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Analysis of nucleon decay in N =1 supergravity unified models including the effect of a fourth
generation of matter is given. Experimental constraints from nucleon-lifetime limits on the
Kobayashi-Maskawa (KM) matrix that enters nucleon decay are obtained. The decays
K; —u*tu~ and Kt —7"vv are analyzed under these constraints, since the combination of the
KM matrix that enters nucleon decay also enters these rare decays. The branching ratio
K ' —7tv¥ in four generations is shown to be considerably larger than for the three-generation
case except for certain narrow domains of the KM matrix for two of the four branches of solu-
tions. Bounds on ¥V, and V,, are also obtained.
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I. INTRODUCTION

Proton decay provides a strong experimental test for
any grand unified theory (GUT). Thus the current ex-
perimental bounds! on the decay p —e *#° clearly rule
out the minimal SU(5) GUT model. A great deal of
work exists in the literature on nucleon decay in super-
gravity unified models.>”'° In supergravity models,'!
proton decay proceeds through the exchange of the su-
perheavy Higgsino triplet. Since the Higgsino mass My
is governed by physics at the GUT scale, it is not deter-
mined theoretically. The absolute decay rates thus are
not predicted, though branching ratios into the various
modes are. However, as pointed out by Enqvist,
Masiero, and Nanopoulos,” GUT models which preserve
the gauge hierarchy generally require

My sMg (1.1)

(and often M is considerably less than the GUT mass
Mg). For the standard SU(S) supergravity model with
two Higgs doublets one has

Mg ~(1.0£0.6)x 10'® GeV (1.2)

and thus Eq. (1.1) puts a significant upper bound on the
proton lifetime, which, when combined with the experi-
mental lower bounds,' eliminates certain supergravity
models.® %12

Since supergravity nucleon decay proceeds through
Higgsino interactions, the decay amplitudes depend ex-
plicitly on Kobayashi-Maskawa (KM) matrix elements
V;;- Thus the decay rates are sensitive to the values of
V;; and the number of generations. Most significant is
the fact that the same combinations of KM matrix ele-
ments also appear in the rare K-meson decay modes
K; —pjz and K " —77vy. Thus in supergravity models
it is possible to correlate the proton lifetime with the
rare K decay rates, and in this fashion probe for the ex-
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istence of a fourth generation of quarks and leptons. We
will see below that for the standard SU(5) supergravity
models, the existing data are consistent with the ex-
istence of a fourth generation, but that strong restric-
tions can be placed on various KM matrix elements,
which in fact eliminate some conjectured four-generation
KM matrices. Furthermore, the decay rate for
KT —7tvv is predicted to be generally larger for four
generations than for three generations, a result that is
experimentally testable.!> Thus when proton decay is
combined with the rare K decays, supergravity models
make experimental predictions which allow one to dis-
tinguish the number of generations which have light
neutrinos.

In Sec. II we review the supergravity proton-decay re-
sults for two and three generations. Section III then ex-
tends this analysis to four generations and examines the
correlations with the rare K decay modes. Section IV
discusses the constraints proton decay imposes on the
KM matrix elements V,, and V. Section V gives a
summary of the results and conclusions. The Appendix
lists the main proton-decay formulas.

II. PROTON-DECAY AMPLITUDES

The effective dimension-six nucleon-decay amplitudes
in supergravity GUT’s arise from Higgsino-triplet ex-
change followed by gaugino ‘‘dressing.” The charac-
teristic diagrams for W-ino dressing are shown in Fig. 1
where KM factors arise at each vertex. The full result
involves, in addition, gluino and Z-ino dressing as well
as RRRR dimension-five operators’® and is quite com-
plicated. It is given, generalized for an arbitrary number
of generations, in the Appendix for the decay modes
N —vK and N —¥vm. We restrict our discussion in this
paper to the supergravity models with large D terms
[e.g., renormalization-group (RG) models] where the
Higgs mixing angle ay is small, ie., ay=10°-25"
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(Analyses may also be carried out for the case ay ~45°.)
In this case, if the gravitino mass m;,, is not too small,
i.e., my,, 2 150 GeV, the W-ino dressing dominates, and
the effective dimension-six Lagrangian for N —¥,K
(where v; is the ith-generation neutrino) reduces to

Lo(N—>v,K)=(a,2/My)mVi)2My?sin2a,) !
X [ [2 P;Am{F; (aF+BEY+A; ],
j=2
2.1)

1

that V;; =real),

where V;; are the KM matrix elements (with phases so

A;=Vu,Vi, (2.2)

F;; is the form factor resulting from the W-ino triangle
loop integral of Fig. 1, mf and m} are the u- and d-
quark masses, P; is the additional (PC-violating) phases
of nucleon decay, a,L and B,L are the LLLL four-field
quark-lepton interactions,® and A; are additional, gen-
erally small, contributions from other gaugino clothings.
F; ak, and A, are given in the Appendix.

The KM factors governing the N —¥;K mode are V;
and the combination A4; of Eq. (2.2). The A, also enter
into the rare K decay modes. Thus for the branching ra-

tio of K * —7tv¥ one has!*—1°

2
B(K* -7 vw)~1.5N,x10~° EA,-D(x,-)t , (2.3)

where N, is the number of generations (i.e., light neutri-
nos) x; =(m!/Mpy)? and

D(x)=%x+%xil +% ((’;:21’)’2‘ Inx . 2.4)
Also, from the bound on K; —uji, one has'4 13
O(K; )~ ReEA,-C(x,—)‘SZXIO'3, 2.5)
where
2
C(X):%x_%xilJr% }{Wl Inx . (2.6)

In addition, the A4; obey the unitarity relation
> A4,=0. 2.7

From Egs. (2.1), (2.3), and (2.5), one sees it is possible to
relate proton decay and the rare K decay modes.

The proton-decay rates depend sensitively on the num-
ber of generations. Thus if one considers only the first
two generations, one finds that N —VK is the dominant
mode.”? From the experimental upper bound on these
modes! and Eq. (2.1), one can obtain a lower bound on
M, (Refs. 7 and 8). One finds, for a squark mass
m, ~180 GeV, My Z(10-70) x 101 seriously violating
the theoretical constraint of Eq. (1.1). (A similar result
occurs for no-scale models.’) One may, of course,
reduce the decay rate by increasing the squark mass,
which enters in the triangle loop of Fig. 1. However, the

inconsistency remains for squarks with mass m, =350

GeV. Hence models where the second generation dom-
inates are excluded for squarks which are in the mass
range where they would be detectable at the Fermilab
Tevatron and/or the Superconducting Super Collider.

When three generations are considered, the possibility
of suppressing the ¥;K modes arises via an approximate
cancellation between the second and third generations.”?
From Eq. (2.1) this can occur if

A,m P,F, + Aym,PyF, ~0 . (2.8)

The form factors F;; are approximately independent of
the generation index i and so the suppression occurs
universally for all modes ¥,K. As discussed in Refs. 7
and 8, Eq. (2.8) can be satisfied for m, 2 50 GeV and
provided the PC-violating phase 6 is =180° P;/P, is
approximately real and A4p, the Polonyi constant, is not
small, i.e., Ap=1 (Ref. 17). Simultaneously, the ¥;7 and
v,p modes are enhanced, making them comparable to or
larger than the ¥;K modes. To satisfy Eq. (1.1), the can-

cellation in Eq. (2.8) need not be precise, i.e.,

| A,m P,F,.+ Aym,P;F, | $0.2| 4,m_P,F, (2.9)

el -

Thus one finds Eq. (1.1) is obeyed for a wide range of pa-
rameters.®> !0 The three-generation supergravity models,
then, are consistent with existing proton-decay data, and
make interesting predictions which could be tested by
the Kamiokande Collaboration with their planned
“Super Kamiokande” detector.

As discussed in Ref. 18, existing data plus three-
generation unitarity of the KM matrix puts an upper
bound on 4;. We find

| 45| <0.00151 . (2.10)
Since the dominant contribution to Q(K;) comes from
the third generation, the K -—pup constraint (2.5) also
puts a bound on A4;. This bound dominates Eq. (2.10)
when m, % 130 GeV. Bounds on A4; then produce upper
bounds on the K " —ntv¥ rate from Eq. (2.3). As can
be seen in Table I, the three-generation B(K t —7tv¥)
reaches a maximum of about 8x 107" for m, =140
GeV, and is less at higher and lower values of m,. These
results will help distinguish three- and four-generation
models.

TABLE 1. Bounds on 43, B(K*—7*v¥), and p; in three-
generation models, as a function of the t-quark mass m,. (All
energies are in GeV.)

m, I A3 ' max B(K+—'7T+V—V')max (ml lp3 | )min
50 0.001 51 1.67x 10~ 10 199
60 0.001 51 2.18x 10710 199

100 0.00151 4.89x 1010 199

120 0.001 51 6.66x 1010 199

130 0.001 51 7.66 10~ 10 199

140 0.001 41 7.81x 10~1° 213

150 0.00127 7.43x10~1° 237

200 0.000 81 6.11x10°1° 371
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FIG. 1. Diagrams leading to proton decay with W-ino (W)
dressing. @ and d are the u and d squarks.

One may write the supersymmetry (SUSY) proton-
decay constraint (2.8) as

P3 Fil
’ p3_P2 Fic

4,
45

m, | p;| =~m, (2.11)

Since | A4, | =~0.20, Eq. (2.11) yields a lower bound on
| P3|, which is also shown in Table I. Of course in su-
pergravity models, the value of p; is determined dynami-
cally by the loop integrals of Fig. 1, and in general the
lower bounds of Table I can be satisfied. Note that only
the last column for m,p; of Table I depends on the
SUSY model, and the other columns hold equally well
for the three-generation standard model.

III. FOUR-GENERATION MODEL

For four generations, the situation is more complicat-
ed as less is known about the four-generation KM ma-
trix. The condition that the ¥;K proton-decay modes be
suppressed so that Eq. (1.1) remains valid, therefore, is a
useful constraint. From Eq. (2.1) we write this in the
form

Asmps+ Aymopy~—m A, , 3.1
where
P3 Fz‘r P4 Fit'

PR RS PR R

(3.2)

and m, is the ¢'-quark mass. Equation (3.1) and the uni-
tarity condition (2.7) allow one to solve for 4; and A4,:

As=[m (A, + Ay)ps—m_ A,]/(m,ps—m,p,) , (3.3)
Ag=[—m (A, + A))p3+m A,/ (mps—myp,) . (3.4)

The results depend sensitively on the combination
A,+ A,, which unfortunately is not well determined ex-
perimentally. Using four-channel unitarity and experi-
ment, one may derive V,=0.9171+0.1085 which is
slightly better than VSP'=0.95£0.14. This yields
A,=—0.1898+0.0314 and

A+ 4,=0.024650.0315 . (3.5)

In analyzing this case we will make use of the UA1 ex-
perimental lower bounds on the ¢- and t’-quark masses
and the 7'-lepton mass:'’

m,,m; 240 GeV , (3.6a)

m,.>41 GeV . (3.6b)

Furthermore, in the renormalization-group analysis of
the supergravity models, the requirement that
SU(2)XxU(1) breaking correctly occurs at the W mass

scale gives upper bounds on the t’, b’, and 7' masses:?%?!
m, <140 GeV, m, <135 GeV , (3.7a)
m_ <70 GeV . (3.7b)

In general, SU(2) X U(1) breaking in RG models will
not occur at W mass scale unless at least one quark mass
is large (i.e., * My, ) while if the quark masses are too
heavy, the breaking will occur at too high a mass scale.
Since m, <m, we will assume in the following that
m,SMy, and m, X My, as well as the constraints (3.6)
and (3.7). We will also assume P; /P, are relatively real
so that Eq. (3.1) can be approximately satisfied.

In three generations, the condition (2.8) which
suppresses the ¥;K modes, required that |p;| =2-4 as
can be seen from Table I. For four generations, the cor-
responding condition (3.1) does not require p; and p, to
be large, as the two terms on the left-hand side can add
coherently. Thus one may consider two possible cases.

(i) Models with no L-R mixing. Here we assume
Ap~0 and hence there is no L-R mixing in the squark
mass matrices (such a situation is realized in certain sec-
tors of the superstring-inspired models??). For this case
the squarks in different generations are approximately
degenerate so that F, . ~F; ~F,. Then p;~+1 and
ps~*1 where the signs of p; and p, are determined by
the phases P; /P, and P, /P,.

(ii) Models with large L-R mixing. Here one charac-
teristically expects Ap=1 so that there is large L-R
mixing in the squark mass matrices for the heavy-quark
generations. Then one expects |p3;|+|p,| and both
can be large, particularly when m, and m,. are large. In
the following analysis, we will consider only case (i).

The solutions for A; and A4, of Egs. (3.3) and (3.4)
can be used to calculate B(K * —7*v¥) and Q(K) of
Egs. (2.3) and (2.5). However, these quantities will de-
pend on A+ A, which, as seen in Eq. (3.5), is poorly
determined experimentally. It is therefore better to
think of 4, + 4, as a free parameter [within the allowed
ranges of Eq. (3.5)] and see what constraints can be put
on it.

We first ask what is the allowed ranges of 4,+ 4,
which do not violate the K —pupn constraint Eq. (2.5)
when m, and m, are in the above ranges 40
GeVsm,sMy, and My, Sm," =140 GeV. For the four
cases of p;==*1 and p,==1 (no L-R mixing) results are
given in Table II. We see that even when all four cases
are taken together, the range allowed for 4,+ A4, by
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TABLE II. Minimum and maximum values for 4,+ 4, al-
lowed by the K —pup constraint of Eq. (2.5).

P3 Pa (A4 A3)min (A4 A3)max
+ 1 +1 —0.0257 —0.0049
—1 —1 0.0047 0.0223
+1 —1 —0.0098 0.0032
—1 +1 —0.0032 0.0095

Eq. (2.5) is much narrower than even the direct experi-
mental 20 bounds from Eq. (3.5):
—0.0384< 4+ A, <0.0876 . (3.8)

We next ask under what circumstances does the four-
generation K™ —7Tv¥ rate fall below the three-
generation rate of Table I while not violating the K —ug
constraint of Eq. (2.5). We find that for the entire mass
ranges of m, and m, this can never happen when
p3=ps==*1. For p;=—p,==*1 and fixed m, and m,
there is only a narrow band in the values of 4,+ 4,
about 0.002 wide where this occurs around 4+ 4,
close to zero. For any m, and m, the four-generation
K T —7Tv¥ rate lies below the three-generation one only
when

—0.006% 4,4+ 4,50.002 . (3.9)

Thus almost always the K ¥ — 7 "v¥ rate for supergravi-
ty models with four generations is larger than that ex-
pected from the standard model with three generations,
and so this decay is a good indicator of new physics.

When 4,4+ A4, lies in the ranges of Table II allowed
by the K —uf constraint, the B(K ¥ —7"v¥) is usually
considerably larger than the three-generation limits of
Table I [except in the small domain of Eq. (3.9) where
there is an accidental cancellation between the third and
fourth generations]. Some examples are given in Table
IIT where it is also shown that when the limits of
A, + A, of Table II are exceeded, the bound Eq. (2.5) on
Q(K; ) can be badly violated.

TABLE III. Examples of Q(K;) and B(K*—7*v¥) for
various t and t’' masses (in GeV) for the case p;=—1=p,.
Large values of 4,4+ A4, [still consistent with the experimental
bounds of Eq. (3.8)] cause Q(K;) to exceed the experimental
limit of 2 1072

m, m, A+ A, Q(K,) B(K™)

40 140 0.010 0.8x103 15.7x 10710
40 100 0.010 09x103 15.8x 10710
80 140 0.010 0.9%1073 15101
50 100 0.015 0.9x103 11.2x1071°
100 140 —0.018 16.6 1073 67x 1010
40 140 0.056 14.4x 1073 4,1x1071°
40 60 0.056 8.0x 1073 3.7x10°1°
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IV. CONSTRAINTS ON V,, AND V.

Condition (3.1) is sufficient to suppress the decay
N—v,K. From Eq. (2.1) one sees that it will also
suppress the N—¥ K and N —v_K [and hence guaran-
tee that Eq. (1.1) is obeyed] provided the front
coefficients m,V,, and m,V,, are the same size or
smaller than the second-generation factor m V,,. Thus
one has approximately

|Vub| §ms|Vux‘/mb26><1073> (4.1)

; Vub" §ms I Vus } /mb'ﬁm: | Vus ! /(2}7’17')§4X10_4 ’
(4.2)

where we have used the experimental bound Eq. (3.6b)
and the theoretical estimate!® m, . ~2m .. Equation (4.1)
is not much stronger than the experimental bound
| Vup | <0.009 [based I'(b—u)/T'(b—c)<0.008 and a
B lifetime 7, =1.1 ps]. Equation (4.2), however, is quite

limiting.
Parametrizing the KM matrix elements in terms of
the usual four-generation KM angles 6, - - - 6,
Via=¢c1, Vis=s1¢3, Vyp=s153¢5, Vyp=55;:55,

(4.3)

where ¢, = cosf,, s, = sinf,, etc., one can convert Egs.
(4.1) and (4.2) to constraints on 65 and 65. One finds
[sinf;| S3X 1072 |sinfs| S6x1072 . (4.4)
In deducing Eq. (4.2), we have, of course, assumed
that the fourth-generation neutrino v is massless so that
the decay N —>¥_.K is energetically possible. A
sufficiently heavy v_. could prevent this decay from
occurring, eliminating the constraint (4.2)

V. CONCLUSIONS

The above discussion has shown that the fourth gen-
eration can effect nucleon decay in supergravity models
in a significant way both through additional contribu-
tions to the dressing loop integrals of Fig. 1, as well as
through the new decay modes involving the fourth
sequential neutrino. The condition Eq. (1.1) that
My SMgyr plays a role similar to the requirement
My =Myt in nonsupersymmetric SU(5) GUT models.
This, combined with the fact that the same combination
of KM matrix elements which enter in proton decay,
i.e.,, 4; of Eq. (2.2), also enter into the rare K decays,
K; —uji and K * —7tv¥, allows one to determine infor-
mation both on the values of KM matrix elements and
the number of generations. Thus, aside from a small
range Eq. (3.8), the four-generation K © — 7" v¥ rate will
exceed the three-generation rate, and the branching ratio
for the latter is bounded by 8x107!° for any t-quark
mass. Hence a precision measurement of this decay'®
will shed light on the existence of a fourth generation,
and the determination of m, will further greatly restrict
supergravity models and the allowed range of 4, + 4,.
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APPENDIX: NUCLEON-DECAY AMPLITUDES
The nucleon-decay amplitudes for three generations are given in Ref. 8. We generalize these results here for an ar-

bitrary number of generations. In order to make contact with the notation of Ref. 8, we rewrite Eq. (2.1) factoring
out the second-generation W-ino dressing contribution. For N —¥,K dimension-six Lagrangian we have

LN —V,K)=[(ay)}2M ;M2 sin2ay) " 'Pam m@V\V, Vy, I[F(e;d;; W)+ F(T;2; W)
J J J
where j > 3. In Eq. (A1) one has, for the ,¢',. . . squark contributions to the W-ino dressing diagrams,
X P; miV Vi, Flia;d;W)+Flua;e; W) (A2)
Yij = W >

P—zchlezz F(e;d;W)+F(c;e; W)

where the triangle loop form factors F are defined in Eq. (3.11) and the Appendix of Ref. 8. The gluino and Z-ino
dressing contributions, Yy and y,, are defined in Egs. (5.2) and (5.3) of Ref. 8. The contributions from the RRRR

dimension-five operator are given by

.
P SmamiV ViV QE;a; W)
. -

R J
Yi=5" ——— —, (A3)
P, mcmianszViz[F(E;di;W)+F(5;‘?[§W)]

Ez

p Emsmj”VuV VTQ( ;i W)
1

R j
=3 —— — . (A4)
Y P momfV Vo VIFEd; W)+ F(e;2,; W)]

The dimension-six quark-lepton operators are
af =€ (dap v Uy Wse  v™vir ) (AS)

ak is af with (d; ,u; —dg,ug), and B-F is al® with d<>s. The quantity 8F is the generalization of AX and is gen-
erally small.

The dimension-six N —v;7 effective Lagrangian may be written as (j=3,4,...)

LN —>v,7)=[(a,)*2MMy?sin2a, ) 'Pym mi(V, ) Vil
x[F(¢,d;,)+F(z,e)] { [1+ Ey,7+yf"”+8f]r,‘+ym [2 8 |7i (A6)
J j
Here
7/’7:& m“(V; ) F(a;d;; W)+F(ae; W) A7)
YOPy [ m (V)2 (c,d,,W)+F(c,ef,W)

The 87 are generalizations of AT of Ref. 8 and are generally small. y!" is defined in Eq. (5.11) of Ref. 8. The y;; arise
from the RRRR dimension-five couplings, and may be written as

VimgSmiV,Vioe, a;w)
5 . e — (A8)
2 mom@(Vy PV |Fe;d; W)+ F(e;e,; W)

P]

Yir =

where the dimension-six quark-lepton operators y©® are defined in Eq. (5.9) of Ref. 8. The condition which
suppresses the N —¥;K modes

1+ 3 yf=0 (A9)
J

generally tends to enhance the N —¥;7 modes, as the corresponding structure in Eq. (A6), i.e., 14 ¥y, does not can-
cel.
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