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Chiral-symmetry breaking in asymptotically free theories with slowly running couplings is ana-

lyzed. When the confinement scale A is much less than the cutoff M beyond which the theory can-
not be used in isolation, the dynamical mass X(p) starts from a value =A for momenta p (A and
falls slowly for a significant range p & A. It then takes on the asymptotic form (lnp)'/p' where a & 1.
This behavior leads to an enhancement of the fermion condensate defined with the ultraviolet cutoff
M, while the Goldstone-boson decay constant F remains essentially unaltered. In technicolor
theories, with four-fermion interactions of strength =1/M that explicitly break some chiral sym-

metries, the technifermion condensate determines the values of fermion masses and pseudo-
Goldstone-boson masses while F determines 8'and Z masses. An enhancement of the technifermion
condensate will then generate fermion and pseudo-Goldstone-boson masses for higher values of M
than naively expected, keeping 8 and Z masses nearly fixed. This could allow for an adequate
suppression of the flavor-changing neutral currents that have plagued technicolor theories. Explicit
gauge theories that exhibit slow running are tabulated and the results of a numerical study are re-

ported.

I. INTRODUCTION

Although the SU(2) X U(l) gauge theory of electroweak
interactions has met with considerable experimental suc-
cess, the symmetry-breaking mechanism that generates
masses for the 8'—,the Z, and the fermions remains yet
to be understood. Whether the symmetry breaking is
achieved by the condensation of a fundamental scalar
field, or a fermion bilinear, or something else, is an impor-
tant and open question.

The original version of the electroweak theory made use
of fundamental scalars to break the gauge symmetry. In
fundamental scalar field theories, however, radiative
corrections to the scalar mass contain quadratic diver-
gences, necessitating an unnatural fine-tuning of the bare
mass in order to keep the physical mass small compared
to the cutoff. There is no symmetry in the theory (like
chiral symmetry in the case of fermions) to guarantee the
smallness of the radiative corrections to the scalar mass.
Another problem with fundamental scalars is that the Yu-
kawa couplings to fermions are quite arbitrary. They
must be adjusted by hand to fit the various fermion
masses.

These and other aesthetic reasons have led to the sug-
gestion that electroweak symmetry breaking might be
driven by the condensation of a fermion bilinear due to a
strong vector gauge force called technicolor. ' In these
theories, the new fermions coupling to the new gauge
force must exhibit a global chiral symmetry at least as
large as SU(2)L, &&SU(2)ii. Its spontaneous breakdown to
SU(2)L, +~, in the manner of QCD, will produce the three
requisite Goldstone bosons to trigger the Higgs mecha-
nisrn, provided that the confinement scale and also the
chiral-symmetry-breaking scale are on the order of several
hundred GeV. This mechanism provides an adequate ori-

gin for the masses of the 8'+—and Z vector bosons.
The problem with technicolor theories is that they do

not easily generate the masses of the quarks and leptons.
Additional interactions must be introduced to allow the
message of spontaneous breakdown in the technisector to
be communicated to the quarks and leptons. Whatever
the nature of these new interactions is, they play the role
of the Yukawa couplings in the conventional, scalar-field
Higgs theory.

The scale M associated with these new interactions
must be large compared to the technicolor scale. At mo-
menta small compared to M, the new interactions will
take the form of effective four-fermion couplings with
strength of order 1/M . Fermion masses are then gen-
erated through the mechanism of Fig. 1, leading to a re-
sult on the order of (TT)/M . Here, T represents a
technifermion and ( TT ) is the appropriately defined
technifermion condensate, the vacuum value of the bilin-
ear TT. The natural expectation, based on experience
with QCD, is that ( TT ) will be of order A, the
confinement scale of the technicolor theory. The scale M
will then have to be much larger than A to explain the
masses of any of the known fermions.

Whether a realistic theory of fermion masses can be
constructed along these lines remains an open question.
There is a problem, however, that is likely to plague such
a theory. In addition to the four-fermion interactions in-
volving two ordinary ferrnions and two technifermions,
there will be others involving four ordinary fermions and
also four technifermions. These too are expected to be of
strength 1/M . The problem is that the four-ordinary-
fermion interactions typically contain Aavor-changing
neutral currents. There is no known simple Glashow-
Iliopoulos-Maiani (CRIM) mechanism. In order to avoid
a variety of experimental constraints, ' the scale M must
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be at least on the order of 300 TeV. This is not only large
but probably too large. With M of this order, the typical
size of a fermion mass will be no more than 0.1 MeV,
much less than many of the quark and lepton masses.
Given that no realistic technicolor theory yet exists, the
severity of this problem is difficult to assess. Still, it is
hard to see how realistic masses of 100 MeV and more
could arise under these conditions.

The purpose of this paper is to explore one possible
mechanism to alleviate this problem. The method is sim-

ply to enhance the value of the condensate ( TT ) through
a modification of technicolor dynamics. ' The asymptot-
ic freedom of the technicolor theory is maintained but it is
assumed that the large number of fermions expected in a
realistic technicolor theory will substantially slow down
the running of the coupling. A variety of theories exhibit-
ing this behavior will be tabulated. The slow running
modifies the ultraviolet behavior of the theory in such a
way as to enhance the condensate ( TT)i relative to the
confinement scale A . A hierarchy is generated within the
technicolor theory that can be as large as two orders of
magnitude in some of the models being considered.

Another consequence of condensate enhancement will
also be studied in this paper. The full global symmetry of
the technifermions will typically be larger than
SUI. (2)XSUg(2). If so, there will be more Goldstone bo-
sons that can be absorbed by the 8'* and Z . Some of
these will remain massless until the effects of the four-
technifermion interactions are included, then becoming
pseudo-Goldstone bosons. These masses can be comput-
ed by chiral perturbation theory and they will be propor-
tional to the condensate (TT). Thus an enhancement of
the condensate will also increase the masses of the
pseudo-Goldstone boson s. With a two-order-of-
magnitude enhancement of the condensate, the pseudo-
Goldstone-boson masses can perhaps be pushed out of the
range so far excluded by experiment.

In Sec. II the properties of technicolor theories will be
reviewed. The new interactions at scale M will be includ-
ed and the expression for fermion masses and pseudo-
Goldstone-boson masses will be derived.

Section III will be devoted to a review of chiral dynam-
ics in asymptotically free gauge theories. The asymptotic
form of the dynamical fermion mass X(p), corresponding
to spontaneous rather than explicit chiral-symmetry
breaking will be derived. The sideways scale M will play
the role of a physical, ultraviolet cutoff in this analysis.
An important issue for our purposes is the critical value
of the coupling a, . This is the strength that the running
coupling must attain in order to trigger spontaneous

Technifermion

Pr dinary Fermion

FIG. 1. Fermion mass generation in technicolor theories.

chiral-symmetry breaking. The definition of u, is partial-
ly clouded by the fact that the low-momentum com-
ponents of the theory (on the order of A) are involved.
These limitations will be stressed.

In Sec. IV we will describe the way in which a slowly
running coupling modifies the dynamics of spontaneous
chiral-symmetry breaking in an asymptotically free gauge
theory. It will be shown that if the coupling evolves slow-
ly in the momentum range above A, the dynamical mass
&(p ) will initially fall more slowly than its ultimate
asymptotic behavior. This slower fall will in turn enhance
the value of the condensate. In the models we consider,
the slower fall of X(p) will persist out to momenta as
large as two orders of magnitude beyond A. While this is
still less than the cutoff M, it is large enough to enhance
the condensate by up to two orders of magnitude.

In Sec. V some of the theories with slowly running cou-
plings and enhanced condensates will be cataloged. The
convergence of the loop expansion will be studied and the
enhancement effect estimated for each of these theories.
For one of the theories, we will summarize the results of a
more careful numerical study of the enhancement effect.

Section VI will be devoted to conclusions and to a list-
ing of open questions and possible extensions of the work
described in this paper.

II. TECHNICOLOR AND EFFECTIVE
FOUR-FERMION INTERACTIONS

In technicolor theories the existence of a new set of fer-
mions interacting by an asymptotically free gauge theory
is assumed. If there are Nf technifermions then there is
an SUL(Nf)XSUg(Nf)-flavor symmetry in this sector.
Technicolor dynamics spontaneously breaks this symme-
try down to SUI. +~(N) by imparting equal vacuum ex-
pectation values to TT for each technifermion T. This
produces NF —1 Goldstone bosons.

If Nf =2, there are 3 Goldstone bosons m'. Because of
the SU(2) transformation properties assigned to the tech-
nifermions, the coupling of m' to the axial-vector currents
Jq, =gy "y v'/2$ is

(0
~

J~5a
~

77$(k)) =iF5ggk" . (2.1)

Here g is the SU(2) doublet of technifermions and r, are
the Pauli matrices. F is the techni-Goldstone-boson decay
constant. Thus 8' +—

,Z will acquire the same masses as
in a conventional scalar-field Higgs theory by devouring
the H s, provided the decay constant F is identified with
the Higgs vacuum expectation value 250 GeV.

If Nf is greater than 2, there are additional Goldstone
bosons in the theory. For example, if one assumes that
the technifermions come in a family of 2 techniquarks (D )

of 3 colors and 2 technileptons (~ ), having the same
SUC(3)XSUI (2) XUr(1) quantum numbers as the ordi-
nary fermion families [except for the existence of NR to
guarantee p—:M~/Mzcos(8~)=1], then the flavor sym-
metry is SUL, (8) X SUg (8). After spontaneous chiral-
symmetry breaking there will be 63 Goldstone bosons.
Three of these combine with 8'* and Z . There are still
60, apparently massless, scalars to account for. Since all
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the flavor symmetries are not exact when
SUC(3) X SUI. (2) X Ur(1) interactions of the techniquarks
are taken into account, most of these particles are
pseudo-Goldstone bosons coming from the breaking of ap-
proximate flavor chiral symmetries and acquire nonzero
masses. Yet a certain set of Goldstone bosons will remain
massless even when strong and electroweak interactions
are included. These can receive masses only when the ad-
ditional interactions, which explicitly break the global
symmetries responsible for these Goldstone bosons, are
incorporated.

To generate masses for the ordinary quarks and lep-
tons, the technicolor sector must be coupled to the ordi-
nary fermion sector. In the technicolor theory described
so far, quarks and leptons are symmetric under the trans-
formation g~y5$. This symmetry has to be broken be-
fore quarks and leptons can acquire masses. In the ordi-
nary Higgs method of symmetry breaking, Yukawa cou-
plings explicitly break the y5 symmetry. The same can be
achieved in the technicolor theory by introducing
SUL(2) X Ur(1) X SUc(3) X technicolor-invariant interac-
tions which at low enough energies have the form of
effective four-fermion couplings. These explicitly break
the y5 symmetry of the ordinary fermion sector alone.
When the technifermions condense, the ordinary fermions
will acquire masses through the mechanism depicted in
Fig. 1. The fundamental origin of the effective four-
fermion interaction is not directly important for the pur-
pose of this paper. It might be the exchange of a very
heavy (extended technicolor) gauge boson or perhaps an
exchange force in a preonic theory of fermions and techni-
fermions.

The SUL, (2) X Ur (1)-invariant four-fermion operators
connecting ordinary and technifermions can be construct-
ed as follows. First consider the doublet Q =(D) of tech-
niquarks. Ignore color for the moment. Define the 2&(2
techni-singlet matrix

Mg=gg+ir Qygrg . (2.2)

Here summation over technicolor indices is assumed.
Then under SUL (2), Mg~UMg where U is an SU(2)

i ~30/2
matrix and under U(1), Mg~Mge . Therefore the
coupling

gM
2

( ~qLMgqz +JJqLMgr3qz )+H. c. (2.3)
M

between techni and ordinary quarks is SUL (2) X Uy(1) in-

variant. Here M is the mass scale associated with the
four-fermion interaction and gM is the dimensionless con-
stant. If the interactions (2.3) arise from the exchange of
a heavy gauge boson, then M is its mass and gM is the
gauge coupling constant. The left-handed quark doublet
is denoted by qL, and qR is the right-handed quark dou-
blet. Possibly family labels on the ordinary quarks have
been dropped. After chiral condensation with

( UU) = (DD )&0, masses for q = (d ) can be generated:

2 ( UU+DD)
nu gM

M
3+8

(2.4)
, ( UU+DD)

~d =gM
M

The first task is to estimate the techniquark condensates
(UU) and (DD). A naive estimate can be made by sim-
ply scaling up from QCD. If the technicolor gauge group
is SU(N) and the technifermions are in the fundamental
representation of the group, this procedure gives

1/2

(UU) =(DD) =(qq) F 3

N
(2.5)

where f =93 MeV is the pion decay constant and (qq)
is the QCD quark condensate. Using the PCAC (partial
conservation of axial-vector current) relation f„m
= (m„+md ) (qq ) and the conventional current-algebra
masses m„=5 MeV and md =10 MeV, ( UU) and (DD)
can be estimated.

This procedure, however, does not take into account
the details of techniguage dynamics. In particular, we
will argue that if the technicolor theory is described by a
slowly running asymptotically free coupling, and if the
condensate is defined by an ultraviolet cutoff' on the order
of M, the high-momentum contributions to (UU) and
(DD ) will elevate them considerably above the naive esti-
mate (2.5). This will be the business of Secs. IV and V.

This above expression can be generalized to the one-
family technicolor model described earlier by defining

Mg=gg+ir Qy5rg,

ML ——LL+rv"Ly5vL )

(2.6)

where

U;

D;

E
L i =1,3

are the colors of the techniquarks. Technicolor indices
have been suppressed, and summation over both color
and technicolor indices is assumed in Eq. (2.6). Then all
possible SU(2)XU(1) invariant four-fermion couplings be-
tween and technifermions and a single generation of fer-
mions can be listed as

qL MgqR, lL Mg lR,

qLM~~3qR, /LM~~3/R,

qLMLqR, /I ML/R

qLML~3qR, /LML ~3/R .

Here lg =( „), where vg could be eliminated to recover

the conventional ordinary fermion mass spectrum. These
couplings will lead to mass generation for quarks and lep-
tons after chiral condensation of technifermions. It is
quite straightforward to further generalize this to a theory
with several generations of ordinary fermions and techni-
fermions.

The standard electroweak model with the GIM mecha-
nism has successfully predicted the rates of flavor-
changing neutral-current (FCNC) processes. Technicolor
models must do the same to become viable alternatives to
it. In the standard model the GIM mechanism ensures
that the coupling of neutral currents to the quark mass
eigenstates remain flavor diagonal. Furthermore the cou-
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plings of the neutral physical Higgs particle to the fer-
mions are proportional to the fermion masses. Therefore
the fermion mass matrix and the Higgs couplings are
simultaneously diagonalized. Hence the physical Higgs
particle does not generate flavor-changing neutral-current
processes at the tree level.

For technicolor theories with effective four-fermion cou-
plings the situation is quite different. In general there will
be flavor-changing neutral-current interactions. It is easy
to understand how these would arise within the context of
the underlying extended technicolor (ETC) theory which
generates four-fermion couplings. Consider the ETC
gauge bosons Aq. g. which couple an ordinary fermion q;
to a technifermion QJ. Successive couplings of A~. g. and

A& .. can transform q; to q;. Therefore to close the
Q~q;

gauge algebra one needs gauge bosons of the form A
l I

which couple different flavors of ordinary fermions. Un-
less a GIM-type suppression mechanism can be incor-
porated into the theory, the scale M (the mass of A in

ETC) must be large enough to adequately suppress
FCNC's.

Techicolor theories can also contain a multitude of neu-
tral pseudo-Goldstone bosons, which can mediate flavor-
changing neutral-current interactions. This situation here
is similar to that of multiple Higgs-doublet models which
also contain more than one neutral physical Higgs scalar.
In this case the Yukawa couplings of the Higgs particles
to quarks and leptons have to be carefully chosen to elimi-
nate the tree-level flavor-changing neutral-current process-
es. This amounts to letting all the quarks of the same
electric charge get their masses from the condensate of the
same Higgs doublet. ' A similar procedure can be applied
in technicolor theories to suppress flavor-changing pro-
cesses mediated by light neutral pseudo-Goldstone-boson
masses by letting each quark of the same electric charge
acquire mass by coupling to the same technifermion con-
densate. "

Flavor-changing neutral-current effective four-fermion
couplings will induce rare decay reactions such as %~pe,
K~vrpe, K~nvv, and p+~e+e e+ (Ref. 4). In the
absence of a GIM mechanism, the known upper bounds
for the branching ratios of such processes give lower
bounds for the mass scale M. Another reaction of interest
is prey, which proceeds through a higher-order process.
By taking M/g~ to be at least of order 300 TeV (Refs. 2
and 4), flavor-changing neutral currents can be suppressed
below phenomenological bounds. But then the value of
ordinary fermion masses given by

to axial-vector SU(8) currents J~q, =gy"y t'P . Here
l(j=(U~, Uo, U~, D~,D~, G~, E,N) is the fermion octet and
t' are the generators of SU(8). The coupling of ~ to the
axial-vector currents is

(0
~

J~g,
~

mb(k)) =iF6,bk" . (2.7)

The SU(3) X SU(2) X U(1) interactions break some of these
axial symmetries giving masses to some of the Goldstone
bosons. Therefore to distinguish between real and
pseudo-Goldstone bosons it is advantageous to exhibit ex-
plicit strong and electroweak charges of all the Goldstone
boson s.

Let Q' be the colored quark doublet where i is the
SU(3)-color index, and L be the lepton doublet. The
Goldstone bosons can be enumerated as follows:

O, =Qy5l, ,r Q, a =1, . . . , 8, +=1, . . . , 3,
8, =Qy)A, ,Q, a 1 y ~ ~ ~ p g

T; =Q'year L, T; =Q'y5L,

T; =Ly5r Q', T; =Ly5Q',
(2.8)

m. =Qygr Q+Lygr L,
P =Qy5i —

Q 3Lygr L,—
P =Qygr Q —3Ly5r L,
P =Qy5Q 3Ly5L . —

2

2 (QQLL Qy5r QLy r L—) . (2.9)

Here A,
' are the Gell-Mann SU(3) matrices and r are the

Pauli matrices. The particles 0, and 0, are color octets.
They acquire masses of the order 100 GeV through their
color interactions. The same is true for the color-triplet
particles T; and T;. The three m are the Goldstone bo-
sons absorbed by 8'—and Z . P—+ acquire masses of the
order 10 GeV through their electroweak interactions and
should therefore have been seen in e+e colliders with
center-of-mass energy greater than 20 GeV (DESY
PETRA). Even more troublesome are the
SU(3) X SU(2) X U(1) neutral particles P and P which do
not acquire masses at this stage.

To generate nonzero masses for P and P and to raise
the mass value of P* one has to make use of the four-
fermion interactions among techniferrnions that explicitly
break some of the relevant chiral symmetries of the tech-
nisector. Consider the four-Fermi couplings

, (TT&
mf gM

M

becomes far too small to be consistent with known values.
This is a major problem facing technicolor models.

The existence of light pseudo-Goldstone bosons can
also be a phenomenological embarassment. To discuss
the various mass-generation mechanisms for them it is in-
structive to enumerate all the Goldstone bosons in the
one-family technicolor model mentioned earlier in this
section. All the Goldstone bosons ~' in this model couple

(0
~
[J,, [J,,H]]

~
0), (2.10)

where J, is the time component of the current corre-
sponding to P'. For example, in the case of P,

This interaction is SU(3) X SU(2) XU(l) X technicolor in-
variant and yet violates separate techniquark and tech-
nilepton chiral symmetries. This enables a nonzero mass
to be generated for P and P and to raise the masses of
P—

~ Masses can be estimated using chiral perturbation
theory and Dashen's formula
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Jo=Qr } sQ —3Ll' XsL . (2.1 I)

Evaluating the commutators present in Dashen's formula,
we get

2

Mpo = (0
i QQLL

i
0) . (2.12)

Using the result that in QQ there is a summation over
three color doublets

( QQLL ) =3 (LLLL ) = 3 (LL )

This yields

Mp ——, g '(A)"'
F M

(2.13)

(2.14)

where g is a typical technidoublet and a is a coefficient of
order unity. The enhancement mechanism to be dis-
cussed in Sec. IV will raise the value of (t(g). This en-
ables the use of a higher M/g~ to generate a given fer-
mion mass mf. Since Mp can also be written as

M /g~
Mp ——a F mf (2.15)

this mechanism may also help to raise pseudo-Goldstone-
boson masses above current experimental bounds.

III. DYNAMICAL CHIRAL-SYMMETRY BREAKING
IN GAUGE THEORIES

If an asymptotically free gauge theory is to drive elec-
troweak symmetry breaking, it must have an exact global
chiral symmetry at least as large as SU(2)L, X SU(2)g. The
symmetry could of course be larger, say, SU(Nf )I
X SU(Nf )g ~ The additional interactions, which must ap-
pear at some higher-energy scale M, can reduce this sym-
metry back to SU(2}L, XSU(2)g and must also break iso-
spin symmetry to give realistic fermion masses.

To begin, we shall neglect these additional interactions
and discuss the spontaneous breaking of an exact
SU(Nf)I. X SU(Nf)~ symmetry. This will be done in the
presence of the scale M, which will play the role of an ul-
traviolet cutoff on the technicolor gauge theory dynamics.
The new interactions responsible for ordinary fermion
mass generation will then be introduced as perturbations
in the form of effective four-fermion interactions below
the cutoff M. These corrections will induce terms that
have the appearance of hard, current-algebra masses
below the scale M but which must disappear rapidly as a
function of momentum above M in order to ensure that
chiral symmetry is not explicitly broken.

If a theory described by a gauge group G is invariant
under the global-chiral-symmetry group SU(Nf )L,

XSU(Nf)g, there will be 2(Nf 1) conserved, chi—ral,
gauge-singlet currents. The spontaneous breaking of this
symmetry to SU(Nf )I +g will produce a common dynam-
ical mass X(p) for each of the Nf fermions and leave
Nf —1 massless Goldstone bosons in its wake. The dy-
namics of this process will be governed by the gauge
theory whose renormalization-group equation is

q a(q) =P(a)a
Bq

ba—(q} ca—(q) d—a (q)+, (3.1)

where we will always take b &0 to ensure asymptotic
freedom.

This theory can only be used in isolation up to some ul-
traviolet cutoff M. It is therefore appropriate to analyze
the spontaneous breaking of chiral symmetry in the pres-
ence of M. Thanks to the asymptotic freedom of the
theory, the broad features of the spontaneous breaking
will not depend sensitively on M. If they did, the entire
approach of initially disregarding the physics at M and
beyond would, of course, be inappropriate. It is neverthe-
less important to keep M to prepare the way for the in-
clusion of the additional interactions.

If a fermion mass arises spontaneously, the propagator
will have the form'

S '(p)=p'[I+ A (p)]—X(p) . (3.2)

X(p)=, d~k
3C2(R) M z a((k —p) } X(k)4n(k .—p)2 k 2

(3.4)

It will be assumed that a set of counterterms Z;(M), ap-
propriate to the massless theory, has been introduced.
The wave-function renormalization term A (p) is therefore
subtracted and finite in the infinite M limit. It is the be-
havior of X(p) that is of central interest. This behavior is
governed by the Dyson-Schwinger gap equation which has
the general form

z 2

A (p)P' —X(p) =
4 f d k D„'„(p +k)

(2m. )

X I „'(p,k)Sf(k)y~" —gf (Z —1),
(3.3)

where D„'„and I „' are the renormalized (subtracted)
gauge propagator and vertex. All momenta are Euclide-
an. Each of the counterterms is defined by using M as a
cutoff. Note that no bare mass is present in the equation.

A dynamical mass X(p) is expected to have some
nonzero value at p=0 and then fall rapidly as phoo.
The determination of X(0) in terms of, say, the
confinement scale, is a nonperturbative problem which we
set aside for the moment. To determine the large momen-
tum behavior of X(p), a simplified version of Eq. (3.3) can
be used. First of all the equation can be linearized in
X(p). Next a gauge can be chosen such that the
renormalization-group running coupling appears explicitly
in the equation.

To see how this goes, consider the graphical expansion
of the right-hand side of Eq. (3.3). The one-loop correc-
tions in Figs. 2(b) —2(e) can all be identified as contribution
to the running coupling. In the Landau gauge, however,
Fig. 2(c) [and also 2(d)] will not contribute. Equivalently,
Z2 is finite through one loop in this gauge. The subgraph
corrections in Figs. 2(b) and 2(e) can be seen to be func-
tions of the quantity (k —p} . Thus neglecting Fig. 2(f)
for the moment, the Landau gauge linearized gap equa-
tion for the high-momentum components of X(p) is
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X(p)

k p
~&)

4m d 1 dX(p)
3C2(R) dp d/dp [a(p)/p ] dp

=Xp

subject to the boundary condition

(3.7)

+2
k

)e

+2
k p

r
k p

(~)

P P
+2

k

p +[1—4wda(p)/d lnp ]X(p)=0 .
8p

(3.8)

Note that this condition follows from the absence of a
bare mass term mo(M) in Eq. (3.6). For momenta large
compared to the confinement scale the well-known solu-
tion to Eq. (3.6) is

(e) X(p) =C( Xi(p)+ C2X2(p},

where

(3.9}

+ vert oMs counterterms

+ higher order terms
and

X ~(p) — (lnp /A )
"~1

p

Xi(p) —(lnp /A)

(3.10)

(3.11}
FIG. 2. The graphical expansion of the linearized gap equa-

tion for X(p). Each cross indicates the insertion of X(k). with A =3Cz(r)/mb The. boundary condition (3.8) then
leads to the relation

C2 3C2(R) 1 M
ln

C& ~b M' A

'
A —2

(3.12)

where a((k —p) ) is the running coupling developed so
far through one loop. To get the leading-logarithmic be-
havior of X(p), the approximation

a((k —p) )=a(k)8(k —p )+a(p)8(p —k ) (3.5)

can be used. Then doing the angular integrations, Eq.
(3.4) becomes

X(p)= ' f, a(p)X(k)
2~ p

+ J a(k)X(k) (3.6)

Before looking at the solutions to this equation, a few
remarks about its derivation are in order.

(1} The particular form of Eqs. (3.4) and (3.5) only
emerges in a gauge in which Z2 is finite. This condition
defines the Landau gauge at one loop and the generalized
Landau gauge in higher orders. This will be the gauge of
choice throughout this paper. It is important to stress
that while X(p) and the equation it satisfies are gauge
dependent, the final physical conclusions of the paper will
be expressed in terms of gauge-independent quantities.

(2) Figure 2(f} is a higher-order correction to the linear-
ized gap equation. At lower-momentum scales corre-
sponding to strong coupling it will not in general be
suppressed. For SU(N) theories at large N, however, it
will be suppressed in a 1/N expansion. There are other,
still higher-order contributions to the gap equation that
are not suppressed in a 1/N expansion. Whether they are
numerically small in the theories of interest here remains
an open question.

The solution to Eq. (3.6) satisfies the differential equa-
tion'

It is clear from this relation that in the infinite cutoff
limit M~ oo, only Xi(p) survives. In the physical case of
interest here, in which the cutoff is kept finite but large
(M &&A), the solution Xi(p) will dominate for p ~&M.

The absence of a bare mass term mo(M) means that the
N/ axial-vector currents Jq„(x) of the theory are con-
served. Some of these symmetries will be broken by the
higher-dimension four-ferrnion operators which must yet
be added, and these will also change the structure of the
gap equation. For the moment, these perturbations will
continue to be neglected.

In the above discussion of the asymptotic behavior, it
was assumed that (1) a nonzero solution X(p) to the full

gap equation actually exists and is energetically preferred
to the solution X(p) =0, that is, that spontaneous chiral-
symmetry breaking SU(N/)L, X SU(N/)R SU(Nf )L, ++-
does take place, and (2) the magnitude of X(0) is small
compared to the cutoff M. If it is on the order of the
confinement scale A, then the use of the linearized gap
equation can be justified at about the same momentum at
which the perturbative running coupling can be used.

To justify these assumptions and to estimate X(0)/A
one has to go beyond the realm of perturbation theory.
No obvious, tractable truncation of the gap equation (3.3)
is known, and indeed the gap equation itself may not be
the best starting point for the analysis. It is probably not
unreasonable, however, to make use of the gap equation
to get some qualitative information about these questions.
For our purposes, it is only order of magnitude informa-
tion about X(0)/A that we need. It will turn out, even in
the theories of interest with slowly running couplings, that
X(0)/A —l.

The other important quantity for our purposes is the
critical value u, of the coupling strength. This is the
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value that the coupling must exceed in order to trigger
spontaneous chiral-symmetry breaking. The determina-
tion of o., is another task that may well take one beyond
any simple truncation of the gap equation. Its value will
however play a central role in our analysis and it is im-
portant to fix it as precisely as possible.

A variety of analyses which will be briefly describe lead
to the following value for the critical coupling:

3Cq(R)a,
(3.13)

This value emerges most directly from an analysis of the
gap equation (3.3), neglecting the running of the coupling
constant. ' ' This is a limit that will be of considerable
interest for our slowly running theories, and it will be dis-
cussed in more detail in the next section. Here we simply
summarize the main resu1t. The one-loop nonlinear equa-
tion for X(p) in this case is

X(p) = 3C2a p, dk X(k)
k p' k'+X'(k)

jlf
g dk

X k
k'+X (k)

(3.14)

(TT)~=, f p dp X(p),
2~2

(3.15)

where M is the ultraviolet cutoff and where N is the
dimensionality of the fermion representation. It is clear

The analysis of this equation' ' shows that solutions cor-
responding to spontaneous chiral-symmetry breaking only
occur for a&a, . This can also be demonstrated by ex-

amining the effective potential in the linearized approxi-
mation. ' In the approximation of Eq. (3.14), the only di-

mensionful parameter is the ultraviolet cutoff M. It is
then found that unlike the asymptotically free case with a
confinement scale A, X(0) cr M.

The extension of the above analysis to the case of a run-
ning coupling has been considered by several au-
thors. ' '' '' Higashijima studies Eq. (3.14) but with a re-
placed by the perturbative running coupling of QCD.
This is just a nonlinear version of Eq. (3.6). Even though
it is only the linearized version of this equation [relevant
for p»X(0)] that can be derived from QCD, this is
perhaps not an unreasonable thing to do. The infrared
growth of the running coupling is cut off at some momen-
tum p and is it found that spontaneous chiral-symmetry
breaking can only take place if p is small enough so that
a(p)&a, (Ref. 18). This analysis is extended to a study
of the effective potential by Castorina and Pi. ' Within
the limitations described above, it is found that the chiral-
ly symmetric vacuum becomes unstable for a(p ) )a, .
These results have been verified in our numerical studies,
one of which will be reported in Sec. V.

Before turning to the pecularities of theories with slow-
ly running couplings, it will be useful to record expres-
sions for the condensate ( TT) and the Goldstone-boson
decay constant F, in terms of the dynamical fermion mass
X(p). The high-momentum components of the conden-
sate can be computed perturbatively to give

from the form of the solution (3.9) that an ultraviolet
cutoff, or a subtraction procedure, is necessary to define
(TT). We have chosen to cut the integral off at M, as-
suming that beyond this scale the effective four-fermion
vertex giving rise to ( TT ) in the computation of fermion
and pseudo-Goldstone-boson masses, will fall rapidly.
The more conventional definition, subtracting ( TT) at a
momentum on the order of the confinement scale, is not
as natural for our purposes.

A similar perturbative expression for the high-
momentum component of F is

N dp X2( )
1

X dX(p)
2 p 4 dp

(3.16)

In this case, the ultraviolet cutoff M has been removed
since even a logarithmic fall of X(p) with increasing p is
enough to converge the integral.

The condensate ( TT )M is clearly much more sensitive
to the high-momentum behavior of X(p) than is the decay
constant F. The latter determines the 8'- and Z-boson
masses and the former determines fermion masses and
pseudo-Goldstone-boson masses in a technicolor theory.
Thus a slowing of the asymptotic fall of X(p) at least over
a range of momenta, can enhance these masses while not
substantially affecting the 8 and Z masses. It will be
shown that in theories with a slowly running coupling,
X(p) will indeed drop more slowly over a range of mo-
menta than indicated by its ultimate asymptotic form
XL(p) [Eq. (3.10)]. The corresponding enhancement of
( TT ) M can be quite substantial.

IV. THE SLOWLY RUNNING COUPLING

a(p) = (1/b)lnp /A'+higher-order terms, (4.1)

where A' is a renormalization scale. Specifying A' is
equivalent to, say, specifying the strength of the coupling
a(M) at the ultraviolet cutoff.

For a range of momenta above p, a(p) can be written
in the form

a(p)=a„[1—(ba&+ca& + )lnp/p+ . . ], (4.2)

where a„=(1/b)lnp!A' and where the second-order term
has been explicitly included. Suppose now that

&cxp+ccxp + ' ' ' (( 1 (4.3)

and that the series on the left-hand side is reasonably con-
vergent. Under these circumstances, the variation in the

A qualitative conclusion of the studies referred to in the
previous section is that chiral-symmetry breaking sets in
at some momentum scale IM at which a(p) ~ a, . Both p
and X(0) will be on the order of the confinement scale A.
The numerical results to be reported in the next section
also lead to this result.

In this section, a qualitative description of the conse-
quences of a slowly running coupling will be developed.
To begin, we suppose that a&

——a(p) is small enough so
that in the theories of interest, the expansion of the f3
function [Eq. (3.1)) converges. For momenta between p
and M, the running coupling takes its traditional form
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coupling can be neglected to first approximation, in a
momentum range below

p exp[1/(ba„+ca& )], (4.4)

where the expansion has here been truncated at second or-
der. A new, large scale has entered the problem, which
for several of the theories to be listed in the next section,
can be up to two orders of magnitude larger than
@=X(0)=F. Recalling that in technicolor theories, these
scales are on the order of a few hundred GeV and that the
ultraviolet cutoff is at least on the order of a few hundred
TeV, the new scale will be somewhat less than the ultra-
violet cutoff in the theories of interest.

For a range of momenta below p exp[1/(ba„+ca„)],
the approximate behavior of X(p) can be determined by
replacing the running coupling constant by az in Eq.
(3.6). The corresponding differential equation can be writ-
ten in the form

where

X(p) = — ",X(p),
&c p

2

(4.5)

d
dp

3 d+-
p dp

(4.6)

The solutions are

—I+(I —a /a, ) &pI /2

etc
(4.7)

1
X(p}——cos

p

1/2

lnp
A'p ) 1

c
(4.&)

It is quite clear from these expressions that if a„=a„
X(p) will fall approximately like I/p in this range of mo-
menta beyond p. It is this fall, much slower than the
final asymptotic behavior Xi(p) [Eq. (3.10)], that is re-
sponsible for enhancing the condensate ( TT ) [Eq. (3.15)).

The numerical study to be summarized in Sec. V will
confirm this qualitative picture. It sill be seen that with
p,:—2XO, a„=a, and X(p) —1/p for a range of momenta

p &p. Although a steeper drop will begin before p
reaches @exp[1/(ba„+ca„)], a crude estimate of the
enhancement effect can be made by evaluating Eq. (3.15)
with X(p) =Xo /p, and with M replaced by this new scale,
the result is

The final estimate comes from assuming that 3/2 is a
number of order unity and that M/p ( 10 . A number of
order unity for 2/2 is reasonable if 6 is not especially
small, as expected in the "normal running" case. In some
of the slow running examples discussed in the next sec-
tion, the exponential factor in Eq. (4.9) can be of order
100, nearly two orders of magnitude larger than the "nor-
mal" size.

It is worth emphasizing that the slow running of a(p)
leading to the slow fall of X(p) with p and to the
enhanced condensate is also found in theories with the ex-
istence of an ultraviolet fixed point is assumed. ' The
problem there, of course, is that no realistic theory of this
type has even been exhibited. Asymptotically free
theories, even those with slowly running couplings, do ex-
ist and offer a natural explanation of why the spontaneous
breaking of chiral symmetry takes place at a scale p,
much smaller than the ultraviolet cutoff M.

The analysis of the gap equation in the slowly running
limit naturally leads one to the question of scale invari-
ance. To the extent that running can be completely
neglected, the gap equation contains no intrinsic scale oth-
er than the ultraviolet cutoff. This suggests that a
nonzero solution X(k) to the gap equation could corre-
spond to a spontaneous breaking of scale invariance as
well as chiral symmetry. However, as discussed in Sec.
III, the solution to the scale-invariant, one-loop gap equa-
tion (3.14) in the presence of an ultraviolet cutoff M does
not obviously exhibit spontaneous breaking of scale invari-
ance. The ultraviolet cutoff M sets the scale, giving
X(0)~M (Refs. 15 and 16). Some speculation exists
that X(0) could remain finite as M~ ao, reinstating spon-
taneous breaking of scale invariance, but we know of no
convincing argument that this is the case.

In the slow-running case of interest here, it is even
more clear that no spontaneous breaking of scale invari-
ance exists. The value of a(p) for p =M will be less than
a, . The scale p at which it approaches u, will be much
less than M and, as discussed above, will be on the order
of the physical confinement scale A. It is these intrinsic
quantities that then determined X(0). There is no sense
in which the underlying theory, leading to spontaneous
chiral-symmetry breaking, is scale invariant.

We conclude this section by recording the expressions
for the first three terms in the expansion of the P function
and briefly discussing the question of convergence. For a
general gauge group G with fermions transforming ac-
cording to representation R,

( TT ) = p exp[1/(ba&+ ca& )] .
2

(4.9)

This rough estimate is to be compared with what might be
called the "normal" size of (TT). If the asymptotic be-
havior (3.10) were to set in immediately beyond p=@, as
it would if the coupling were to run at a normal rate, the
estimate for ( TT) would become

[R a R b] &fabcR c facdf bed C (G)gab

R 'R ' = C2 (R )I, TrR 'R "=T (R )5'

Thus

d (R)Cz(R) = rT (R),

(4.1 1}

(4.12)

N(TT)„, ,i= ~ J (inp/p)" ~

277 p

where d(R) is the dimension of representation R and r is
the rank of the group. For an SU(X) theory with the fer-
mions in the fundamental representation,

3Np
2&

(4.10) C2(G) =X, C2(R)=, T(R)=—'N —1

2N
(4.13)
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b = [—", C, (G) ——', T(R)nf ]
1

(4.14)

and

The first two terms in the P function [Eq. (3.1)] are minimal-subtraction (MS) scheme, with the result

d =[ ""C2 (G) —' "C (G)T(R)nf

+ ",,'C—q(G)T (R)nf —",'C—2(G)C2(R)T(R)nf

c =[—", C2 (G)—", C2—(G)T(R)nf 4C—2(R)T(R)nf]

(4.15)

+ —,C2(R)T (R)nf +2Cq (R)T(R)nf]
327T3

(4.16)

where nf is the number of fermion multiplets in represen-
tation R. These coefficients are both gauge independent
and renormalization-convention independent. The three-
loop contribution has been computed using the

l

This coefficient, and in fact the entire p function, has been
shown to be gauge independent within the MS scheme.
For the SU(N) theory with fermions in the fundamental
representation,

P(a) = — ( N ———nf )a—11 2

2m. 3 3 8&
34 2 10 N —1

N — Nnf — nf a

1

32%3

2857 3 1415 N2n + 79Nn 2N nf+ Nnf

205 N —1 11 N —1 2 N —1

18 2N 9 2N 2N nf a+4 (4.17)

Using the above expressions, some general remarks
about slow running and spontaneous chiral-symmetry
breaking can be made. The key question is whether it is
possible to implement the program we have in mind in the
context of some systematic expansion in a small parame-
ter. The criticality condition (3.13) suggests that a 1/N
expansion could be useful. For an SU(N) technicolor
theory, the large-N limit of this condition is

3 Na, =1,2' (4.18)

V. SLOWLY RUNNING THEORIES AND NUMERICAL
RESULTS

meaning that a, =0 ( I/N).
The problem is that a simple 1/N expansion, with its

inclusion of all planar graphs and its neglect of fermion
loops, does not especially simplify the computation of the
P function and certainly does not lead to slow running in
the neighborhood of e, . The fermions are crucial for
slow running. While this suggests that something like a
combined large-N, large-nf expansion might be of use, we
have so far not found a convergent expansion scheme of
this sort. If one could be found, leading both to conver-
gence and to a small value for P(a, )/a„ the slow-running
enhancement mechanism could be put on much sounder
footing.

l

the P function exhibits reasonable convergence through
low orders for a as large as a, ; (3) the quantity P(a, )/a„
governing the rate of running of the coupling for n in the
neighborhood of a„ is small.

The results of this survey are summarized in Table I.
With these results in hand, several important observations
can be made.

(1) Many theories exist that satisfy the above criteria of
asymptotic freedom, reasonable convergence of P(a, ), and
P(o., )/a, « l.

(2) While these properties seem easier to achieve with
the fermions in higher representations of the gauge group,
there are several examples with fermions in the fundamen-
tal representation.

(3) Examples have been included in which the two-loop
term and the three-loop term are small compared with the
one-loop term, but in which the three-loop term is larger
than the two-loop term. Without higher-order estimates,
it is not completely clear whether this is reasonable.

(4) The general question of convergence remains open.
Even if apparent convergence through three loops is
achieved, there is no guarantee that this will persist in
higher orders.

We next provide a more precise, numerical estimate of
fermion and pseudo-Goldstone-boson masses in an expli-
cit technicolor model with a slowly running coupling. We
choose an SU(4) gauge theory with 14 fermion fiavors as
our example, and truncate the expansion at second order.
Then a, =0.56, b =0.85, c = —0.73, and

Without a systematic expansion scheme, we have sim-

ply proceeded numerically. By surveying all gauge
theories of rank 5 8 with an even number of fermions, a
list of theories can be assembled which share the following
properties: (1) They are asymptotically free (b &0}; (2}

f3(a, )/a, =ba, +ca, =0.47 —0.22=0.25, (5.1)

which is a reasonable number to induce slow running of
the coupling.

To be more explicit, the 14 technifermions can be com-
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TABLE I. Theories with slowly running couplings. The con-
ditions are (1) asymptotic freedom (b &0) and (2) reasonable
convergence (ca, ,da, , & —'ba, ). The exponential of the in-

verse of the number of the final column is a measure of the con-
densate enhancement for each theory.

Group d (8) a, nI ba, &&c d CXc

SU(4)
SU(4)
SU(4)
SU(5)
SU(6)
SU{6)
SU(7)
SU(7)
SU(8)
SU(8)
SU(8)
SU(9)
SU(9)
SU(9)
SO(7)
SO(11)
SO(13)
SO(13)
SO(15)
SO(17)
Sp(6)
Sp(6)
Sp(10)
Sp(12)
Sp(14)
Sp(14)
Sp(16)
Sp(16)
SO(8)
SO{10)
SO(10)
SO(12)
SO(12)
SO(14)
SO(14)
Gp

E6

4 056
6 0.42

10 0 23
15 0.19
6 036

21 0.19
7 0.31

21 0.18
8 027

28 0.16
36 0.12
9 0.24

36 0.13
45 0.11

7 0.70
11 0.42
13 0 35
64 0.21
15 0 30
17 0.26
6 0.60

14 0 28
44 0.21
65 0.17
14 0 28
90 0.15
16 0.24

119 0.13
8 0.60

10 0.47
16 037
12 0 38
32 0.25
14 0.32
64 0.18

7 1.04
27 0 72

12 0.59
6 0.44
2 025
2 027

18 0 57
2 028

22 0 53
4 036

24 0.56
4 033
2 030

28 0 54
4 030
2 031
8 043

14 0.48
16 0 53
2 032

20 0.50
22 0 53
12 0 63
14 0 35
2 037
2 035

24 0 59
2 031

28 0.56
2 030

10 0.41
12 0.49
6 039

16 0.46
4 030

18 0 51
2 033
6 055
6 038

—0.09
—0.99
—0.06
—0.05
—0.09
—0.04
—0.13
—0.06
—0.09
—0.07
—0.02
—0.12
—0.08
—0.03
—0.12
—0.11
—0.07
—0.06
—0.10
—0.07
—0.09
—0.02
—0.04
—0.06
—0.09
—0.07
—0.12
—0.08
—0.14
—0.08
—0.08
—0.13
—0.09
—0.09
—0.04
—0.09
—0.07

—0.25
—0.12
—0.03
—0.03
—0.23
—0.02
—0.25
—0.055
—0.22
—0.06
—0.02
—0.24
—0.05
—0.02
—0.16
—0.17
—0.16
—0.04
—0.19
—0.17
—0.30
—0.02
—0.04
—0.05
—0.25
—0.05
—0.27
—0.05
—0.18
—0.16
—0.09
—0.19
—0.06
—0.17
—0.03
—0.21
—0.08

0.24
0.23
0.16
0.19
0.26
0.22
0.15
0.24
0.25
0.19
0.26
0.17
0.17
0.26
0.15
0.19
0.295
0.21
0.20
0.28
0.23
0.301
0.29
0.23
0.24
0.19
0.16
0.16
0.08
0.24
0.22
0.13
0.14
0.24
0.25
0.24
0.21

posed of a colored weak doublet (U, D), a color-singlet
weak doublet (E,X), and 2 colored weak singlets (P, Q).
This selection of fermion representations leads to the can-
cellation of all axial anomalies in the electroweak sector.
Below the technicolor scale p, the b parameter of the
QCD P function becomes bocD=1/2m(ll ——', b)=2/2rr,
while above p, bQcD ——11/6m. Thus asymptotic free-
dom is lost above the technicolor scale and a(q) will start
to grow. Yet it will still be well below its 1-GeV value
when the cutofF' scale M is reached, provided M~ 1000
TeV. Above this scale QCD could be embedded in a
larger gauge group restoring asymptotic freedom.

To estimate fermion and pseudo-Goldstone-boson
masses we must evaluate ( TT)M. The high-momentum
contribution to ( TT) M is given by Eq. (3.15). To esti-

mate its overall size we note that

I =250 GeV/2=125 GeV, (5.2)

I /2

93 MeV 4
(5.3)

Therefore

(TT)M=, (35O «V)' J x x (x),
2772

(5.4)

where o =X(p)/Xo and X=p/Xo. The cutoff must be at
least 300 TeVXgM to adequately suppress Aavor-changing
neutral processes.

A rough measure of the integral can be obtained by
noting that o(X)=1/X for g up to on the order of
exp[1/(ba, + ca, )]. Thus a chiral hierarchy

(TT)~/(2XO /H)=exp[1/(ba, +ca, )] (5.5)

can be expected. For the model under discussion this
gives a value of about 50 for the integral and using the re-
sult mI =gM /M (TT), one estimates the fermion mass
to be 5 MeV.

To be more accurate, this model, along with many oth-
ers, has been studied numerically. The gap equation (3.6),
cutoff in the ultraviolet at M, is solved by a self-consistent
iterative procedure. Here we assume that gM /4+=1, so
that M =300 TeVXg~ =1200 TeV. A chiral-symmetry-
breaking scale Xo is assumed to exist and below the
threshold p=2XO, the running coupling will evolve faster,
due to the absence of the retarding effects of the decou-
pled fermions. The existence of a physical confinement
scale A is also assumed at which a(q) reaches some value
a~ ~ a, . Below A we have substituted a consistent value
for a(q) in the gap equation. The maximum value of
X,XO is determined in terms of A. In the case when
A & p the running of the coupling in the region A & q &p
is taken to be

1a(q)=
1+a(p)b In(q/p)

(5.6)

The parameter b is of order unity since the fermions do
not contribute to the running coupling in this region.

It should be stressed that the gap equation (3.6) is basi-
cally perturbative and cannot be expected to completely
govern the dynamics that lead to chiral-symmetry break-
ing. In particular it is almost surely unreliable in detail in
the region q5@. Our expectation, however, is that a
reasonable estimate of the ratio Xo/A can be obtained by
our procedure. For the gauge theory parameters dis-

since there are four SU(2) doublets. Using this result, Xo
can be estimated by scaling up from QCD. This scaling-
up procedure is only approximately correct because of the
slow running of the coupling in the technicolor theory.
The estimate should be fairly accurate however, since
from Eq. (3.6) it can be seen that Xo is not very sensitive
to the high-momentum components. Thus by simple scal-
ing,

' 1/2

~0 ( ~0)QCD f 4
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cussed here it turns out that p =A so that there is essen-
tially no intermediate region A & q &p. For other param-
eters (say larger values of a~) we get A &p. It is always
the case, however, that p/A- I. This can be understood
from the fact that for q &p there is no small parameter
that enters the dynamics of the system. We will only
make use of this order-of-magnitude equivalence of p and
A in addressing the suppression of flavor-changing neutral
currents. The fundamental result of this paper, the
enhancement of ( TT )~ comes from the momentum
range p & p, where the gap equation is presumably more
reliable.

The variation of in'(k) with ln(k) is depicted in Fig. 3.
We notice that the variation of X(k) with k shows the 1/k
behavior for a significant range of k beyond the chiral-
symmetry-breaking scale p =220. Eventually a behavior
closer to 1/k is approached in the asymptotic region.

The gap equation for this model has been solved for a
range of a~ between 0.6 and 0.9. The integral

M/XoI = J xdxo. (x)

turns out to be nearly 200 for all values of a~ in the
above range. Therefore for M /gM =300 TeV, and
XO=350 GeV corresponding to the SU(4) model with the
fermion content discussed earlier:

we estimate the pseudo-Goldstone-boson masses to be

Mp=50a GeV, (5.g)

where a is a parameter of order unity. Thus the enhance-
ment mechanism discussed here raises all the pseudo-
Goldstone-boson masses to the 50-GeV range. Pseudo-
Goldstone bosons of this mass range could not have been
produced by any accelerator experiments so far complet-
ed. They might, of course, be produced at one of the
colliders coming on line in the near future.

VI. CONCLUSIONS

enhanced condensates, these masses remain somewhat less
than 1 GeV. There are also charged pseudo-Goldstone
bosons in these models which get masses of order 10 GeV
from electroweak interactions. They too get contributions
from four-fermion interactions which are less than 1 GeV
without enhanced condensates. The enhancement mecha-
nism described in this paper can lift all these masses to
the 50-GeV range.

Using the expression for Mp given in Eq. (2. 15), name-
ly,

aM /g~mf
Mp ——

mf =20 MeV . (5.7)

-Lo , [Z(1)/Z ]

O. O
I I I I l 1 i I I ] I I I I I

3.G
Log10[k/E ]

FICr. 3. —log~o[X{k)/Xo] is plotted against log~o{k/X~) for
the case of the SU(4) gauge theory with NF ——14 and a&=0.9.
The slope of the curve is seen to be approximately one up to
k/Xo ~ 10 and then to increase slowly for larger k/Xo.

This is to be compared to the naive estimate of not much
more than 0. 1 MeV.

We next estimate the pseudo-Goldstone-boson masses.
This theory with 14 fermion flavors will have 195 Gold-
stone bosons. Of these, three will combine with 8' —and
Z . Out of the leftover 192, some will acquire masses due
to their electroweak and color interactions. There will be
some neutral pseudo-Goldstone bosons which will remain
exactly massless at this level. Appropriate effective four-
fermion couplings among techifermions can lift their
masses up from zero. In technicolor models without

In this paper we have analyzed dynamical mass genera-
tion in asymptotically free gauge theories with slowly run-
ning couplings. Slowness is achieved by including a
sufficient number of fermion flavors. We have solved the
Dyson-Schwinger gap equation in such theories in the
presence of a cutoff' M. The perturbative corrections to
the propagators and vertices were taken into account by
employing the appropriate form of running coupling in
the gap equation. The generalized Landau gauge was
used in the analysis.

Analytical and numerical studies of the gap equation
have indicated that there is a critical coupling a,
=sr/[3C2(R)] that the running coupling a(q) must
exceed before chiral condensation can set in. The scale q,
at which a(q)=a, turns out to have the same order of
magnitude as the physical confinement scale A. Further-
more, the maximum value Xo of the dynamical mass
X(k), is also of order A. This can be understood from the
fact that below p =2XO the condensed fermions decouple
from the running of the coupling. Therefore, for momen-
ta & p, the P function governing the dynamics gets contri-
butions only from the gauge fields, and is of order unity.
Thus there is no small parameter to set a hierarchy be-
tween p and A.

The solution to the gap equation for constant a &a,
has a 1/p power behavior multiplied by an oscillatory
function. At o, =a, the solution has an exact 1/p power
behavior. The running coupling a(q) reaches the value a,
around the scale p. Thus if the theory has a slowly run-
ning coupling, a(q) will remain close to a, for a range of
momenta above p. In this range X(p) will have an ap-
proximate 1/p behavior. This relatively slow fall will al-
low a higher value of the cutoff M than naively expected,
for a given value of the fermion mass. Yet the 8'—and
Z masses remain essentially unaltered. This raising of
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the cutoff leads to the suppression of flavor-changing neu-
tral currents. The same enhancement mechanism can
also raise pseudo-Cxoldstone-boson masses above current
accelerator bounds. Fermion masses on the order of 20
MeV and pseudo-Goldstone-boson masses on the order of
50 GeV can be obtained for a cutoff of order 300 TeV.
Some gauge theories that exhibit slow running and
enhanced fermion condensates have been tabulated. As
large as the enhancement effect is, it is not yet clear
whether it is adequate to produce realistic masses in a
realistic model.

To conclude we discuss some of the open questions that
remain to be addressed. Our discussion of chiral-
symmetry breaking using the gap equation was restricted
to the Landau-type gauges. It remains to be seen whether
the concept of critical coupling, which was an essential in-
gredient in the discussion, persists in a general gauge. A
careful analysis of gauge invariance ought to be carried
out.

The convergence properties of the /3 function for a as
large as a, should also be studied more generally. In this
paper, a set of theories was listed in which the coupling
runs slowly and in which the P function converges reason-
ably well through three loops. These are simply numeri-
cal results however. Since the expansion is not in terms
of an obvious small parameter, there is no guarantee that
convergence will persist in higher orders. If some conver-
gent expansion scheme could be found, the enhancement
mechanism discussed in this paper could be studied more
systematically. Whether a realistic technicolor theory
comes with such a convergent expansion is another ques-
tion.

Asymptotically free gauge theories with slowly running
couplings can have special properties besides elevated
chiral condensates. For example, they can change the
convergence properties of integrals used in instanton com-
putations and render them ultraviolet cutoff depen-
dent ' ' (as opposed to infrared cutoff dependent in
theories with normally running couplings). This behavior
has been employed to raise the value of the ordinary axion
mass.

There has been some discussion in the literature about

the possibility of spontaneous breaking of scale invariance
in gauge theories. ' While these studies remain incon-
clusive, it is not unreasonable that the phenomenon might
appear if spontaneous breaking of chiral symmetry takes
place in a theory which is at least approximately scale in-
variant. In the theories we have examined, a physical
confinement scale A as well as an ultraviolet cutoff M are
present to explicitly break the scale invpriance. Even with
a slowly running coupling, X(0)=A «M. The
confinement scale sets the scale of chiral-symmetry break-
ing. There does not appear to be an approximate scale in-
variance or an approximate dilaton in the theories of in-
terest here.

A natural origin for slowly running couplings might be
found in supersymmetric theories. For example, N =4
supersymmetric Yang-Mills theory has a vanishing P
function and therefore a nonrunning coupling. Dynami-
cal fermion condensation in such theories should be ex-
amined to see if they can lead to slow running and to the
enhancement mechanism discussed in this paper.

Electroweak symmetry breaking and fermion mass gen-
eration remain the most important unsolved problems in
particle physics. Some hints towards understanding the
underlying physics could come in the next generation of
accelerator experiments. Therefore it is all the more im-
portant to continue to develop various symmetry-breaking
schemes and to explore their consequences. Some work
along these lines, incorporating the field-theoretical ideas
discussed in this paper, has already appeared.
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