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Gravity in more than four dimensions may involve terms of higher order in the curvature, as
well as the linear terms present in ordinary general relativity. I explore the ten-dimensional vacu-
um configuration M*x S° The ten-dimensional spherically symmetric potential is examined, and
I determine conditions under which the formation of black holes is forbidden. Consequences for

the stability of the vacuum are discussed.

I. INTRODUCTION

The application of the methods of general relativity to
space with more than four dimensions began in the
1920’s with the observation by Kaluza and Klein that
gravity and electromagnetism may be unified by adding
a fifth dimension to space-time. A similar unification of
gravity with non-Abelian gauge theories can be achieved
by the addition of more than one extra dimension.! This
approach makes use of the Lagrangian formulation of
general relativity. The D-dimensional Einstein field
equations for a mass-energy tensor equal to zero can be
obtained from the variation of the action

I= ;IR\/!g|de,

— 1.1

where R is the scalar curvature and g is the determinant
of the metric of D-dimensional space-time. This metric
is parametrized in the following suggestive manner:?
g;;.v + 4 ZA i’éégid’g A ;cté-::qsl}

A5 L
Note that V'|g | =V [g’| V| detd | [W($)]P/? with g’
defined as the determinant of g ,,.

The geometry must now be restricted. The matrix ¢;;
is the metric of a (D —4)-dimensional space B. The sym-
metries of B are the gauge symmetries in the effective
four-dimensional world. Let T,, a=1,...,N generate
the symmetry group G of B, and y’ be coordinates in B.
The “Killing vector” associated with T, is defined by
the equation £, =T,y’. Killing vectors have the proper-
ty

gmn =W(¢o) (1.2)

ELEL  —EhEL i =—CoHéL (1.3)

where C;, are the structure constants of the group G. It
can be shown that under these circumstances the action
I can rewritten as

1

I[=——
167TGD

[ [R+3FLFg 6,4 -
XV —g'V']detd | [W($)] PP 1dPx .
(1.4)
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R’ is the curvature associated with the matrix g,,,, and
the Maxwell field strength appropriate to the gauge
group is defined by

a a b
F2,—3,4%—3,4%+C& ALAS .

W($) is chosen to be |detd| "1/~ The ellipsis
stands for debris associated with the metric ¢;; and the
derivative of 4, with respect to y'.

Since only four dimensions are observed, B must be a
compact space with a very small characteristic scale.
The space is said to be compactified. At low energies, it
is therefore reasonable to neglect the dependence of the
macroscopic quantities R’ and F;, on coordinates in B.

(1.5)

The extra D —4 coordinates are integrated out. Using
the formula®
fB ;€L E,dP *x =constx 8, (1.6)

a

and rescaling Gp and Fy,,

action I becomes

the low-energy limit of the

1 ’ L pa ppva |4/ v g4 T
I—_167TGf {R — 5 FiF —g'd*x + ,
(1.7)

where the ellipsis, the result of the dependence of 4j
and ¢;; on the coordinates in B, may be neglected. The
metric g;“, may now be identified as the metric of ordi-
nary four-dimensional space-time. A variation of
—(1/1677G)fR’\/——g'd4x gives the familiar equations
of four-dimensional general relativity, while

1
167G

f %Fwa’”“\/—g'd“x

is the action associated with the gauge fields. The con-
vention ( 4+ — .. .—) is used throughout.

We return to the original action (1.1). The next step is
to apply the methods of general relativity to specific
physical situations. This is usually done by specifying a
form of the metric of space-time. The ansatz must be
compatible with the equations of motion which may fur-
ther restrict the metric. The simplest example of this is
the vacuum solution. Gravity and the gauge fields are
absent. The field A4 is zero, and g,,, is the Minkowski
metric 1,,. The resulting metric is
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0 ¢ij

To a good approximation, this describes physical reality
in deep space, and the metric should be compatible with
the equations of motion.

With a cosmological constant included for the sake of
completeness, the D-dimensional Einstein equations are

(1.9)

EMN = . (1.8)

Ryn —38un(R +A)=0 .

R ,n is the Ricci tensor. For M =N <3, Ryy =0 and

R=—A. (1.10)
Contracting (1.9) gives
DA/2
== 1.11
R 1-D /2 (.10

The only solution to (1.10) and (1.11) is R=A=0. For
M,N >3, Eq. (1.9) then gives R,y =0. The compactified
space B must be Ricci flat.

In the theory originally proposed by Kaluza and
Klein, the compactified space is S!, which is trivially
Ricci flat, but in order to unify gravity with the forces
corresponding to non-Abelian gauge theories, higher-
dimensional compact Ricci-flat spaces are needed. This
greatly restricts the choice of spaces. The (D —4)-
sphere, for example, is not acceptable. Furthermore, the
requirements that the symmetries of the compactified
space generate the gauge group and that the space by
Ricci flat imply that the Killing vectors are not sym-
metries of the metric ¢,-j2. There is, thus, no natural
choice for the vacuum field configuration. It is possible!
|
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to introduce a nonzero energy-momentum tensor T,, as
a source of curvature for the space B. This, however,
would not correspond to a true vacuum. Quantum
corrections may also provide a source of curvature for
the compactified space, but in the absence of a consistent
theory of quantum gravity, it is impossible to verify this
possibility.!

Work to create such a theory has continued. In the
early 1980s, higher-dimensional supergravity theories
created a flurry of interest in the Kaluza-Kein approach
to grand unification. Other problems, such as doubts
about the stability of the vacuum M*X B, arose,* and
Kaluza-Klen theories again fell from favor. Recently,
superstring theories have employed many of the ideas
discussed above. Thus, despite its shortcomings, the
Kaluza-Klein approach remains a topic of interest.

Research in the mathematical foundations of general
relativity in more than four dimensions progressed in-
dependently. It was realized as early as 1970 by
Lovelock that in more than four dimensions the action
(1.1) is not the most general possibility.” Many texts®
derive the Einstein field equations by requiring that the
energy-momentum tensor 7MY be proportional to the
most general possible tensor 4™V, subject to the follow-
ing conditions: (i) AMV= A" (ii) 4™V is a function of
the metric and its first and second derivatives, (iii)
AMN;N==O, and (iv) 4™V is linear in the second deriva-
tive of g ,5. The Einstein field equation is, thus,

AMN= _87G,TMN . (1.12)

In four dimensions A4*"=aG""+4bg"”, where G*” is the
Einstein tensor. Lovelock showed that, in D dimensions,
the most general 4} is given by

D—1 - . .
Mh, - h
M__ 1 2p Jil2 . Joap—1/2p M
AN-—- 21 aPSle"'jzp Rhlhz h2p—l 2 +a8 y (113)
p=
where a and a, are arbitrary constants and
L. gh
81'1 81'1
il ”.in _ . -
8, ...  =det|: - : (1.14)
i" . .. i"
5, 5/

R 4pcp 1s the Riemann curvature tensor.
motion corresponding to the Lagrange density

12 2 hap—1hp

v/ ! Byt hy, J1ia
L=V |g| > 2ap8j . Rhlh -
p=1

This is not the most general Lagrange density that gives
rise to 4AMN=0.

Lagrangians of this form have appeared independently
in the study of superstrings. In the low-energy limit,
superstring theory gives rise to a ten-dimensional theory
of gravity. The action associated with this theory has
not been determined, but it is evident that it does not
have the simple form of (1.1). Terms quadratic in the
Riemann curvature are known to appear.” Such terms

Lovelock also showed that the equations

i 20V TeT

AMN=0 are the equations of
q

(1.15)

f

lead to ghosts and violate unitarity,” but Zweibach has
shown that the D-dimensional action (D > 4)
J (R4pcpR4BP 4R (zRA2LR)V g [ dPx  (1.16)
avoids such problems.® Since such a term has the form
of the Euler invariant in four dimensions extended to

higher dimension, and the Einstein action
f RV |g | dPx is the Euler invariant in two dimensions
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extended to D dimensions, it was suggested® that a gen-
eral Lagrangian in D dimensions would include terms
corresponding to the Euler invariant in all even dimen-
sions less than D. The Euler invariant for odd dimen-
sions is zero and does not contribute. It turns out that
this is the Lagrangian postulated by Lovelock.

Zumino introduced a more practical formalism for
working with such a Lagrangian by constructing it in
terms of the vielbein and curvature forms.” The vielbein
one-form is defined by

e=e%dx™M, (1.17)
where
gun=e"spe N na (1.18)

is the defining equation for e?,;. For a diagonal metric,

ey =V \8am | - (1.19)

In keeping with the notation above, upper-case latin in-
dices are raised and lowered by the metric of ten-
dimensional curved space-time, and lower-case latin in-
dices by the ten-dimensional Minkowski metric. The
greek letters u and v indicate four-dimensional space-
time, and the latin indices i, j, and k are reserved for the
subspace B. Thus,

R 4pcp =Rapcae® se’pe‘ce’p . (1.20)
The curvature two-form is defined by
Rap=-1Rape. Ne, . (1.21)

The Lagrangian for gravity generalized to D dimen-
sions can be written as a linear combination of these
terms:

Lop=es N -~ Ne,e® " (1.22)
D factors
Lip =R Ne. N Neet 7, (1.23)
Lyp s=Ray ARgNep A+ Neyet 7, (1.24)
Lpo Ry N NR,,,€? ", D even,
Lip_ 1)1 ]: RN+ ARy, Ne,e® 7", D odd .
(1.25)

The terms Lo p and L, p _, represent the cosmological
constant and Einstein action, respectively. Considering
for the moment D even only, L, o is the Euler invari-
ant in D dimensions. It is a perfect derivative and does
not contribute to the equations of motion. L, p »,
(2a < D) is the Euler invariant in 2a dimensions contin-
ued to D dimensions. Similar results can be obtained for
odd dimensions.

It is straightforward to convert these Lagrangians to a
more familiar form. For example,

Lop=e, N -+ Ne,e? "
=eN .- Ne"e, ...,
=e%, --e"Ndx AN - ANdxNe, .., . (1.26)
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The wedge product is proportional to the volume ele-

ment:
dx 4N - - NdxN=e, .  ydPx .

The upper-lower index conventional must be abandoned.
Equation (1.26) now becomes

Lop=e®y - e"y€g...n€4...ndPx
=Dle% - -e"pe, ... ,dPx
=D!det(e?,)d"x . (1.27)
For a diagonal matrix, det(e? )=V | g | and
Lop=D"V|g|dPx . (1.28)
Similarly,
Lip_,=(D—2)RV |g|dP’x, (1.29)
Lyp_s=(D—4)R 4pcpR PP
—4R ;zRP 4RV g | dPx . (1.30)

In what follows, the equations of motion for a simple
example, the vacuum state M*x S will be obtained
from the Lagrangian

L =a0L0,]0+a]L1,8 +(12L276 +G3L3,4+G4L4’2 . (131)

With the cosmological constant assumed to be zero,
these equations produce expressions for a,/a; and
a;/a, in terms of the radius of S°. Beginning with the
Lagrangian (1.31), I will derive the equations of motion
for a static spherically symmetric metric in ten dimen-
sions. When the expressions for a,/a, and a;/a, are
substituted into these equations, the condition that no
Schwarzschild radius exist restricts the allowable values
ofay/a,.

II. M*xS% COMPACTIFICATION

Flat Cartesian coordinates x*, p=0,1,2,3 label a
point in four-dimensional Minkowski space-time. The
sphere S® is parametrized by angular coordinates 6,
i=1,...,6. The metric for M*xS®is

Nuv 0
EMN =

where p is the radius of S%. The vielbeins for this metric
are

L

x*, a=0,1,2,3 and p=a,

e — i1 _ (2.2)
11 sin6* |d6', a=4,...,9 and i=a—3.
k=1
The connection one-forms
®°%, =’ dx™M (2.3)

are defined by the equation
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R =1R qe Ne?=d o’ +0° Ao’y 2.4) Ogp = — Dpg (2.6)

and the torsion one-forms by and the torsion-free condition 'y, =I'¥, implies T9=0,
TaEdea+(z)ab Aeb . 2.5) and thus

Equations (2.3) and (2.4) are known as Cartan’s structure
equations.

It can be shown” that the metricity condition
gmn: 4 =0 is equivalent to the condition

9

0, a<3,

i—1

IT

k=j+1

O)ab = —-a)ba =

sin6* |cos®/d0’, a>b>3, i=

These solutions for the connection one-forms are substitut
two-form is
0, aorb<3,

Ry = 1
ab —;z—ea/\eb, a,b>3.

The expressions for the curvature and vielbeins are now
sults in

Loo=10V"—g d'% .

de®

% Neb . 2.7)

For the vielbeins (2.2) Eq. (2.7) may be evaluated by the
“hypothesis” method.!® The result is

a—3, j=b-3.

ed into (2.4), and the resulting expression for the curvature

substituted into the Lagrangian (1.31). Equation (1.28) re-

(2.10)

The other terms are evaluated using the notation discussed in the introduction. From now on, I omit the wedge sign

in the product of differential forms:

L 1,8 :ﬁab e.eqére epeie,, e, eabcdfghlmn
= |— Lz > e.epeceq ere e e e e, gabed/ghimn
P a,b>3,¢,...,n
= |- [30x8v =g a¥x , @.11)
p
L2,6=7{ab7{cdefegehelemeneadefghlmn
2
= ——1—2- > e.epeceqere epere, e, €obedfghimn
P a,b,c,d>3,f,..., n
= l‘, 36061V —g d'% , (2.12)
Lj, :ﬁabﬁcdﬁfgehelem enfabwfgh’m"
3
1
= |72 > €,€peceqregepeiepy ey gabed/ghimn
P a,..., g>3,h, ,n
= |-L haxenv—g avx, (2.13)
Ly =Ry ReaR g Rpreme,ehimn =0 (2.14)
[
The last result is due to a saturation of indices. The cur- L=LV _gd'%%, (2.15)
vature two-form R, is nonzero only for a > 3. Because
of the presence of the antisymmetric tensor, the eight in- where
dices a through / must be different, and at least two of 215 30 615 36 61524
them must be less than four. £ =10la, — -><2 a, -><4 Oaz_ .><6 ay . (2.16)

The Lagrangian (1.31) evaluated for M*x S is

P P
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The cosmological constant is set equal to zero.
The equations of motion associated with this Lagrang-
ian are

£L=0, 2.17)
ALY —g) g (2.18)
9p

These equations result when the generalized Einstein
tensor (1.13) is evaluated for the geometry of M*xS®
and then substituted into the equation

It is possible to derive (2.17) and (2.18) without explicitly
evaluating all terms in A,sy. The variation of the action
is

8I= [ 8LV "g)d'"x

= [8LV—gdx+ [ L5V —gd'% . (2.20)
The second term may be written as
[ (—tgunV =g L8g"M)dx . .21

To examine the first term, I consider the part linear in
the curvature separately from the quadratic and cubic
parts. The procedure for evaluating 8R is well known:

SR = BRMNg MN+RMN6g MN . (222)
Since!!
BRyy =81 ¥t 8Tk v (2.23)

where 8T fc is the variation of the Christoffel symbol
and gM¥ commutes with the covariant derivative;
8Ryng™V is a covariant divergence and does not con-
tribute to the variation.

A similar method is applied to the other parts of
[ 8LV —g d'°x. This time, three types of terms ap-
pear. The first type is the product of the variation of a
Riemann curvature tensor, 8R “5cp, and other Riemann
curvature tensors, as well as components of the metric
tensor. The variation of a curvature tensor is given by

8R “pcp =8T"pp.c —8T"pc.p . (2.24)
Equation (2.9) implies that Rgrgy is zero if any index is
less than four and

1
RABCD:—;{(gACgBD —& 4p8&5c) (2.25)

otherwise. The Riemann curvature commutes with the
covariant derivative, as do the components of the metric
tensor. The terms involving 8R 43, are therefore the
integrals of a divergence, and do not contribute to (2.19).
The other types of terms are the product of
RyrapcRnper or Rpy and other Riemann curvatures,
components of the metric tensor, and the variation
8g™N. Thus,

81 = f (RMN e +RMABCRNDEF e

—dgun L)V —g 8gMNd x| (2.26)
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Equation (2.19) is obtained by setting the coefficient of
8gMN equal to zero.

For M=N <3, Ryy and Ry, 4pc are zero and Eq.
(2.17) results. Notice that for any maximally symmetric
space, the curvature has the form (2.25) and these results
hold.

Equation (2.18) comes from the equations of motion
for M =N >3. Inspection of (1.13) reveals that these
equations of motion are identical to that which results
for the space S° alone. The only equation of motion as-
sociated with the six-sphere must come from the varia-
tion of the radius. Note that the term cubic in the cur-
vature is the Euler invariant in six dimensions and it
cannot contribute to the equation of motion. This is
indeed true since the contribution of this term to La-
grangian density goes as 1/p6, while V' —g goes as pﬁ,
and the product is independent of p.

Similar arguments are used to show that the equations
Ay =0 are satisfied trivially for M=£<N. All terms con-
tain a factor R, 43¢, Which is zero if either M or N < 3.
For M,N >3 and M 54N, the equations are again formal-
ly the same as those for the subspace S The cubic
term cannot contribute, and explicit calculation of the
linear and quadratic terms of A,y shows that they are
proportional to gy, which is zero for M#N.

When the Lagrangian (2.16) is substituted into the
equations of motion, expressions for a,/a,; and a;/a,
result:

a, 28 ,
G _28 5 2.27
a, 3 p ( )
a
— —70p* (2.28)
a,

Notice that Eq. (2.17) for the general Lagrangian (1.15)
replaces the previous condition R =0. Ricci flatness is
no longer required of the compactified space, and
M*xS® is an allowable vacuum configuration, even in
the absence of an external matter field.

Miiller-Hoissen'? has used a slightly different ap-
proach to calculate the equations of motion for the more
general vacuum M*xS*, He assumes a Lagrangian of
the form (1.31) and includes terms up to cubic order in
the curvature. The variation of the Lagrangian is deter-
mined directly and the torsion is subsequently set equal
to zero. The restrictions on the coefficents a, follow
from the resulting equations of motion.

III. THE SCHWARZSCHILD SOLUTION
IN TEN DIMENSIONS

The Schwarzschild solution in D dimensions describes
the external field of a static spherically symmetric body.
It can be shown that the most general metric for such a
field is

0

EMN = 2 R (3.1)

0 —r2 8PQ

P2
11 sin9*
k=1

where the D-dimensional space-time is parametrized by
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angular coordinates ok, k=1,..., D—2, the radial der of the compactification scale. After a short time,
coordinate r and the time 7. In this section, the upper- these holes are expanding to infinity at the speed of
case latin indices P and Q are reserved for angular coor- light. The state does not decay into a more stable state
dinates (P,Q =2, ...,D). Notice that though similar in as would be the case for a classical instability, but rather
appearance, this metric is different from (2.1). The ra- it decays into nothing.

dius r is a coordinate and not a parameter. The equa- Hawking has furthermore shown that virtual black
tions of motion for this geometry give solutions for the holes lead to a loss of quantum coherence.!* If the space
functions A4(r) and B(r). An event horizon is associat- has nontrivial topology, then pure quantum-mechanical

ed with a singularity of A(r) at some radius R, called states may evolve into mixed states described by density
the Schwarzschild radius. If the radius of the body is matrices. There is also a breakdown of unitary time evo-
smaller than the Schwarzschild radius, then it is called a lution. In particular, this can occur with the Kaluza-

black hole. The existence of such solutions is important Klein vacuum. Although it is a matter of controversy

in the study of Kaluza-Klein theories. whether or not this is physically acceptable,!® it is clear
Witten has pointed out that the Schwarzschild solu- that the existence of virtual black holes would require a

tion is associated with a semiclassical instability of the revision of quantum mechanics.

Kaluza-Klein vacuum.!®> The decay of the vacuum may The Schwarzschild solution in ten dimensions is found

intuitively be seen to result from the spontaneous forma- by substituting the metric (3.1) into the Lagrangian

tion of black holes with Schwarzschild radius on the or- (1.31). The vielbeins for this metric are given by

J

0%t =V'B dt, a=0,

oldr=Vv'4 dr, a=1, (3.2)
e ==
i—1
H sin6k

k=1

od0=r dé', a=2,...,9 andi=a—1.

As before, Eq. (2.7) is used to solve for the connection 8L =ao8L¢ 10+a 8L 3+a,8L, ¢+a38L ;3 4+a48L,, .
one-forms:

(3.6)
o°, =w10= 1 d—de, co"ozwop -0, The first term may be evaluated using Eq. (1.27):
2V AB dr
1 i—1 ) L0’10=10!det(ea,4 )dlox
a)plz—a)lp:—_-ﬁ I1 sin6* |d6", (3.3)
k=l =10’ '0%030%030% "080%d Ox . (3.7)
i—1
— _ ok i 7o
Py =—of= . I_I+1 sing” | cos¢/d 0", Since only the functions 4 and B are subject to varia-
=J

tion, 86%=0 for ¢ > 1 and

for p>g>1, i=p—1, and j=qg—1. Equation (2.4) is 8Ly 0=100c'o? - -+ 0%80+0%20% - - - 0980 1)d 1Ox
used to solve for the Riemann curvature: 0.10 '
(3.8)

Rap=kla,ble, Ney 3.4 . . .
b (a,b)ea ey S The evaluation of the rest of expression (3.6) requires a

different approach. From the definitions (1.23)-(1.25), it
where follows that

k(O 1)=k, =—L_4 | 1 dB 8Ly 10-2n=nFap ** ReadR pgey - ey "
2VVAB dr |V 4B dr (10— 20)R gy -+ R ygen -+ - erBeme ™.
1 dB
k(O,p)=k,=——"- | (3.9)
Op)=k2=%"48 ar
1 dA 3.5 An expression for the variation of the curvature two-
k(lLp)=—ky=——5——, form is found by using Eq. (2.4):
2r4* dr
K(pyg)= —ky= — 1— 12/,4 ’ SR =d (8w )+ 8w’ Ny + 0% NSwy, =D (8w ) .
r (3.10)

for p.q> 1. I define k(a,a)=0 and, from the symmetry = The form Dx is the covariant generalization of the
of R, it follows that k(a,b)=k(b,a). differential form dx. Equation (3.9) is simplified by the
The variation of the Lagrangian (1.31) is use of
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dRyp - Regbwpgey e, € "")=D(Ry + - Regdwypgey - e,,€” ™)
=(n—1Ry - D(Ry)dwpe, e, "
+ Ry - ReaDBwypg ey, - - - e, €T
+(10—-2n)R, = " Reybwypgey -+ - e/ Dley, )e’ ™. (3.11)
The torsion De,, vanishes. The Bianchi identity may be written in the form
DR% =0, (3.12)
and it follows that
Rap " ReadRygey -~ e,€ " "=d(R, - Reybwppey -+ e, €M) (3.13)
The first term in (3.7) therefore does not contribute to the equations of motion and
8L, 1020 =(10=2n)Ryp * -+ R rgey - - - €,8e,€" " (3.14)
This result is used to calculate the remaining terms in 8L:
8L, 3=8R pe.eq ere e eie, Be,, e2bed/ghimn
=8 3 kla,blese,e.ejere e, ee, be, gabed ghimn
a n
=8 3 kia,b )U“O'bocadofagahola’"ﬁa"(eabcdfgmmn )2d 1°x
a-n
=[8X 8 —Tky—2k;)0'c?030 0 0% 03 °80°
+8X 8 —Tky+2ky)0 % 2030%0 %00 0860 ' 1d x . (3.15)
Similarly,
8L, 6=[24X 6k 4(62k 4 +43k3)0 0?0300 °0 878080 °
+24 X 61k 4(62k , —43k, )0 % %0300 0% 080 %80 1d x , (3.16)
8L3 4 =[24X6!( —k4*)(28k,4+54k;)o 00 0 %0 0 07080 %80°
+24X 61k X —28k 4+ 54k, )00 20304030 % T036°80 1 1d Ox , (3.17)
OL,,=[2X 8lk (k4 +8k;y)o'o?0% 00 0% 080 %80 °
+2X 8k, (ky—8k,y)o 02030030 03080 1d Ox . (3.18)

The variation of the action is zero if and only if the
coefficients of 80° and 8! are zero. Two equations of
motion result:

Ozbo—b1(7k4+2k3)+b2k4(62k4 +43k3)

— bk H(28k,+54ky)+ bk, (ky+8ky)  (3.19)
and
O:b0+b1(—7k4+2k2)+b2k4(62k4—"43k2)
4 b3k M —28ky+54k,)+ bk, (ks —8k,) (3.20)
where
bO:31500, b1=224al, b2:12(12 y
b3:1203, b4=56a4 .
The difference of (3.19) and (3.20) is
(ky+k,)(2by —43b,k 4+ 54b3k 2 —8byk,*)=0 .  (3.21)

f

One of the factors in this product must equal zero. We
first consider the possibility that k, is a real root ¢ of the
cubic equation

2b, —43byk,+54b3k,2—8b,k>=0 . (3.22)
We get
Alr)=—1 (3.23)
1—cr

from the definition of k4. Substitution of this function
into Eq. (3.20) yields the equation

1|1 dB
—— |5 g tx=0, (3.24)
where
bo—7Tbic+62b,c?+54bsc3+byct
P 2 3 ‘ (3.25)

b, —43b,c +28b;c*—8b,c?
The solution of (3.24) is
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7Kr/c

—=Qglcr —1)—*/* (3.26)

This type of solution is a new feature of higher-
dimensional gravity with quadratic and higher-order
terms in the Lagrangian. It does not approach the
metric of flat space-time as r goes to infinity, and so does
not obey the natural boundary conditions for a
Schwarzschild solution.

We now turn our attention to the other possibility al-
lowed by condition (3.21), k;= —k,. It follows that

1
A(r) '

This condition also arises in gravity theories without
higher-order terms. It is used to eliminate the function
A(r) in Eq. (3.20) and upon integration the equations of
motion for a spherically symmetric space reduce to the
relation

B(r)=

(3.27)

129 ds 243 sds
4C= f f ’5+ 22 q> D
+4q, f s’ds (3.28)
where
2
B(r)=1— |— 15, (3.29)
p
D=1+qs+4gs°+q3s°, (3.30)
35 | by 1
=== 2=, (3.31)
q1 3 b1 p2
B; 1
=9 |— | |—= |, (3.32)
q> b] p4
by 1
_ == (3.33)
93 bl p6

It is natural to fix the constant of integration C by im-
posing the requirement that the solution approach the
Newtonian limit as r goes to infinity. For a D-
dimensional space in the Newtonian limit, the potential
¢ associated with a point particle of mass M is given by
the equation

Vip_1)od=47GpM5(r) , (3.34)

where V5, _,,? is the Laplacian associated with D —1

spatial dimensions and r is the space coordinate.
The solution to this equation is

d b1,

b(r)=—47GpM f (3.35)

For D >4, this integral diverges, and must be regular-
ized. Substitution of the identity

1
(k%7 T(z)

12 le K igy (3.36)

into integral (3.35) yields in the limit as z—1 an expres-
sion for the potential:

2977
p—1][21]""°
¢(r)=—4G M7 L+D2r | 14 2_ ] ‘—
-
(3.37)
It can be shown?% that, in the Newtonian limit,
goo=1+2¢ . (3.38)

It follows that, for a ten-dimensional spherically sym-
metric space as r becomes large,

S—»szr -9, (3.39)
where
k=15m°Gp M (3.40)

This boundary condition is substituted into (3.28):

2o Ins InsD’(5) 129 s ds
P = D) fo 0 T 0 b
243 s §dS s 525
+=q . (3.41)
82 0 D(5) 0 D(3)

I denote the right-hand side of this equation by F(s).
This function can only have singularities at s =0 and at
zeros of the polynomial D(s). I assume for the moment
that such zeros exist and denote the smallest one by s
(see Fig. 1). If F(s) is indeed singular at s =s, then the
boundary condition implies that the branch of F(s) that
is of physical interest lies between s =0 and s =s.

We now examine the divergence of F(s) near s,. It is
useful to rewrite Eq. (3.41) in the form

129
sD(s 70 7

243 2fs sds 3fssds

F(s)= const+ f

(3.42)

FIG. 1. Let sq be the smallest positive zero of D(s). The re-
gion of physical interest lies between s =0 and s =s,.
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|
F(S) :
|

FIG. 2. If L(s9) <0, then F(s) is not defined for F > F .-
Such solutions are unphysical.

If I define
1 129 243
L(s)=?+wq1+—8—2-qzs+4q3s2 , (3.43)
then
N
F(s)—>L(sg) [*—=—+ const (3.44)

D(3)

as s approaches sg.
If L(sy)=0, there is no singularity of F(s) at s=s,,

and it is necessary to repeat the analysis for the next

larger zero of D(s), if any exist. If L(sq) <0, then F(s)

is as is shown in Fig. 2. F(s) is not defined in the region

of space 7 <7 ;,, where

, 11/

K,

¥ min = F (3.45)

max
e

Equation (3.41) cannot be solved in this region and this
is therefore not a physical solution.

The L(sy)> 0 case is of physical interest. In this case,
L(s) either has a pair of zeros between O and s, or is
strictly positive in this region. The resulting function
F(s) for each case is sketched in Fig. 3. Equation (3.41)
has a solution for all  between zero and infinity. In Fig.
3(b), there is a radius r, where A(r) and B(r) are
discontinuous as s jumps from s; to s,. The metric is
well defined everywhere else. If F(s) is finite for positive
s, then it is given by Fig. 4. Near s =0, F(s) goes as Ins,
and as s goes to infinity, the divergence of F(s) is pro-
portional to Ins.

We now examine the conditions for the existence of a
Schwarzschild radius. This occurs when
2
2

p

B(r)=1-— s=0 (3.46)

and, therefore,

L(S) vs S L(S) vs S
L(Sp) ' L(So)
|
I B
0 So 0 S) So

(a) (b)

FIG. 3. Solutions such that L(sy)>0 are of physical in-
terest. (a) L(s) is strictly positive in the interval 0 <s <s, and
it follows that F(s) is a monotonically increasing function of s.
The formula Inkp?r ~*=F(s) may be inverted to give s as a
function of r. (b) is similar, but s jumps from s, to s, at r =r.

r (3.47)

=L

Vs
At the Schwarzschild radius, the left-hand side of Eq.
(3.41) equals

F(S)

FIG. 4. If F(s) has no singularities, then F(s) and G(s) al-
ways intersect and black holes form for any mass.
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$Ins + In—5 . (3.48)
I denote this function by G(s). A Schwarzschild radius
exists if and only if the curves G(s) and F(s) intersect in
the region of physical interest. Consider the case when
F(s) is as shown in Fig. 3. For s near zero, F(s) goes as
Ins, while G(s) goes as ZIns. Thus, G(s)<F(s) near
zero. For a proper choice of parameters, no intersection
of F(s) and G(s) and, therefore, no Schwarzschild ra-
dius, exists (see Fig. 5). A black hole associated with a
mass M does not form. Notice that as k gets smaller,
G(s) moves further away from F(s). Since « is directly
proportional to the mass of the black hole, we have a
mechanism whereby black holes of small energy can be
disallowed. Since virtual black holes of large energy are
extremely short lived, their effect is small and violation
of quantum coherence may not be observable. The in-
stability of the Kaluza-Klein vacuum proposed by Wit-
ten would be expected to occur for k/p’ on the order of
1 and so, for sy < 1, it is reasonable to conclude that this
instability is avoided. Macroscopic black holes (i.e.,
those with large «) are still allowed.

If F(s) is described by Fig. 4, the result is different.
Near zero the situation is as before. As s goes to
infinity, the divergence of F(s) is given by

411’1S, q3¢0
F(s)~ mlns’ q3:07 q27&0’

82 (3.49)
q93=¢,=0, ¢q;7#0.

12 Ins,
In all three cases, F(s) diverges more slowly than G(s),
which goes as ZIns. As shown in Fig. 4, a
Schwarzschild radius exists and black holes form for any
mass M.

The problems that black holes have caused in
Kaluza-Klein theory are avoided only if there exists an

FIG. 5. For F(s) as shown in Fig. 3, and a proper choice of
parameters, no intersection of F(s) and G(s) exists. There is
no Schwarzschild radius and a black hole does not form.
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sg < 1 such that D(sy)=0 and L(sy)>0. In the next sec-
tion we examine whether this is possible for the values of
g, and g, found in the calculation for M*x S® above.

IV. CONCLUSION

It is natural to assume that the Lagrangian (1.31)
emerges from some fundamental theory such as the
superstring theory. The constants a, through a, would
be given once and for all and would be independent of
the metric of space-time. We can therefore substitute
into the analysis of the Schwarzschild problem the
values for a,/a, and a;/a,; given by the vacuum equa-
tions.

In our example the vacuum is M*xS® Results (2.27)
and (2.28) imply

D(s)=1—28s4+ 335524 g5, 4.1)

3

where the subscript has been dropped from g;. Equa-
tion D(sy)=0 may be inverted to give an equation for g:
_1__‘ 135

g=——7(1— 255+ 2s5.%) .
So

(4.2)

This function is graphed in Fig. 6. The behavior of D(s)
as a function of ¢ is summarized in Fig. 7. In Fig. 7(a)
we are interested in the branch between s =0 and s =s.
There is a one-to-one correspondence between g and sg.

We need to find the sign of L(sy). There are no real
solutions to the simultaneous equations:

D(sy)=0, L(sy)=0.

Therefore, either L(sy) <0 or L(sy)>0 for all s5. It can
easily be verified that the former holds. It was shown in
Sec. III that the case L(s,) <O is unphysical.

FIG. 6. Equation D(sy)=0 may be inverted to give g as a
function of sg.
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~

(@) g<O (b) g>0

FIG. 7. The behavior of D(s) as g varies is summarized
above.

Figure 7(b) corresponds to Fig. 4. The metric is well
defined, but black holes of any mass are allowed. The
space M*x S°® therefore has no physical solutions.

We have found that if one uses the proper extension of

DANIEL WURMSER 36

general relativity to higher dimensions, it is in principle
possible to avoid many of the problems associated with
Kaluza-Klein theories. Physical requirements place
strong restrictions on the coefficients of the Lagrangian
(1.31). This analysis provides a test for any theory
which predicts a gravitational Lagrangian of this form
and a vacuum solution of the form M*x B.
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