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We extend Weinberg’s formulation of the Lagrangian involving pions and p mesons to include
electromagnetism. We also extend this approach to SU(3). We obtain the results:
8o =(m,2/8)=28prnf % Epun=8 =m,/V2 [, and decay widths for K* K and ¢ =KK as well
as leptonic widths of p, w, and ¢ mesons and charge mean-square radius for K* or K~ meson in
mass-mixing and current-mixing models of SU(3) symmetry breaking. These results agree reason-
ably well with their experimental values and require fx /f,>1 (1.1-1.3). We compare this formu-
lation with the conventional formulation of the effective chiral Lagrangian involving p and 4,
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mesons.

I. INTRODUCTION

It is generally accepted that the chiral quark model,
where the fields in the effective chiral theory are those of
QCD, plus the nonet of Nambu-Goldstone boson fields
(pseudoscalar mesons), is a good low-energy approxima-
tion to QCD. In the linear version of the chiral La-
grangian, quarks belong to the representation (3,1) and
(1,3) of SU(3), XSU(3)g. The nonet of pseudoscalar
mesons belong to the representation (3,3*)+(3*,3) of
chiral SU(3).

Recently there has been a considerable interest in the
effective low-energy chiral Lagrangian.'=* The usual ap-
proach?~% is to construct a Lagrangian from the pseu-
doscalar matrix field U =exp(iX;7;/f,) and linearly
transforming gauge fields ¥, and V,. The nonlinear
gauge nonet fields p, can be obtained from linearly
transforming gauge fields V;,, and Vg, (see Sec. IV).

Another interesting approach is based on noting that
vector bosons are dynamical gauge bosons of a hidden
local symmetry in the U(3); XU(3)g /U(3)y non-
linear®~® o model. This approach is similar to that for-
mulated by Weinberg for p mesons.

In this paper we follow Weinberg’s formulation in
writing the effective low-energy Lagrangian for a nonet
of pseudoscalar and vector bosons. The plan of this pa-
per is as follows. In Sec. II we review the Weinberg for-
mulation for the chiral SU(2) X SU(2) group and extend it
to include electromagnetism. In Sec. III we extend this
formulation to SU(3). In particular, we study the
effective Lagrangian for the decays p—mm, K* -Km,
and ¢—KK and mean-square radius (r,.?) for K~
meson in two models of SU(3)-symmetry breaking. In
Sec. IV we give a brief review of the usual effective
chiral Lagrangian in order to compare the results ob-
tained in this section to those of Sec. II. Finally, in Sec.
V we give the summary and discussion of our results.

II. THE WEINBERG FORMULATION
FOR THE CHIRAL SU(2) X SU(2) GROUP
AND AN EXTENSION TO INCLUDE
ELECTROMAGNETISM

A. SU(2) X SU(2)-invariant chiral Lagrangian

We start with the 0 model and write the Lagrangian
with quark fields, a triplet of pseudoscalar fields, and a
singlet of a scalar field. This Lagrangian is invariant un-
der the global chiral group SU(2) xSU(2). Under this
group, a doublet of left-handed and right-handed quarks
transform as

Y, —g 1YL,
+
U, —g¥., Yr—82Yr -

Mesons transform as

YR —81¥Yr
(1)

S g,3¢), Sg,3g, . )

Here g, is the SU(2) (isospin) transformation and g, is
the chiral SU(2) transformation. X is a 3 X 3 matrix:

2:%(0—”-#') . (3)
The chiral-invariant Lagrangian is given by
L= —JL '}/‘uayd)L _JR )/;Layd"R - \/E(IZL ZIIJR + JR Efd’L )

t

—+Tr(9,2'9,2)—V(2) . (4)
Now Tr(2'2)=(62+7?) is chiral invariant. 3'S
=1(o?+7'?) is also chiral invariant, if [o,7']=0.

We nonlinearize the Lagrangian (4) by means of a

field-dependent gauge transformation

V=060, Yr=0r(E)k , (52)

1
2=0,30% =5 £.9,0k . (5b)
2768 ©1987 The American Physical Society
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£ is a pseudoscalar field and £}, and Qg are unitary ma-

trices, and we take £=(1/v2)f_I. This will give
shs= —f =const , (6)

since we take ='S to be chiral invariant. Here f is the
pion decay constant. We shall write U=, o) R-
The transformed Lagrangian is given by

L=—9, ?//,za/ﬂ?’\L — g YuaplzR +f“‘/&§“1//;1_ yychp'zL

+i‘—/g=2_$Rch\/Rp$R —fﬂf(ﬂ;l,{/}\R +{ZR'7’\L)

'
—1f2Tr(3,U,U)-V(U), 7
where
‘/
ch,‘_z—él(QLa QL) Vo= \/27 Vi,
(8)
V2 1
‘VR#—I—;(QRG QR) L\/R,LL:-‘/—ET"‘/R;‘ .

As first noted by Weinberg, the Lagrangian (7) is
gauge invariant under local transformation:

1?;\,_—>h(x)¢L, 'Z/\R—’h (x)Yr »
Vy—hVpht+ ‘/S’h 3h', )
‘VR#—>h‘VRuhT+ V;lh 9y h',
or equivalently
‘V —->hCVh +1‘/2 a,uh ’
, g (10)
b,—hb,h",
where
v :%(CVL;L'{“CVR#)——\;%_g(QIa#Q’L+Q;a/‘QR) ’
(11)
i
b,=3(V,— cVR#):\/—E—g_(n}\“':')unl-'_Q;r‘al‘ﬂk) )

The above transformation is possible provided Q; and
Q transform as

QL —g, 0 kT, Qr—glgh’,

(12)
U—g,Ug, .

The hidden gauge symmetry is defined by transforma-
tion equations (9). Thus, it is possible to introduce a
vector field ¥, in a gauge-invariant way,! if V, trans-
forms in the same way as ‘V by replacing 8#1// by

[au-zlig""(vu_‘vu)]‘/’
and adding the mass term
—im P Te[(V, —V,)*]

together with the kinetic energy term — | Tr(¥V,,V,,) in

the Lagrangian. Hence, the gauge-invariant Lagrangian

(under h) (removing the caret) is given by
L= —$7y3y¢+l%JYpr¢

iSO by —f 1 f

1f2Te[3,U"8,U]
—im* Te((V, =V, 1= L Tr(V,, V,,),  (13)
where
Vyw=0,V,—3,V, +‘/ glv.,v,l. (14)
We select the gauge such that
Q, =e=0f =0,
ir (15)
T -
E= Vs af. f»=93 MeV |

and identify ¥, with the p, field.
For low-energy phenomena, we use the approxima-
tions

ei§~1+t§+ 1§

l

V=~ Vag o L6l (16)
V2

by~—— 2 9,5 .

Hence, we have from Eq. (13) the low-energy effective
chiral Lagrangian

ig

=5 YsOum | ¢

‘—"'!77’;1 a

1
P F. g

— 3 Tr(3,m3,m)

—%moz Tr

. 1
p#Z__szZp#[ﬂ, a#‘fr]

— L TPy Py - (17)

This gives the result
ml=my’, gpm=m,2/2f.’g . (18)

Equation (18) gives the Kawarabayashi-Suzuki-
Riazuddin-Fayyazuddin (KSRF) relation’® if 8prn=8-
We will now confine ourselves to the meson part of the
Lagrangian (17) in the rest of this section.

B. Electromagnetism and vector-meson dominance

We introduce electromagnetism in the usual way, viz.,
replacing d,m by

B+ s [m QA
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12
and 3,,p, by | L= LFF = Tr(P ) — ?eTr( 0P F o)
ie
a‘upv+ \/—'é[pvaMy ie
—1Tr| |8,m+—=[m,QlA,
in the kinetic-energy part of Lagrangian (17). The La- V2
grangian that we obtain by this substitution does not .
give the vector-meson dominance in the usual sense.'” % 8“17+lfe-[7r,Q].>4#
In order to get the vector-meson dominance, we add an V2
additional gauge-invariant term
gaug —1m 2 Tel(p, —V, ] . (20)

1
—+Tr

e
2=0p,Fuy
g Puvlty

to the Lagrangian. Here Q=7'3/\/§, 04# is the elec-
tromagnetic field, and

Puv=put 5 1P QA — [P QM)
Fuy=3,A4,—3,A, .

With the above prescription, the Lagrangian is given by
|

(19)

In order to explicitly see the vector-meson dominance,
we make the change of variable!®

, e
p,u:P/,t_EQ‘)q,u >

then

~ ’

e
Puv=Puv— gQFyv

and we obtain the Lagrangian

L=—1F, F,,—+Tr(p,,pu)
' 2 V2 1 V2 1
2 2 e ’ e_ 2 2 LV e ' 1 '
—3m, " Tr |p; —Z?p#Q.ﬂ#-l- pE QA —i "Zf,,_z [Tr,ayrr]pﬂ—k——g ——Zfﬁz [7,08,m1QA,
LTr 3,7 3,7+ 29 _e” A 21)
—5 1T uﬂ- yﬂ-+ ‘/'i ,uﬂ.[ﬂ"QMy_ 2 [7T9Q][777Q]‘ I )
where
271172 2112
e e e
A= [1— |[— A, F,=|1—|— ,, == (22)
# g Wtk g # [1—(e/g)?]'?
Removing the prime, we obtain the main result of this section:
)
2
L:—}F#VF#V—-%p#v-pw——%a#fr-ayv——%mpzpf#—e(mpz/g)pﬁ.)‘l#——%mngzfl#z
2 2
To o (wxdm) e | —afe —1 |(rxd ) A 4 eXmmr—mOH)A 2 23)
- 2%f 2P\ T RO, 202f .2 u I T

Independent of any other assumption, we obtain the re-
sults

gpmr:mpz/zgfﬂz’ gpzmpz/g :2gp1r‘rrf772 . (24)

If we assume that the pion form factor is completely
dominated by p meson, i.e., direct interaction of pion
with photon as given in Eq. (23) is zero, we obtain the
result

(m,2/28°f H)=1. (25)
This would give the result
gprnr:mep/‘/ifﬁv gp:‘/impfn’ ’ (26)

i.e., the KSRF relation and the universality. Equations
(24)—(26) are the main results of this section.

Finally, we want to remark that we obtain the same
Lagrangian as given by Eq. (23), first replacing'' p, by

|
pu+(eQ/g)A, in the kinetic-energy term of p, in the
Lagrangian (17), but with the usual prescription for
pions, and then making the change of variable
pu=pu—(e/g)QA, and dropping the prime.

III. THE WEINBERG FORMULATION
EXTENDED TO SU(@3)

A. Effective SU(3) chiral Lagrangian

The Lagrangian (4) is a global chiral-SU(3)-invariant
Lagrangian, provided that we regard quarks as SU(3)

triplet and
S= ‘/L_z(k,-a, —iNT)

where A; (i =0, ...,8) are Gell-Mann matrices, o; and
w; are nonets of scalar and pseudoscalar mesons. As be-
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fore, the nonlinear version of the Lagrangian (4) is given
in Eq. (7), with

; 1
Q, =0f=0=c% &= \/—5}"’5 ,
i 27
CVL;LZT/-?)\'[C\/LI‘LU CVR;L ‘/2
Finally, we note that the Lagrangian (13) also holds for
chiral SU(3). Note that in Eq. (13), ¥, =A;V;, are nonet

I
of vector bosons.

—=AiVRiy -

It may be noted that the meson part
of the Lagrangian is chiral U(3) invariant.

We now take into account SU(3)-symmetry breaking.
There are two kinds of symmetry breaking, one is in the
kinetic-energy term and the other is in the mass term of
I

—1f AT, U3, U )~ —1f 2 | —58,mdm+ —

( 1
fff fK

[z

In the broken SU(3), when we identify the fields £ with
the pseudoscalar fields, we use the appropriate decay
constants f ., fx, etc. The normalization of the kinetic-
energy term gives

2
£l 1+ =[x’ (32)
If we use
m,—m
c=——1 m=Lm,+my), (33)
m

as given by Eq. (30), we obtain

mg—m

fx/fr= (34)

m

In the above relation, if we use current-quark masses
m,=5.1 MeV, m;=8.9 MeV, and m;=175 MeV, we
obtain too high a value of fx /f,, which is not tenable.
Although with constituent-quark masses m, ~my; ~ 340
MeV and m; ~540 MeV, we obtain fx /f,=~1.29; how-
ever, it is not appropriate to use constituent-quark
masses. We conclude that this approach to symmetry
breaking is not tenable. This is not surprising, because
this approach corresponds to spontaneous SU(3) break-
ing. But we know that SU(3) is not spontaneously bro-
ken; there is no Nambu-Goldstone scalar meson.

We now consider case (ii) in which SU(3) is explicitly
broken in the kinetic-energy term. For quarks, we add
to the term

—f (WL + 0 =TY,)

an additional term

—f(GLB3Yr +Pr2BY;,)

e

1
2 ;17788;1778+f 2 pnla,unl

2771

Eq. (13). For the symmetry breaking in the Kkinetic-
energy term, we consider two cases.
(i) We replace X as given in Eq. (5b) by
1 + 1
2 —ar——ad Q Q = = ’
‘/zfrr Lé R ‘/2f‘rrU ’ (28)

where C is a numerical 3 X 3 matrix

C =diag(1,1,1+c¢) . 29
Then the term ff 91 in Eq. (13) becomes
ff0CY=Fff lau +dd +(1+c)5s] . (30)

The kinetic-energy term — }f,,z Tr( G#UTB#U) goes over
to

2
(20,K °3,K°+23,K~3,K")

2

( 2+26) ,u778 aun8+ pnl

V2
V3f,

2
V3f,

(31

|
where B is a diagonal matrix

B =diag(0,0,b) .

When we nonlinearize the Lagrangian, the extra term
takes the form

—f (@ Q" BQYg + 9, 0BQNY, )

We will not discuss this term any further.

Taking into account explicit SU(3)-symmetry breaking
in the U-dependent meson kinetic-energy term of the La-
grangian (13), we obtain this kinetic-energy term

—1f2Te(d,UT3,U)—Lf %2
X [(3,UN$3, 3 +(3,UN3,U)F1 . (35)

The extra term in Eq. (35) gives

—1f K 2[——2(a K°3,K°+9,K~9,K™)

f 2
172 2
+l—=2Lan+ 2] Lo, (36)
\/3 Ss wl 3 S
The normalization of the kinetic-energy term (35) gives

2
s (1+K )=1, (37)
f&*

where « is an arbitrary parameter and cannot be fixed
from the theory in this approach.

B. Mass-mixing model of SU(3)-symmetry breaking

The other kind of SU(3)-breaking term which we in-
troduce is in the mass term of vector bosons. We call
this the mass-mixing model of symmetry breaking. Tak-
ing this into account, we obtain for the mass term,
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—Am Tr[(V, — V)21 = 18m?[(V, — V)5V, =V, o+ (V, =V )UV, —V,)5] . (38)
Here %V, is as given in Eq. (16). ¥, is a 3X3 matrix containing nine vector bosons. For vector bosons, nonet symme-

try is good. Therefore, to simplify the calculation, we use this symmetry and identify » and ¢ mesons as

o= 1 w8+( )I/Zwl’ ¢~_ § 1/260 _'_(_;_)1/260l . (39)

V73
Using Eq. (39), we obtain, from Eq. (38),
2 2

myi=m,=mg?, mi=mo*+8m? myi=my’+28m?, (40)

and the nonet mass formula
mgt—m, =28m?*=2(m My * —mpz) . 41

Using Egs. (38), (16), and (40) the Lagrangian for VPP (V =p, w, K*, and ¢ and P =7 and K) coupling is given by

2
m, - _ —
.LVPP=_i pu-(mX0, 1r)+ i S [p“ «(K1d K+K ‘70,K°)—w, (K “3,K°—K 0,K)]
2 fﬂ fK
44 e [K}(—K7-3,m+H.c.)+K}(—K “T-9,m+H.c.)]
2 8f . fk # h K # h
Filmy/gfx?) ¢u‘—/1:2-(—1?8#K+E”a#KC)H , 42)
where
K+ _
K = Ko | K¢=—inK . (43)
From Eq. (42), we obtain
gpm'r:m Z/ngfrz’ gK*K =mK*2/2ngf7r’ ngK[?:_mdzz/zngz . (44)

In order to introduce electromagnetic interaction, we replace'' ¥, by ¥, +(eQ /g)A

+ Tr(V,,V,,) and 9,§ by

u in the kinetic-energy term

y§+ "1, 0MA,

in the kinetic-energy term

— 18, UT8,U)~ — L —4f 2Tr(3,£9,)
in the meson part of the Lagrangian (13). Here Q is a 3 X 3 diagonal matrix

Q =V2diag(2,—1,—1). 45)
It is understood that in the Lagrangian (13), the vector-boson mass term is to be replaced by Eq. (38). In the Lagrang-

ian that we obtain, we set ¥, =V, —(e/g)QA,. Dropping the prime, we obtain the Lagrangian

L=—1F, F, —+Tt(V,,V,,)—+Tr(d,M 3,M)

puv” pv

+{—ie[(m= 8 m* —m* 3,m )+ (K "3,K+* —K *3,K ")}A,+0 (e?)

—img*Tr ——-Q.;‘l -V, ——Qafl -V, 22

e e
__;_Sm V#—EQQQ#—CV” Vﬂ—gQﬂ“—c\/ﬂ

(46)

Here M is a 33 matrix containing the well-known pseudoscalar mesons (7, K,73,7,), and YV, is given by Eq. (16).
From (46) we obtain our final result
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L=—1F, Fuy—+Te(V,, V) — L Tr(,M 3,M)+Lypp — 1m,2p, — 1m0, — 1m %4,
2 —
e 2 m, \/2 2 1 82
g [P e M A g S i i A2
2 2 2
, m, _ 2 T o0 20 p0n B0
+ie 2g2f,,2 —1 ((7 8”1T+_7r+ o,m )+§———2?7K—2‘-(K 3, K"—K a,,K )
my 4+ 2(my?—my?)
+ V) —1 (K~ 3,K*—K*3,K7)|A, . (47)
28°f+
In addition to the results given in Eq. (44), we obtain the following results:
gp=(mp2/g):2gpﬂ1rfrr2’ gw::(mwz/:;g):%gpmrf‘rrz; 48)

— Vv
gs=—(V2m,*/3g)= ——3’2‘(m¢2/mP2)gp,,,f,,2 :

The first part of Eq. (48) are the results as given by nonet symmetry. As we have noted in Sec. II, the assumption that
the pion form factor is completely dominated by the p meson, viz., mp2/2g 2f %=1 gives the KSRF relation and the
universality. However, we see from Eq. (47) that direct interactions of K *(K ~) and K %X °) with a photon do not
vanish and are, respectively, given by

2 m s —m,?
ie f”2 142K (K8, Kt —K*a,K ),
Sk 3 m, (49)
(12 ]2 metmm? | _
ie j{”z 2 (K%K -K%BK,
K mp

where we have used the nonet mass formula (41). The above expressions vanish only in the SU(3) limit. In fact, when
SU(3) is broken their presence is essential to give the correct normalizations F, +(0)=1 and F,o(0)=0. With the

presence of (49), the electromagnetic form factors of K * and K ° mesons with vector-meson dominance are

2 2 4 4 4
./“172 2 mK. _mP .f‘n'2 1 m m, m¢
Fp (k?)=1~ 1+ + £ + + (50a)
K L3 m? fxPm? |2k 4m,?) 6k +m,2) 3k 4m )
2 2 4
f 2 2 m._s"—m f 2 m 4 m(u4 m
FKO(kZ):_ 11'2‘ . 2 T Tr2 12 - 2 . ot 2 ot 2 : 2 (50b)
23 m, fx:m, 2k24m,?) | 6k +m,?) | 3(kP4my?)
[
where we have used IN¢—-K*+*K " )=1I'=T(¢—>K°K") .
g o m,’ g o m,’ Using the results of Eq. (47), we obtain
PKR = g 2’ BokR= 5o p 20 ma? 52 PK*3
2 (51) NK*—>Km)=—F"5—5(GI),
¢ my,~ fx° p
e =—— , P K P
6KK 2%fx’ s .4 3 (53)
me_ Sn Po”

(1T)

2

K )=
as given by the Lagrangian (42) and the first of relations F¢—K"K™)=

(48) and mp2/2g 2f 2=1. Equations (50) give the correct
normalization and the charge mean-square radii

2 4 3
mp fK Pp

~1.55T(¢—>K°K ?) .

2 2
r 2>_f,, 6 fx (2 _
L frlm2 fi? T The predictions of Egs. (53) and the comparison of these
K P K . . . .
(52) results with experimental values are given in Table I. In
(r.o2)=0 Egs. (53) we use the experimental value I'=153 MeV for
X .

comparison with experimental results.

The numerical predictions for various values of fi /f.
and the comparison with experimental values are given
in Table I.

We now discuss our results for the decays p— i,
K* K, and ¢ >KK. If we write FNp—mm)=T, we
obtain in SU(3) the limit (K *—>K7)=3T,

It is clear from Table I that the KSRF value for g,
is in good agreement with the experimental value for
p—mm decay, as is well known. It is also clear from this
table that SU(3)-symmetry-breaking effects as
exemplified by fx/f,.#1 (and > 1) are definitely there.
In fact, for fx/f,~=1.3, as also indicated by weak de-
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Decay widths for p—7m, K*—>Km, and ¢—KK, as given by Eqgs. (44) with

m,*/2g*f.*=1 and charge mean-square radii for 7= and K * [Eq. (52)] in the mass-mixing model for
various values of fx /f ., and their comparison with the experimental values.

Decay width (MeV)

Decay width (MeV)

Decay (Theory) (Experimental) (Ref. 16)
p—TT 141 153+2
fx/fr=1.0 1.2 1.3
K* K7 80.0 55.6 47.4 51.01x0.8
¢6—>K K~ 8.0 3.9 2.8 2.09+0.13
Charge
mean-square
radii Theory (fm?) Experiment (Ref. 17) (fm?)
(r,) 0.39 (i) 0.46+0.01
(i) 0.31£0.04
fx/f-=1.0 1.2 1.3 N
(r ) 0.30 0.27 0.23 0.28+0.05

cays, an agreement for K * — K width and (r, L2) with

corresponding experimental values is obtained within a
few percent and that for ¢ —KK width within 25%.

C. Current-mixing model of SU(3)-symmetry breaking

We now consider another case in which SU(3) break-
ing is in the V-dependent kinetic-energy term of vector
bosons. This case we call the current mixing model.'?
Taking this into account, we obtain for the vector-
bosons kinetic-energy term

— 1+ Tr(V,, V) — MV 5V,

pva

+V3 Ve ).

pva’” uvi (54)

To simplify the calculation, we will again use the nonet
mixing between wg and w, as given by Eq. (39). Using
Eq. (54), we have, for the kinetic-energy and mass terms

of vector bosons,
— A4+ TV, V)= tm > Tr[(V, —V,)?] (55)

where A=0 for p and w mesons, A=¢€ for K* mesons,
and A=2¢ for ¢ mesons. Redefining the vector field

Vi=V1+AV,, (56)
|
L=—1F,F,,—LtTe(V,,V,,)— L Tr(3,M 3,M)+Lypp —1m,’p,> —
e 2 1 e?
+; mpng—%%mwza)#——i—mpmdsqﬁ“ Jq“—zjg—z

%mpzﬂ#2+ie

we obtain, from Eq. (55),

v :
r 2
- TV, V) ) —4mo” Tr Vien -V, . (57)
Dropping r, we obtain the results
mi=m, =my, m S=my*/(1+e€),
(58)
my2=my*/(142€) .
Equation (58) gives the mass formula
1 1 1 1
2 7 =2 272 (59)
my m,, mKt mp

Using Egs. (57), (59), and (16), we obtain the Lagrangian
(42), but with

mmeg mpm¢

8k*kn™ 28f . fx » 8gkK = — ng](z . (60)

Introducing electromagnetism in the usual way, we have,
using Eqgs. (57), (58), and (60), the Lagrangian

1 2.2 1 24 2
Mo @y —3Mg ",
2

—r
282f1<2 #

1](K‘8#K+—K+8#K") A

(61)

where Lypp is given in Eq. (42), with K*K 7 and ¢KK couplings given in Eq. (60). Thus, for the current-mixing mod-

el, we obtain the results
g,,/mp2=3ga,/mump=——3g¢/\/§mpm¢=l/g ,

instead of Egs. (48).
With the presence of an additional term

2
L_1=
22f2

8 Jk

(62)
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in the K* current, the electromagnetic form factor of the K+ meson with vector meson dominance in this case is
given by

2 2 4 2, 2 2. 2
Fookh=1-27 4 Ir T T le | T e (63)
fxk* o f'mt [ 2kP+m,?) 6k +m ) 3(kP4my?)
where we have used
gp[([?zmpz/zgfl(z’ ngEmemp/ngKz; g¢[(i('=—mpm¢/2gf1(27 (64)
and (62) and (mp2/2g2f,,2)= 1. Equation (63) gives
2 m, 2
Fo =1, (rg,=20 - L]i_ (r.2), (. D)=6/m,? 65
K 3 qu

For the decays K* —Km and ¢—K K ~ and (r, ,>) the results are given in Table II for various values of fx /f ;.

A good agreement with the corresponding experimental values is obtained for fy /f,~1.1, somewhat smaller than
the value needed for mass-mixing model and that obtained from weak decays (fx /f,~=1.25).

IV. GAUGED CHIRAL LAGRANGIAN

In this section, we consider the gauged®> o model. The Lagrangian invariant under local chiral SU(2); X SU(2)g
group (except for the vector-boson mass term) is given by

- 1 . - 1 . e T -
L=—¢; v, |0,— .‘/_E_lgVLy U —YrYu |0u— '\7—518[/12# Yr —V2f (U ZYp +¥r ZYL)
—1TeD, 3D, 35— tm? Tr(V L, 2+ Vi) — £ TrV L Vi + Ve Ve » (66)
where
DHZ=8#2— \/ZgVLHZ+ \/ZgZVR“ 5 (67)
VL,“= V#+A‘u, VR‘u: V.U_Al" VL[LVVL[J.V+VR#VVR#VZZ(V#VV‘ILV+ A[uvA,uv) ’ (68)
T
V, and A4, are triplets of vector and axial-vector mesons. i +
H M = —f— —
We nonlinearize the Lagrangian (66) by means of D,z F v AU i>L“ 4 Q- (70)

field-dependent gauge transformations given in Egs. (5a)

and (5b) [with 3f, replaced by F in Eq. (5b)]. ¥p, and  Hence, we have the Lagrangian, using the gauge given in
VRy transform as follows under these gauge transforma- Eq. (15) (removing the caret),

tions:?

"QL? \/21'

i =
QL B#QL TABLE II. Decay width for K* K7 and ¢—KK [Eqgs.

(60) with m,*/2g*f *=1] and (rK+2) [Eq. (65)] in the
V7?2

current-mixing model for various values of fx /f ..

Vip=Qg Vg, QO + ’QR 3,0k , (69)
Sx/f» 1.0 1.1 1.2
V=0, P00, Vee=0r Prnh . [(K*—>K7) (MeV) 59.7 49.3 41.4
Luy= L PLpv oL 7 Ruv = RER TR TR l"(qS—»K*K ) (MeV) 3.44 2.53 1.70
(re4?) (fm) 0.33 0.28 0.23

We note that, under the above transformation,
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L=—19y, a#——i—%(Vﬂ+7/5Au)}z{:—\/EfF@JJ—%(ZFZgZ)Tr(A#Z)
2 2 2 Vi 2 t 1
—imo? [V, 244, ——g—(Vﬁ/ﬁA#bﬂw?(a#Qayn )| =1 Te(V, VW +A4,,4,,) . (71)

We note that axial-vector mesons acquire mass partially due to the Higgs mechanism. If the explicit gauge-
symmetry-breaking term, viz., the term with m? is absent, the 77 meson is completely eliminated by the Higgs mecha-
nism. Pion fields reappear due to the presence of the explicit gauge symmetry-breaking term.

We now use the Lagrangian (71) for low-energy phenomenonology. Using Egs. (16), we obtain

L=—7y, a#—z'§7-<v#+y5A#) U~ V2 fFPy—L2F% 1 me?) A}
1 1
_%mozvﬂz—%mozg—fﬁv#-(nxayw) gf A,-3,m—1im, ?jr—za#w-a,,ﬂ—%(vyv-v,,v+ A AL . (72)
T T T
In order to eliminate the A, -0, term, we define new fields
A#=A;+bzl/26#1r’, r=z'"2q", fW:zl/zfﬂ, . (73)

We have two conditions from the requirements that the coefficient of the Aj-9,7" term should be zero and that the
1

coefficient of the 8, 7”9, 7" term should be —J. These conditions give (identifying ¥, with p, and my=m,, A with
the axial-vector bosons A 1» and 7" with pion fields, and then dropping r)

bz!'?= —mpz/gf,,mAz, (m,,z—mpz)z(ng,rz/mpz)m/,2 . (74)

From Egs. (72)-(74), we obtain our final Lagrangian:

L=—9y, art'%T'(perYsA +7 (1—g*f2/m 2y sty m |

—V2flm P =m )28 W —m 47 A —dm ) p, 2= Y m 2 fef Ppy (X B, m)

—%ayﬂ'apﬂ_%[pyv'ppv— A/Lv' Ayv] » (75)

where

Puv=0,p,—0,p,—8P,Xp,—8( A, +bz'?3,m)X (A, ,+bz'2d,m),

(76)
A,,=3,A,—3,A, —gp,X(A, +bz'23,m)+gp, X (A,+bz'?d,m) .
From Egs. (75), (76), and (79), we obtain
2 20 2
8/ 2
(p)= 1+ [1— i (77
8prm'\P 2gf,, mp2 mpz
1 2f
prﬂ(pzykz)z_f_‘n_ 1— ] —k )]/(mA _mp > gAprr:O ’ (78)
M
where we have defined 4 ,p7 couplings as g,,,,,,(O):sz/ng,,2 ,
2¢ 2
8
2y — —
[(m g2 =m ) f g€ +20k 1) (p€)g 4pr] - (79) 8prr(Mp") =8prr=8 |1~ m? j , (80)
1 8+
7, and €, are polarization vectors of 4, and p, respec- pr,,(mAz,mpz)—:—pr,,z— 1— Z .
tively, and p and k are their four-momenta. fa mp

From Egs. (77) and (78), we obtain If we set
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m
(1—-8), —1<8<1, (81)
&= \/2f,, <o<
we obtain

~_ M |3=8 |, s
gpn‘n'"’ ‘/Efﬂ, 4 (1 8 );
m*/m, =2/(1+28—8%), (82)
Fapn= }(1+25 8%) .

First we note that the value 8§ =0 is of special interest
since it gives the gauge coupling constant g =m,, /IV2f.
and the Weinberg relation m 4 =12 mp,. ThlS is the
value that also gives g,,,=m, /V2 f. if one ignores the
momentum-dependent term in Eq. (77). However, if we
take into account the momentum dependence of 8prms
then, on the mass shell, g,,,=3m, /V2f. for §=0. In
fact, as is clear from Eq. (82), §=0 gives the results ob-
tained by Schwinger."® The value of g, =m,/V2f is
in good agreement with experimental result, but Eq. (82)
shows that this value is not attainable for any value of &.
In fact, the maximum value of g,,, is (0.79)m,/V'2f,
which one gets for §= —0.15. It is interesting to note
that for this value one obtains m 4 =1.3 GeV to be com-
pared with the experimental value of 1.27 GeV.

In our model A4 ,pm decay is a pure S wave. The D-
wave component of 4 ,p7 decay is zero. This is the nat-
ural value that one gets in the spirit of minimal gauge-
coupling of vector and axial-vector bosons to hadrons.
However, one can generate D-wave coupling for 4 ,p7
decay by introducing nonminimal coupling involving an
arbitrary parameter.*>*

A simple way is to add a gauge invariant term

Lp=—1+CTrD,2D,2'V,,,+D,3'D V¢,

to the Lagrangian (66). Using Egs. (69) and (70) and

nonlinearizing it, we obtain

where we have set CFzg /V2= —1B. Finally, using Egs.
(73), we obtain

Lp=1Bgpu.[( Ay+bz”26#1r)><( A, +bz'%3,1)] .

Taking this term into aécount, we obtain, instead of Egs.
(80),

2
o gl i &S| g m ‘1 ng,fJ
pmm— - 2 | 202 |77 2 ’
2m, 28°f o m,
2
1 fﬂ
S apr= 1— 2+8), (80"
AT 2 f )2
202
1 8
apr= 2f = mo2 ]/3 '

As we have argued above, 8§ is expected to be small.
Neglecting terms of order 82, we obtain

2777
m4*=2m,}(1-28),
e [(1—y)+18(1—6y)]
gpm'r ‘/2-/- —-Y + — 0y
) (82"
prTr f (1+4Y) 1+26) ’
gAp”=——z‘f7(l——4’y)(1+25) ,

where we have set B=—(1—4y). With §=0, Egs. (82')
give precisely the same results as given in the current
algebra approach.'*

We now consider the case in which 4, meson fields
are eliminated in the nonlinear version of the Lagrang-
ian.>* This is an attractive idea as 4, mesons, being p-
wave bound states in the quark model, should be
transformed away by gauge transformation similar to the
elimination of the o field. This has been successfully
done in Ref. 4. In our case, the procedure of Ref. 4 is
equivalent to adding a term

—1R>Tr(Z"V,,3Vg,) (83)

in the Lagrangian (66). Like the mass term, this term
violates gauge symmetry but respects global chiral sym-
metry. Instead of transformations given in Egs. (69), w
consider the transformations

V2
v=ap,0'+2las 0",
g
Vs (84)
Vee=0'P, 0+ —ja*aﬂa ,

so that 4 »=0. The transformations (84) are possible
subject to the following constraint
‘/_ .
VL“:UVR#UM»;-’Ua,,U*. (85)
Then following the procedure similar to that in this sec-

tion (dropping the caret and setting ¥, =p,), we set the
Lagrangian

¢£=——1Z'}’# a‘u_i—\/g—i—p,u ¢"‘/_2fFlZ¢‘-%TF(PmPW)
—L(my’+R*FH)Tr pﬂz——————‘/E;f sPuX[m,0,m]

_g<m02_R2F2)g21 — Tr(8,73,7) . (86)

m

From Eq. (86), we obtain
myt=m*+R*F?*, (87)
and the normalization of the pion kinetic-energy term
gives
my*—R2F?
84
Hence, the Lagrangian (86) together with Egs. (87) and
(88) gives

=1. (88)
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o, [ SR |72

2
mp

1

(89)

If we set R =0, then we obtain’
m
I
gpﬂ'rr - zfﬂ— ’
in complete disagreement with experimental result. We
obtain the KSRF value for g, if

R2F2:lm 2
r .

p (90)

For this value we also obtain, from Eqgs. (87) and (88),

g=m,/V2f . =g o1

The result (91) agrees with the results obtained in Sec.
II. As is clear from Eq. (86), pions have no coupling to
quarks. This coupling has to be introduced by hand,
which is a major defect of this approach.

V. SUMMARY AND DISCUSSION

By extending Weinberg’s formulation of the chiral La-
grangian (in which p mesons are gauge bosons of hidden
local symmetry) so as to include electromagnetic interac-
tion, we have obtained the result g,=m,*/g
=28 prn f.2. By assuming that the pion form factor is
completely dominated by the p meson, we obtain the re-
sult g,,,=g :mp/\/Zf,,, i.e., both the universality and
the KSREF relation.

By extending the same approach to broken SU(3), we
obtain the following results.

Case (i) mass-mixing model:

8x*kn/8pmn=(m > /m ) f - /fk),

84ki /8pmn=—(my2/m ) f2/fk?)

g,/m,*=3g,/m,’
=—3g,/V2my=1/g=V2f./m

(re D=2/ 2,

(r2)=6/m,? .

p

The third equation has been derived in Ref. 6. These re-
sults give reasonable values for the decay widths of
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K*—Km and ¢KK and for (r,.?), provided that

fx/f,=1.2-1.3, consistent with the value one obtains
from weak decays. Moreover, we obtain the results

L rposete )= Tw—ete-)
mp m

w

=2 Igete)

- 2m¢

—(4ma/3) L, ©2)
g
so that we have the sum rule
L F(p—»e*e‘):LF(w——»e+e‘)

3m, m,,

+LF(¢~—>e te™) (93)
[

The results obtained from Egs. (92) and their compar-
ison with experimental results are given in Table III.
Case (ii) current-mixing model:

8x*kn/8prn=Mgs/m,)Nfr/fx),

8,kk /8prn=—{mg/m,)f*/fx?),

gp/my =3¢, /m,m,=—V3gs/2mym,
=1/g=V2f,/m,,

(re D=2/ fMN =20 =m 2 /m ) L2

These results give good agreement between the theoreti-
cal and experimental values for the decay widths of
K*—Km and —KK and for (r, .?) for fx/f,~1.1.
In this case we get the following results for the leptonic
widths:

m,T(p—ete  )=9m, MNow—ete™)

=Im,L(¢p—ete™)

=(4ma’/3)(m,?/g?) , (94)

which give the sum rule!’
tm,C(p—ete )=m, To—ete ) +myI(¢—ete).
(95)

TABLE III. Leptonic widths for mass-mixing and current-mixing models and their comparison

with the experimental values.

Theoretical width

Experimental width

Decay (keV) (Ref. 16) (keV)
p—ete” 5.0 (6.910.4)
Mass mixing Current mixing
w—ete” 0.61 0.59 0.66+0.05
d—ete~ (i) 1.48 (i) 0.84
+
(ii) 2.04 (ii) 1.16 1.31+0.06
with

Ip—ete )=6.9 keV
as input
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The results obtained from Egs. (94) are summarized in
Table III.

Both of the sum rules (93) and (94) have been derived
here using nonet symmetry, but the sum rule (94) is in
better agreement with the experimental data. (For other
evidence in support of current-mixing model, see Ref.
10.)

It may be noted that the chiral scale is A~1 GeV.
The mass of the ¢ meson, which is the heaviest member
of the vector boson nonet, is 1.02 GeV—not much
higher than 1 GeV. If nonet symmetry, which is experi-
mentally well satisfied, is to make sense, then the ¢
meson has to be treated along with the other members of
the nonet. It is therefore justified to consider the pro-
cesses — KK in the effective-Lagrangian approach fol-
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lowed in this paper.

We conclude that our Lagrangian gives good results
for K*—Km, $—>KK decays, and (r,+*) and also for
leptonic widths of p, w, and ¢. At present it seems
difficult to distinguish between the two models of SU(3)-
symmetry breaking considered.

However, the approach of Sec. IV, with the assump-
tion g =mp/V'2f,, gives precisely the same results as
one obtains in the current algebra.
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