath of
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pions at temperature T,. This condition requires that the
emission rate be

W =m(r,+d)%c,T}/3.6 . (3.2)

Besides the possibility of being captured by globs, the
pions interact by elastic scattering with each other. We
model the elastic scattering with the phases shifts &/ for
isospin I and the / =0,1 partial waves. These are ob-
tained indirectly from various empirical data involving
the -7 system.® Our parametrization of the I =0 s-wave
channel is based on the low-energy phase shifts deduced
from the 7-m correlation in the K,, decay,” and the

higher-energy phase shifts inferred from the #N —maN
8

reaction.” Both data sets are fit by a simple resonance
model,
r,/2
0 o
=arct 33
§p=arctan Ea*‘El (3.3)

with I';=2.06g and E,=5.8m . Here
q =%\/s —(2m,)?

is the momentum of a pion in the c.m. frame. We also
use a p resonance formula for the I =1 p-wave channel.
The resonance parameters are E_ =770 MeV and
;=150 MeV. We use a functional form for I (q) that
has correct threshold behavior and that falls off at large
q:

g/m, |’

—_— (3.4)
1+(q/E,)?

I, (g)=0.095¢

The I =2 s-wave phases are weakly repulsive and not
very well known. We use a scattering length approxima-
tion in this channel, which is sufficient to fit the phase
shift of Ref. 9. The parametrization is

83=—0.12g/m,, . 3.5)

The cross sections in states of good isospin are related to
the phase shifts by
o! =§’§(21 +1)sin28! . (3.6)
q
We have neglected coherence between different partial
waves and assumed isotropic scattering in the model.

The physical quantities studied in this work depend only
on the isospin-averaged cross section, which is given by

onw=10+1o'+30%. (3.7

An important quantity for the discussion of the dy-
namics of the pion gas in the final state is the thermally
averaged cross section. We define it as the average over
two-particle phase space of the cross section (3.7) weight-
ed by the relative velocity of the pions times their Bose-
Einstein statistical factors. Our average cross section is
shown in Fig. 1 as a function of temperature. It is about
20 mb at temperatures around the assumed phase transi-
tion temperature. It drops sharply at low temperature,
which will cause the pions to freeze-out relatively early in
the expansion. At higher temperatures our model be-
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FIG. 1. Thermally averaged m-m scattering cross sections,
from Eq. (3.3)-(3.7).

comes unreliable because of the neglect of other reso-
nances and higher partial waves.

IV. NUMERICAL ASPECTS OF THE MODEL

The computer program to simulate the above processes
requires procedures for initializing the distribution of
globs, and then tracking the emission, absorption, and
scattering of pions. We view the system in a fixed frame,
with space-time events labeled by coordinates (r,t). For
the boost-invariant initial condition, the local rapidity at
a given point is

y =arctanh(t/z) . (4.1)
The proper time at this rapidity is given by
7=t /coshy . (4.2)

The first task of the program is to initialize the globs at
proper time 7,. The program updates the state of the
system at fixed time intervals A, starting from
t =7,+At. At each time step, up to some maximum, the
spatial position z; is determined at which 7(i)=7,. Then
globs are added to the intervals [z, ,,z;], chosen ran-
domly from a uniform rapidity distribution. This process
is repeated at each time step up to some maximum rapidi-
ty. Particles of higher rapidity are neglected.

The glob initialization also assigns a momentum, which
is taken to be thermally distributed in the local rest
frame. Then in the fixed frame the momentum four-
vector is the Lorentz transform of the thermal four-
vector by the rapidity (4.1).

The emission rate for pions is calculated from Eq. (3.2).
If the probability that a pion is emitted in a given time
step exceeds 1, the program creates a pion on the outer
surface of the glob, at a random position on the surface.
The momentum of the pion is determined from a thermal
distribution, with the orientation distributed randomly.
If the number of pions remaining in the glob falls below
five, all the pions are released at the glob surface and it



37 CASCADE SIMULATION OF ULTRARELATIVISTIC COLLISIONS

disappears. In the final dissolution of the glob, the pion
momenta are distributed according to the available N-
body phase space.

Absorption of the pions is handled very simply. Any
pions that are within the outer radius of a glob, as seen at
a given time step, are captured by the glob. The glob’s
mass and size are then increased accordingly. We found
it important to properly account for Lorentz contraction
of the globs in determining the pion capture. Otherwise,
an anomolously large fraction of low rapidity pions is ab-
sorbed by high rapidity globs, due to their overlap with
the low rapidity region at early times.

Collisions between the pions are handled as follows.
All pairs of pions are examined at each time step, and the
program calculates the dot product of the relative coordi-
nate and the relative momentum of the pair. If the prod-
uct changes sign, the particles have passed by each other,
and are candidates for a collision. The impact parameter
b is then calculated, and if it does not exceed a certain
value b, ,, the cross section is computed. The particles
scatter with probability proportional to the ratio of the
computed cross section and 7b2,,. If the particles suc-
cessfully scatter, a new direction is assigned to the rela-
tive momentum. We assume isotropic scattering, which
will somewhat overestimate the importance of scattering
effects.

The final procedure in the simulation is to propagate
the particles by changing their spatial coordinates ac-
cording to

r(t+At)=r(t)+(p/E)At . (4.3)

It is worth mentioning at this point that the model ex-
actly conserves the momentum and energy of the initial
state. The quantities to be obtained from the model that
are most interesting are the transport of momentum in
the transverse direction, and the conversion of longitudi-
nal energy to transverse energy. Concerning the trans-
port of momentum, the model is deficient in that the
pressure in the plasma phase is ignored. This is a serious
shortcoming for the first stage of the expansion, but once
the globs are formed their internal pressure does not play
any role in the global momentum transport. As far as the
exterior is concerned, the glob behaves exactly like a
spherical volume of pion gas. It absorbs all pions in-
cident on it, and it emits pions as if it were filled with a
thermal distribution of them. Thus the glob mediates the
transport of momentum just like the pion gas, except for
the fact that the glob is massive and will be accelerated
by a pressure imbalance.

V. RESULTS AND DISCUSSION

We now report the results of the simulation for a
variety of initial conditions. In general, we find that the
pions decouple quickly from the globs and each other. In
Fig. 2 we show the fraction of pions in the expanding
matter as a function of time, for two values of the multi-
plicity density. The lower value, (1/a)dN /dy =4, is
about the density produced in the central region in p-p
collisions at collider energies. The upper value, 40, is the
density resulting from independent N-N collisions of pro-
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jectile nucleons with successive target nucleons through
the center of a heavy target. We assume a radius of the
cylinder of 4.2 fm, corresponding to the projectile nu-
cleus Fe with 4 =56. The initial times are determined
from Eq. (2.7) to be 0.9 fm/c and 9 fm/c, respectively.
For the low-multiplicity case, the conversion of matter
from the plasma phase to the hadronic phase more or less
agrees with the pure longitudinal expansion, Eq. (2.8).
There is a slight delay in the cascade calculation, which
may be attributed to the finite time for the globs to evap-
orate pions. In the high-multiplicity case the situation is
quite different. The globs convert into pions more quick-
ly than predicted by the one-dimensional model. Here
the time scale is large enough so that the transverse ex-
pansion becomes important early in the mixed phase.
Thus the density becomes low at much earlier time than
would be the case for pure longitudinal expansion.
Another reason for the faster conversion could be the
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FIG. 2. Fraction of hadronic matter as a function of time for
a cylinder radius of 4.2 fm and multiplicity densities
dN /dy =224 and 2240. The solid line shows the fraction for
the one-dimensional hydrodynamic expansion, Eq. (2.8). The
dashed line shows the fraction of free pions as a function of time
obtained in the simulation.
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decoupling of the pions from the globs. This may be seen
in Figs. 3 and 4, which show the radial velocity distribu-
tions of pions and globs for the case R =6.8 fm,
(1/A4)dN /dy =8.5. We see that the pions stream out-
ward at high velocity, leaving the globs behind. In the
one-dimensional model, the mixed phase is completely
homogeneous. In the three-dimensional hydrodynamics,
the transverse expansion takes place through a rarefac-
tion shock wave, which propagates into the cylinder from
its surface.'® The shocked matter is in the purely ha-
dronic phase, so the region containing globs does not ex-
pand radially. The very slight radial expansion in the
cascade thus roughly accords with the hydrodynamics.
Figure 4 also shows good agreement in the comparison
with hydrodynamics for the pion radial velocity distribu-
tion.

The next point we examine is the adiabaticity of the
phase transition. For low multiplicities [(1/A4)dN/
dy =4] the globs recapture only 1 of the pions emitted.
The conditions are therefore far from adiabatic, and close
to the sudden expansion limit. The total number of pions
emitted is 24% larger than under adiabatic conditions.
The model thus predicts an entropy increase of 24% dur-
ing the phase transition. Going to much higher multipli-
city [(1/ A)dN /dy =40], the ratio of emitted to captured
pions is 1.6. The total number of pions in the final state
is 16% larger than the adiabatic limit. Thus under all
conditions we envisage for heavy-ion collisions, the entro-
py increase due to the phase transition is about 20%.
The entropy increase could be substantially larger only if
the plasma interface partly reflected, which does not
seem likely. The entropy production could be less if the
globs were more numerous, but we have not explored this
in detail. In any case, the entropy production is small
compared to the ratio of entropy densities in the two
phases, and so the usual assumption of isentropic expan-
sion is a reasonable first approximation.

The cascade simulation allows one to determine the
freeze-out point in the expansion. The density at which
this occurs is an important parameter in hydrodynamic

calculations. Hydrodynamics fails when the system is
1.0
R = 6.81fm
0.5 |- globs
o 00
>
-0.5
-1.0 1 1 1 1
° 10 20
r [fm]
FIG. 3. Radial-velocity distribution of globs at r=14.7

fm/c. The initial cylinder radius is 6.8 fm and the final-state ra-
pidity density of the pions is 1700.
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FIG. 4. Radial-velocity distribution of pions, under the same
conditions as in Fig. 6, is shown as the histogram. The dashed
curve is the hydrodynamic prediction, using the calculation
method of Refs. 3 and 4.

rarified beyond the point where collisions have ceased.
One way to examine the freeze-out is to compare the
characteristic time for expansion of the system with the
collision time. We define an expansion time ¢, as

)
P gV )/dt’
where (V) is the volume of the system. For presenting

the results of the simulation, we have defined the volume
as

t (5.1)

(V)=Ay7 3 ritilexp[ —(r;/R)*] . (5.2)
1

Initially, the expansion is longitudinal and the expansion

time equals the proper time 7. The system does not

freeze-out until radial expansion becomes significant.

Then the expansion time falls below 7; for a spherical ex-

pansion ¢.,,7/3. In Fig. 5 we display the expansion time

40 T T T T T
30} .
—
Q
g
.g. 201 B
—
b
had 5 -"-"”. S N
0 1 1 1 1 1
0 10 20 30
t [tm/c]

FIG. 5. Expansion time of the system, computed according
to Eq. (5.1). Conditions are dN /dy =1713 and R =6.8 fm.
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as a function of time for the same conditions as in Figs. 3,
and 4. The simulation begins when the system enters the
mixed phase, at t =7,=2.7 fm/c. The expansion is lon-
gitudinal until about 14 fm/c, after which ¢, falls below
t. The expansion time is roughly constant until about 22
fm /c. The definition (5.2) of the volume is not useful for
longer times. Under conditions of pure longitudinal ex-
pansion, the conversion to a pure hadronic phase would
not occur until # =33 fm/c. Thus the radial expansion is
important during the mixed-phase period, and certainly
invalidates a one-dimensional description of this period.

To see the freeze-out point of this system we display
the average collision time, defined as the ratio of the
number of pions to the collision rate of the pions:

number of pions
number of pions colliding in Az

Leon =4t (5.3)
This is shown in Fig. 6. The time is short until just
beyond 20 fm/c, when it grows very rapidly. It exceeds
the expansion time at about 22 fm/c, so we may take this
to be the freeze-out point. We could also determine the
freeze-out point as the average time of the last collision
made by a pion in the final state. This measure also gives
22 fm/c for the freeze-out time. We thus see that the
freeze-out occurs virtually as soon as the plasma phase
disappears. There is no time at which the system looks
like an interacting hadronic gas.

The next property we examine is the average number
of collisions of the final-state pions. This is shown as a
function of dN /dy in Fig. 7. Under typical conditions of
expected multiplicity, there are only 1-2 collisions per
pion in the final state. There is little opportunity in the
final state to convert longitudinal energy into transverse
energy. The low number of 7-m collisions means that the
final-state pions to a large extent preserve a view of the
surface of the quark-gluon plasma.

We finally examine the transverse momentum of the
final-state pions. This is the observable that is directly

10 -1
0 _,dnw""f"""""'j'......' 1 1
0 10 20 30
t [fm/c]

FIG. 6. Collision time of pions under conditions of Fig. 5.
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FIG. 7. Average number of collisions of a final-state pion, as
a function of the assumed multiplicity density. The radius of
the cylinder is taken as 4.2 fm.

measured and should have some bearing on the high-
density dynamics. The prediction of the cascade simula-
tion is shown in Fig. 8, compared with hydrodynamic cal-
culations* under the same conditions (R =4.2 fm). The
transverse momentum is very insensitive to multiplicity
in the cascade calculation. Essentially all of the trans-
verse momentum is present in the initial pion emission
from the glob surface. This might have been anticipated
from the previous discussion; the 7-7 collisions have only
a small effect on increasing the collective momentum.
The cascade results agree rather well with the hydro-

1000 |
Q
S soof
Z
A
o
Vv
o 1 1 1
0.1 1 10 100 1000
1 dN
Ady

FIG. 8. Transverse momentum of pions, as a function of mul-
tiplicity, for an initial cylinder of radius 4.2 fm. The dashed and
solid lines show the result of hydrodynamic calculations assum-
ing no phase transition and a transition temperature of 200
MeV, respectively. The squares show the results of the present
model.
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FIG. 9. Effect of pressure in the pure-plasma phase on the
transverse momentum. An upper bound on the additional
transverse momentum from the radial expansion of the globs is
shown by the upper dashed curve.

dynamic  calculation for multiplicities up to
(1/A4)dN /dy ~20. Thus the treatment of the hadronic
gas in the final state is not important for calculating the
transverse momentum. At very high multiplicities the re-
sults disagree. This is due to our neglect of the transverse
momentum developed before the time 7,, when the interi-
or is in the pure plasma phase. We can estimate the effect
of the neglected plasma pressure on the momentum of the
globs at 7, if we are willing to ignore the transverse ex-
pansion beforehand. This calculation is done in the Ap-
pendix. We repeated the cascade calculation, including
the transverse momentum from Eq. (A3) in the initial
conditions on the globs at 7,. The resulting transverse
momentum in the final state is shown as the upper curve
in Fig. 9. Since the expansion before 7, has been neglect-
ed, the calculation overestimates the generated transverse
momentum. Thus the actual momentum will be between
the limits shown as the shaded area in the Figure. This is
quite consistent with the hydrodynamic predictions,
despite the evident shortcoming of hydrodynamics in the
hadronic expansion phase.

VI. CONCLUSIONS

If there is a phase transition to a quark-gluon plasma,
the dynamics of the hot matter is determined almost en-
tirely by what happens in the plasma phase and at the in-
terface with the vacuum, according to our microscopic
model. Collisions between the pions in the hadronic final
state are sparse and do not affect the global energy and
momentum transport. This is perhaps encouraging, sug-
gesting that the final-state hadrons may give a direct view
of the plasma interface.

We also found that the numbers of pions created
exceeds the entropy-conserving amounts by about 20%.
When one considers that the ratio of entropy densities in
the plasma and the hadronic phases is ~ 13, the entropy
production in the phase transition is minor and argu-
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ments based on entropy conservation remain very useful.

Finally, the method described here should allow other
interesting observables to be calculated. In particular,
the correlation between pions due to their Bose statistics
can be calculated with a model of the pion sources. The
bremsstrahlung radiation is another interesting observ-
able. It is directly proportional to the number of col-
lisions, and the yield of bremsstrahlung exceeds the back-
ground of photons from other sources at small transverse
momentum.
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APPENDIX: HYDRODYNAMIC CALCULATION
OF TRANSVERSE MOMENTUM

We derive a relation between the pressure in the medi-
um and the transverse momentum generated as follows.
The cylinder of high-energy-density matter is bisected
along its axis by a plane. We then integrate the local con-
servation law for momentum over a half-space bordered
by the plane. This tells us that the rate at which momen-
tum is generated in half-space is equal to the pressure
across the dividing plane. We also integrate over time,
and that gives us the total momentum generated in the
half-space. Thus if we know the pressure on the plane as
a function of position and time, we can calculate the
momentum as

po=[ [Pdaadr.

Here p, is the component of momentum normal to the
plane contained in one of the half-spaces, and P is the
pressure on the plane. The relation of this momentum to
the observed transverse momentum in the final state de-
pends on the velocity distribution of the final-state parti-
cles at the breakup. If the thermal component of the ve-
locity is small, the particles will move in a radial direc-
tion and the momentum (A1) directly relates to the indi-
vidual particle momenta. The relation is

(A1)

(pﬁz%(p,,)z%pn , (A2)
where N is the number of particles in the half-space. The
other extreme is when the thermal momentum of the
final-state particles is large compared to the collective
momentum from (Al) and (A2). In that case, the
coherent momentum combines in quadrature with the
thermal momentum and the effect on the average perpen-
dicular momentum is of second order in the ratio.

For the case at hand, we evaluated the pressure from
Eq. (2.4), assuming the temperature follows the one-
dimensional hydrodynamics: T ~¢ '/ from a time t =0

to ¢t =7,. This will certainly overestimate the pressure
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integral: the earliest times give the largest contribution
to the integral, but some finite time is needed to establish
hydrodynamic equilibrium. Evaluation of the integral
yields the following formula for the coherent transverse

momentum:

3.6)%dN /dy
TCge R 372

(p)= ( (A3)

3 Cgg—Cn ]
4 4cqg
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FIG. 9. Effect of pressure in the pure-plasma phase on the
transverse momentum. An upper bound on the additional
transverse momentum from the radial expansion of the globs is
shown by the upper dashed curve.



