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Exact solutions of the Dirac equation in spatially flat Robertson-Walker space-times
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Exact solutions of the Dirac equation (including the neutrino case, m =0) for three models of
expanding universes are given. Gordon decomposition of the current is discussed.

I. INTRODUCTION

The behavior of relativistic particles obeying the Dirac
equation in curved spaces, in particular in expanding
universes, is of considerable importance in astrophysics
and cosmology. Such investigations go back to Fock,'
Tetrode,? Schrédinger,“ and McVittie.> A general dis-
cussion of the m =0 neutrino case was given by Brill
and Wheeler.®

Isham and Nelson’ have solved the Dirac equation in
the zero-momentum limit. They propose a quantization
and obtain a mass of the order of the mass of the
Universe, so the equation has a different interpretation
than the electron. We are interested in the behavior of
the electron and neutrino in curved spaces and shall
present an exact solution for arbitrary momentum and
mass.

We intend to apply the results to pair creation in ex-
panding universes. In this connection the Dirac equa-
tion has been studied approximately by Chimento and
Mollerach® and by Audretsch and Schifer’ for the
radiation-dominated universe. A study of pair creation
of spin-1 particles (massive and massless) in Robertson-
Walker universes was made by Parker.' He showed
that for massless neutrinos, as a result of conformal in-
variance, there was no pair creation. There have been
other studies of spin-1 fields in such spaces.'!

II. THE DIRAC EQUATION IN EXPANDING
SPACE-TIMES

The Dirac equation in a curved space is taken to be

iyH(x) —iyH(x)T,(x) (p=m . (1

oxH

Here y#(x) are the curvature-dependent Dirac matrices
and I', are the spin connections to be determined.
We consider the spatially flat metrics of the form

ds*=dt*—a(t)(dx > +dx,*+dx,?) . (2)
Thus,
g, =diag(l, —a? —a? —a?), 3
gt =diag(l,—a 2 —a "% —a?)
with gt%g . =8 For this case we obtain immediately

from the defining equations y*y ¥+ y*=2g#",

1
al(t)

YU =ry v'()=— Y1,

(4)

1

2y 1 oy 1
vi(t)= a(t)7/2, vi(r)= a(t)yB'

where, from now on, y, (without arguments and lower
indices) denotes the standard (flat-space) Dirac matrices.
The spin connections I',(x) satisfy the equation

7
[T ]= L P oo s
X

where I'{, are the Christoffel symbols for the metric (2)
which we first determine to be

0 O
- 0 aa
ve aa 0 |’
0 0 aa
0 a/a
r? 0
Yo la/a 0 ’
0 0
(6)
a/a O
- 0 0o o
v a/a 0 ’
o o O
0 a/a
” O o o
vo T 0 O
a/a 0 0

Then Eq. (5) can be solved for the spin connections I',,
which we determine as

a a a
[y=0, F1=;7’07/1’ F2:ET’07’2, F3:?7’07’3: ()

so that the combination y#I’,, in Eq. (1) simplifies to
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3a
‘V’ur#:—gz‘}/o. (7"

The Dirac equation (1), after multiplying it by —iy, be-
comes

=0 . (8)

d 3a 1 .
[at+2 a—aav——lmy0

III. THE SOLUTIONS OF THE DIRAC
EQUATION

Since a is a function of ¢ only, we can set in Eq. (2)
eik-x f](k,t)
2m)32 | fulk,1)

and two-component spinors obey the coupled equations

Uix,t)= ) )

N | w

9, +

4 _im lfl—ik-af"=0 ,
a a
(10)

3a . i
a,—*—“i—*a‘—}—lm fH——a‘k'O'fI:O .

Multiplying the first equation from the left by
—ia (k-0 /k?) and inserting f); from the second equa-
tion, we obtain, after some more algebra,

1d 14?2 a  k?
2 lta 1a~ . a K~ 2 _
9, + -—2[1-1—4‘12—zma+a2 +m*°|h;=0,
(11)
where we have set
hi(t)=f(t)a? . (12)

We shall consider three special models for expansion:
(@) a =ayt, a model considered by Schrodinger,® (b)
a =a0\/;, a model of a radiation-dominated universe,
and (c) @ =e*, an inflationary universe. Equation (11)
for these three cases becomes
k*/ag*+§  im

+m? (13a)

t? t

812+ hI:O >

t? t

2 k*ayt—im /2
[a,2+ ' o T 4 m? k=0, (13b)

[0,2+k% 'y (m —iH /2)*]h{=0 . (13¢)
t

Case A. a =ayt. Changing the variable from ¢ to
2

z2=—4m?? or z = F 2imt, we get, from Eq. (13a),

4> 1 tr  L—(%fik/ay)?

_ _— =0 14
dz? 4+ z z? i 19

and recognize the Whittaker differential equation which
has two independent solutions:

hi (2)=W i1,k sa,( F 2im1) . (15)

Having obtained the upper components of the wave
function in (9), fi, using (12), the lower components fy;
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are obtained by

. 3a . k-o
fii=—iayt 8+ —im 2 i (16)
Let
1
gl“,_zhl ) (17)
then
= —iayt |0 +i—im £
gu= of |%r T, 81
2 _ 1 .. 3 im
=—lagt | ——WH(F2im— W+ —"W ——W
0 t3 tZ 2[3 t2
(18)
Now the Whittaker functions satisfy the identities'?
W@ = =) )T Wy, (2)
K 1
+ Z - B WK,‘LL(Z) ’
(19)
. 1 K 1
WK’#(Z)Z—?W,&],#(Z) P ]W,(,#(Z) .

We use the first identity for k=+4, and the second
identity for k= —1, to show that Eq. (17) completely
simplifies to

. ik? 1 .

g =— —~ao = —1/2,ik say(—2imt) (20a)
_ .1 .

gn =1a07 W12k a,(2im1) . (20b)

Finally, if we denote the constant spinor components of
f1 by (§) and (9), the four independent solutions of the
form (9) are, with k. =k, *ik,,

1
ikex 1 o | Wi, /"0( —2imt)
e ’
—_N,
NN G g i ks .
_;: k. W 1,k sa,( —2imt)
0
ex g 1| Wik sag —2imo
e
N L ’
¥, 2 2mP 7 g k. |
—k, W 12,k ra,{ —2imt)

21
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) N,=N,=(ay/2m)""?, o0
Jkx N, 0 W_l/zy,-k/ao(-}—Zimt) N3=N4=k/(2mao)l/2 .
3= (2m)3% agk? |ia, | K3 ’ Case B. a=a,Vt. Again with the new variable
0 0 2imt) as 0
%2 |k, Wi,k sa,( +2imt z = F2imt, Eq. (13b) is transformed into a Whittaker
equation
0 . 2 +L(1+2ik*/ay’m)
. 11 “1/2,ik 0y (+2im1) 4 1, = 0
e’** N, dz? 4 z
Yy= (27)3/% ay2t? k W (4 2imt) 1y
; im 1_ (1
—ky | Wik, + = } hy=0. (25)
V4
It is interesting to see the asymptotic form of these solu-
tions for large times. Since W, ,(z)—>z*e~*/%, for
—37/2 <argz < 3m/2, we obtain

The two independent solutions are

72
g1i=lW¢K,1/4(¢Z)’ K=l [l—i— 2lf , z=2imt .
1 t ag’m
" - 0
by~ e®* Vv _2im N, pimt (26)
1= (277)3/2 002 32 1 ks 1
2moa (k4 |1 The lower-component spinors satisfy
0 gu=—ia,V1 a+i im iW (F2z2)
. S n=—lay - +x,1/4
Yy~ e’kx VvV —2im NZ : eimt l ad t
2% (2m )32 PICIPEY ' k
—k D U
3 22) =—ia = F2imW,, 14(F2)
1 (T .
v elxX vV a2im N, |2im 0] . —Z?Wik,lm(iz)—imWiK,]/,‘(q—'z)
~ e >
3 (27)372 aoz 372 ia_o ks
k2 |k, (27)
0 Again using the identities (19) we can eliminate W to ob-
' 1 tain
. e’®* Vv _2im N4 o —imt
4= 22 at 132 k 2k? 1
b= — | W, a(—2)
_k3 g1 ma, 13/2 K, 1/4
We can determine the normalization constants N; in 1 1 ik? w ( )
such a way that asymptotically, i.e., in the flat-space lim- 8 - ma02 k—1,1/41 —2Z
it, we have the usual 8(k—k’) normalization of the
electron’s wave function. The norm of ¢ is defined by
and
(¢k,¢k')=f d3x03(t),‘zky0¢k'
t 2 _ k2 L W (z)
=f d*x ao3t3¢lt¢k’ 1 2may 32 e
t
V2im V' —2im N? 2ima,?
T s (23) W)
0 0
This procedure gives

Hence, the four independent solutions are
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1
wex 0 |Weisa(—=2imt)
e
=——F——+N
i (2772 a2t ks 2
° 2 Llw -t - A
ma, k+ \/— K, 1/4 8 maoz k—1,1/4
0
ex . 1 WK,1/4( —2["’1[)
e
=——F>—N
v mP% ag P k- | )1 ik?
— |V - — |1— /4 —z)
—ksy | V7 w1/ —2 3 magy? c—1,1/4(—2
(28)
1
ik-x 1 0 Wo1/a(—2imt)
e
¥s= (2m)3% ay’t ’ 1 ks 1 2ima,’
2mag |k . Vi W _1sa(2)+ K2 W _i114(2)
0
. 1 W _ 1,40 —2imt)
e'™ 1
U= 02 a’t k- | 2ima,? ’
—ky |V W_ii1na(—2)+ 2 W_ii1/4(2)
[
which behave asymptotically as V2m  ak? 2
(1, ,) =8(k — k) L2 ™ 2oy 2
a9
1
and so
PR L | ’ it a z
i )
1 (2732 a02 1 ) k, 1 N12:N22: \/?O_. e~k /2maoz , (30a)
— m
K =
mdo N \/t N Z_N Z_k_2 1 7ﬂ'k2/2m 2 (30b)
I FT T g am o
X (i) 0 It is interesting to note that the solutions for case B can
Y € —m k—IN e, also be given in terms of parabolic cylindrical functions
e el : k_ ion!2
because of the relation
—k
3 29) DV(Z):z(V+1/2)/2Z-1/2WV/2+1/4‘i1/4(22/2) . (31)
ik-x .
3 — € T (—2m21) t—“*lN3 For this purpose we make another change of variable in
(2m) a Eq. (13b), setting ¢t =y? and scaling h;—t'/*g; to obtain
1 2 2,2 k?
(—33,"=2my*)g,=2 | —5 —im /2 |g; . (32)
0 _ )
e M, - . . : .
_2ma ks _ This is a Schrodinger equation for a unit mass moving in
0 .
3 Vit a potential ¥V =—2m?p? with “energy” E =2(k?*/a,*
k2 k. 0
—im /2). The solution is
? gi=D, (2VZme* /N7 ) (33)
ik-x . —K
e (—21m) —Kk—1 —imt ith
Uy— )72 2, t N, Kk e . wi 2
—ky v,=—I k 7 v_=—1+ik2/maoz.
ma,

Using these asymptotic forms we can determine the
normalization constants N; as in Eq. (23): we obtain

Ht

Case C. a =e"'. Here we introduce the new coordi-

nate z by



then Eq. (13¢) becomes the Bessel equation

2 d?

with v=1(1+2im /H), and we have the solutions

Jiv(Z)=J:tv

z ——+z-iz+(zz—v

dz? d
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_f?e—-Ht

hy=0
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IV. MASSLESS CASE, NEUTRINO SOLUTIONS

We now give for the three models, Egs. (13), the four
independent normalized solutions in the m =0 limit.

Proceeding as before, the four independent normalized

solutions are

o= el** | 7wk /2H
Y (2m)372 cos LT
H
1 k
0 JU "I;eﬁHt
—2H:t
Xe - (ks i
t —Ht
K |k, J,_1 e
o= elkx rk/2H |
2= 372 1
(2m) rTm
CcOS H
0 k
1 JU [EeVHt
—2H:
Xe . kK .
€z e Ht
k _k v—1 H
e 2™ | wk/2H 2
37 (2m)3? cos LT
H
1 k
0 J—u _I}_e~Ht
Xe~2Ht
XA ks k m
k |k " v He
P L .77 | o
ST (2 )32 iTm
CcoSs
H
0 k
IJ-‘U Ee—fh
Xe—ZHt ' k_
z J _k_e—Ht
k k3 —v+1 H

(34)
Case A.

(35)
Y=4

(36)
Y,=4
Y;=4
Yy=4

where

(37

¢1=B

'//2=B

Y;=B

Case B. a =aV't:

a=ayt:
1
’ exp i—’f—lnt
1 ks 3ia, o ’
k |k 4k
0
1 exp i—k—lnt
1 k_ 1 3ia ao ’
kK |—ks || Ak
1
° exp —i—k—lnt
1 ks 3ia, o ’
L T 4k
0
1 exp ——iilnt
1 k— 3ia0 aO ’
k| ks 4k
eik-x
(ZTr)J/Z(aot)+3/2 :
1
0
k exp z—k\/t’ ,
IRE 0
x|k,
(0]
1
k exp i2—k1/7] ,
1| "= %o
k —kzl
1
0
2k~
exp | —i—V't |,
LT ]
% |k,
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(0]
1
v,=B e exp —i%\/?, ,
Tk |k
where
eik-x 1
= (27 )32 \/5003/2t3/4 :
Case C. a =e'’;
1 k
o/ HE f
lp]:C . k3 )
4 J ieAHt
k k+ —1/2 H
0 k
1 i Ee_m
¢2‘_C k >
L - J _k_ —Ht
k| =Ky )T e
1 k
ol/-1r Eeim
d}}:C A k3 i
s J L(_,AHf
k\ke |"*12 | H
0 k
11/ Ee“”’
b=C| (4 :
i - k H:
k| —k; S HE
where
c— e—ikvx o
T amt

V. GORDON DECOMPOSITION
OF THE CURRENT

For further interpretation of the theory it is useful to
consider the Gordon decomposition of the current. Us-
ing Eq. (1) in an external field 4, and its conjugate we
can express the current as follows:

. — | ; -
Jr=dyt= S iyt — iyt e,
—i[y Ty l+ed, g .
This can be reexpressed as
. 1 -, i =
e A L gHA
J m (Yo ¢),A 4mg Y3,y

= G T by 1+ Iy v e

I - e —
—E!P[VAFA,V“]er;n‘Axg“ vy .
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Furthermore, we
0k

For our metric (3) we use (7).

have y% =0, hv4)l=1rer,)8,a/a> and o
=G/ vil=—(i/ayoyy, =i/ 2y v¥]
=(i/2a®)[y;,7x]. Then

¥

: L+ 4 1L glis
J#:E(d’a ”W,A“Eg“}lb 9y —ed; |y

£
2

7 a -
- Zr; ?Bu/l/l[‘)/()”y“]d’ ’

or, in components,

. ] — 1 —|ie
Jo=+2mavk¢?/k‘}’ow";n‘¢ [an—er ]

and

+4—nj~a;a,-<z17[y,,mw>

T 70 a4 —
_ 5 (l%ak —eAk)¢+E;—;¢kaow .

Writing  jo=V-P+pomecive and j=9P /3 + VXM
+ Jconvective+ 7(@ /a)P, the polarization density is given
by

i -
P.=—vy,
iy VY v o¥
and the magnetization density by

M, =€ ﬁ;lgw[w,n Iv.
Note the factor 1/a in front of P and the factor 1/a? in
front of M and j.,vectives @lS0 the new term 7(d /a)P in
the current j as compared to the flat-space case. Thus,
these physical quantities are all time dependent. The
current j#=yy*y is conserved because y*,=0 in our
metric and, using Eq. (1) and its conjugate,

J _IV# —F‘u‘)/” :ml_/;

8x#

Note that yoy‘”yozy“, but yol“:tyoz —TI',. Hence, the
scalar product can be defined by the integral over a
spacelike surface

(W, ¥,)= f):‘/_g '/717’#‘/’2‘10,1 >
which we have used to normalize our solutions.
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