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The current experimental evidence on the value of the g-g mixing angle is summarized in the
light of our present theoretical understanding. A value of Hp = —20 is consistent with all present
evidence.

I. INTRODUCTION

The value of the q-g' mixing angle has been the sub-
ject of discussion almost from the time that SU(3)-flavor
symmetry was proposed. In the simplest possible situa-
tion where one assumes the presence of only an octet
and a singlet, the quadratic Gell-Mann —Okubo mass for-
mula yields a pseudoscalar mixing angle of Oz- —10'.
With the same assumption, a Gell-Mann —Okubo mass
formula which is linear in the masses gives Oz- —23'.
For reasons that have to do with both theory and experi-
ment at a given time, over the years most authors' have
taken Oz ——10'.

However, in the past few years new data, ' particular-
ly on P~g(g')y and g~yy, have accumulated which
favor a mixing angle of Oz- —20'. Some of this evi-
dence has already been pointed to as favoring such a
mixing angle.

In this paper we make an up-to-date summary of all
the diff'erent experimental data and the theoretical argu-
ments from which the pseudoscalar mixing angle can be
determined. We show that a value of 6Iz- —20' is con-
sistent with all present evidence if we do not admix oth-
er quark-model, gluonium, or exotic states into the
ground-state pseudoscalar system. No single piece of
evidence is ironclad; aside from experimental errors, one
can argue with the theoretical analysis of any particular
experiment. In particular, we routinely assume SU(3)
symmetry and often the stronger condition of nonet
symmetry in order to relate the SU(3)-octet wave func-
tion to that of the SU(3) singlet. Given these necessary
assumptions, it is the weight of the combination of all
the data that leads to our conclusion. Moreover, the
analysis gives a consistent result within the assumptions;
it does not rule out small admixtures of gluonium or
other states, particularly to the g'.

The paper is organized as follows. In Sec. II we define
the notation and interrelate quark content and mixing
angles. In Sec. III we discuss the yy widths of the g
and g'. Sections IV and V cover P~yg(ri') and
P~pseudoscalar + vector, respectively. Radiative de-
cays, vector~pseudoscalar + photon and pseudoscalar
~vector+ photon, are discussed in Sec. VI. In Sec. VII
we discuss the evidence provided by ~ p~g(g')n
scattering. Section VIII deals with decays of the tensor
mesons involving the g, and, in particular, f~gg and
a2~mg. Finally, we return to the historical starting

point of the subject: namely, mass formulas. The pre-
dictions of mass-matrix phenomenology, linear and
quadratic, are reviewed in Secs. IX and X. Our con-
clusions are found in Sec. XI. Relegated to the Appen-
dix are two topics which are of interest in their own
right and are related to the new width of the g, as de-
rived from the branching ratio and absolute width for

yy: g' gm. and g 3m. .

II. NOTATION

We are interested in consistency with the simplest pos-
sible situation. Thus we assume a two-state system and
neglect possible mixing of the g and g' with other pseu-
doscalar states, whether radially excited quarkonium
states, gluonium, or exotics. We also assume that the
physical states are orthogonal, i.e., that the mixing is in-
dependent of energy. Implicit in the analysis is the as-
sumption that it is sensible to apply the mixing formal-
ism to the processes of interest below.

The SU(3) basis states are then

1
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In terms of these states the q and q' wave functions are
defined to be
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For some purposes it is more convenient to use a quark
basis:
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With our assumption of no mixing with other pseudosca-
lar states, we require

(2.7)

In terms of Op the L's and Y's can be written
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1= Y ~ = —cosOp —( —')'i sinOp7J 7J

Y„=—X„=—( —', ) cos8p — —sin8~,
(2.&)

and, conversely,

&2Xq+ Yq Xq &2Yq
tanOp ———

X„&2Yq &2Xq + Yq

A mixing angle of —10' then corresponds to X„

= ~z ——0.71, while —20 corresponds to X„=Y„.
=0.82.

As pointed out by Chanowitz, use of the quark basis,
Eqs. (2.5) and (2.6), with wave functions in flavor space
that do not differentiate quark states belonging to the
singlet from those belonging to the octet, is implicitly as-
suming a symmetry between SU(3)-octet and -singlet
states: nonet symmetry. Our analyses will employ nonet
symmetry, or a broken version thereof, except in those
cases where it is not required (specifically, two-photon
decays and radiative decays of the f to q and g').

III. y y %'IDTHS

F8

Current algebra predicts the ratios
3m„cosOp e„+e„—2e,2 2 2

m„
(F )'

v'6 Fo

sinOp e„+ed +e,2 2 2 2

v'3 (3.1)

and

r(~o~yy ) m

3
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F, u'6 F, v'3(F )' (3.2)

where F„, F8, and Fo are the decay constants of the
pion, eighth component of the octet, and singlet, respec-
tively.

Let us start in the limit where SU(3) flavor symmetry
is exact, and we have

F8 ——F (3.3)

Note that SU(3) symmetry alone does not imply Fo =F
(Ref. 18) and we do not require the assumption of nonet
symmetry for this argument. The latest experimental re-
sults are '

1 (rr y y ) =7. 3+0.2 eV,

r(g~yy ) =0.56+0.04 keV,

I (g'~yy) =4. 16+0.30 keV .

(3.4)

= 1.06+0.04,F„
Op ———20 +2' .

(3.5)

(3.6)

However, we do not expect F8 ——F„ to be accurate to
better than about 30% because of SU(3) breaking. The
calculation by Donoghue, Holstein, and Lin of one-loop
chiral corrections to F~ and F yields the result

F„=1.25 . (3.7)

A parallel calculation by Gasser and Leutwyler yields
F8/F„=1.21. To estimate the uncertainty in these re-

As has been done previously, we can use these results
and Eq. (3.3) to solve for Fo/F and 8&.

Op ———23 +3'+1', (3.&)

= 1.04+0.04+0.05,F„ (3.9)

where the first error is statistical and the second ac-
counts for the 5% uncertainty assigned to Eq. (3.7).
Both with and without SU(3) symmetry, we therefore
have values of Op near —20, and values of Fo /F
within 10%%uo of unity, although we made no assumption
equivalent to nonet symmetry in either case.

There is one other argument based on g and g' de-
cays which is relevant to this subject. Current algebra
can be used to predict the amplitudes for g~~+~ y
and g ~m+~ y in the soft-pion limit. This result is ir-
relevant for the physical g' where the pions are not
"soft" and there is a strong p resonance that is visible in
the final ~m mass spectrum. It is less clear how relevant
the soft-pion result is for the g.

Nevertheless, applying the soft-pion result to the phys-
ical g, and taking account of the presence of a virtual p
through a multiplicative Breit-Wigner factor, one ob-
tains the prediction

r(g~m+m. y)=1.04X10 GeV
~ 6„ (3.10)

suits we note that a similar calculation for Fz gave the
result' Fz/F =1.20, within 2% of the current experi-
mental value of 1.22+0.01." We see that the calculated
correction to the SU(3)-symmetry relation Fz F„ is not-—
very large, agrees with experiment, and is comparable to
that calculated for the relation Fs F„ in Eq. (——3.7). We
therefore assign an uncertainty to the calculation of
F8 /F of 5%. Using Eq. (3.7) gives'
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where

e

4&3~ F
cosOp

Fq

+2slI1H p

F (3.11)

Using F =94 MeV and the values of F8 and F0 ob-
tained from Eqs. (3.7) and (3.9), respectively, we find

28 eV for Op- —10',
37 eV, for Op -—20 (3.12)

If we use the Crystal Ball result for I (g~yy) to deter-
mine the total width of the g, then the experimental par-
tial width is

I (q~vr+7r y)=71+13 eV, (3.13)

which is significantly larger than the current-algebra pre-
diction in Eq. (3.12) for either Hp = —10 or Hp = —20'.
We conclude that, even though one can argue' that the
presence of the p is incorporated into the current-algebra
predictions at threshold, the correct manner of extrapo-
lation of the amplitude from the soft-pion point to the
physical region for g decay is unknown. (An identical
calculation for the g' also gives a result much smaller
than the experimental rate, but we do not expect the
current-algebra result to be relevant in this case. ) The
large discrepancy between the current-algebra predic-
tions and the experimental results effectively eliminates
q~~+~ y as a constraint on Op.

IV. /~yes(q')

I (tt ~yg) k„
1

tan Op
(4.1)

The current experimental value of the left-hand side is
4.8+0.2. Using this we find

Op ———22 +1'+4', (4.2)

where the first error is from experiment and the second
is an estimated theoretical uncertainty which rejects a
possible 25% symmetry breaking [see particularly Eq.
(3.7)]. This seems like a fairly conclusive result; howev-
er, it is possible to argue for an even larger breaking of
the symmetry. In a physical picture where the decay
proceeds through an intermediate two-gluon state, the
latter [nominally SU(3) singlet] may couple to the final
pseudoscalar through an amplitude with a strong mass
dependence. It has even been argued by Novikov
et al. ' that the mixing formalism cannot be justified
a priori in this case. It is not possible to simply dismiss

The processes /~yes and P~yq' occur primarily
through radiation of the photon from the charmed
quark or charmed antiquark in the initial state, as evi-
denced by the very small rate for P~y~ as compared
to either of the former processes. Assuming such a
mechanism and the applicability of SU(3) symmetry for
the decay amplitudes, the decay proceeds through the
SU(3)-singlet part of the pseudoscalar (because the octet
amplitude does not enter, we need not invoke nonet sym-
metry) and one finds'

3

these criticisms. One can note a posteriori though that
the prediction of Novikov et al. for I (/~yes')/I (g
~yg) disagrees with experiment, while the application
of the mixing formalism yields a value of Op which is
consistent with that obtained from several other sources.

V. P~PSEUDOSCALAR+ VECTOR

Next we consider purely hadronic decays of the
such as /~cog and g +Pg—. An extensive analysis of all
decays of this type was done by the Mark III Collabora-
tion' in which these decays were assumed to proceed
through diagrams involving cc annihilation into three
gluons or a (virtual) photon. Mixing of the q and g'
with other exotic states was also allowed. The con-
clusions of this analysis were that there is very large
SU(3) breaking and substantial mixing of the g with ex-
otic states, a11 within the context of a mixing angle of
Op = —10'.

However, a recent reanalysis comes to a very
different conclusion. This analysis includes the possibili-
ty of both SU(3) breaking and doubly-OZI-suppressed
amplitudes, thereby breaking nonet symmetry in a very
particular way. (OZI refers to the Okubo-Zweig-Iizuka
rule. ) Note that nonet symmetry is still used to relate
singlet amplitudes to octet amplitudes. The data is fit

excellently, with moderate breaking of SU(3), and, as-
suming no mixing of either the q or g' with exotic states,
it yields a value for the nonstrange-quark content of the

g that corresponds to

i

X„ i

=0.79+0.03 .

This is consistent with ~X„~ =0.82 (corresponding to
H p ———20'), and is inconsistent at the 4o level with
Hp

———10'. We conclude that the data on g~pseu-
doscalar+ vector favors Op- —20'. %'e note that the
analysis does not break SU(3) and nonet symmetry in the
most general way and that the conclusion may depend
on the form of breaking chosen.

VI. RADIATIVE DECAYS OF LIGHT MESONS

We calculate these magnetic dipole transition ampli-
tudes in the framework of the quark model, with SU(3)
(and nonet symmetry) broken in the time-honored
manner by a difference between the down- and strange-
quark magnetic moments. ' A summary of the results is
presented in Table I, with all decay rates normalized to
the recent Novosibirsk result, " I (co~~y ) =764+69
keV, which is 11% below the central value of the Parti-
cle Data Group. Both this result and the associated re-
sult for the total width of the co are significantly smaller
than the previous world average, but appear to be very
clean, systematics-free measurements. We have also in-
cluded other current experimental data. ' '

Over the years, the experimental data have evolved
from gross disagreement to better and better agreement
with the quark model. The latest data extend this trend.
The theoretical values in the table were calculated taking
the ratio of strange- to down-quark magnetic moments,
or equivalently md/m„equal to 0.8, chosen to best fit
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TABLE I. Radiative decays of light mesons. The theoretical and experimental widths are normalized to that for co~~y.

p

Process Ratio (theoretical)

0.105

0.088
0.19

i X„ i
'(k„/k )'

Ratio (experimental)

0.093+0.015 (Ref. 2)

0.067+0.010 (Ref. 2)

0.153+0.021 (Ref. 2)

0.072+0.019 (Refs. 12 and 14)

Result

i X„ i
=0.76+0.06

4 m„
9 m,

0.066+0.013 (Refs. 2 and 12)
i

Y'„
i

=0.52+0.05

pr
'g ~QPp

3 IX„ I

Z(k /k )'

—,
'

i X„ i

'(k /k )'
0.086+0.015 (Refs. 2 and 15)

0.0103+0.0023 (Ref. 16)
i
X

i

=0.57+0.05

~

X„=0.65+0.07

VII. m p SCATTERING

We consider the reactions m p ~gn and m. p ~~~'n.

At very high energies the difference in the phase space
for the two processes becomes negligible and then SU(3)
symmetry and the OZI rule (or equivalently, nonet sym-

metry) predict the ratio of cross sections
2

cr(zr p~g'n)
cr(vr p ~rjn)

(7.1)

There is some disagreement over the experimental value
of this ratio. One group ' finds 0.55+0.06, which im-

plies a mixing angle of Oz ———18'+1.4', while another
group finds 0.67+0.03, yielding Op ———15 +1'. There
is an ambiguity in the extraction of the left-hand side of
Eq. (7.1) from an experiment centered around the
theoretical question of whether to use the whole cross
section' or only the part coming from the spin-flip am-

plitude. ' This adds an additional uncertainty. In any

the data from the K* decays. A value of md/m, =0.7
yields a prediction 15% higher for K*+~E+y and
15%%uo lower for K* ~K y and changes the value of

~
Y„~ as derived from P~rjy to 0.59+0.06, a result

which favors Oz- —20'. Reading from Table I, we see
that the data for rtz~z)y and rI'~py favor Hp = —20' by
several standard deviations, while the data on p~qy
and q'~coy favor an angle midway between —10 and
—20 but are consistent within one standard deviation
with either value. The first three lines in the table show
us the level of SU(3) violation. We see that SU(3) is bro-
ken at the level of 30% in the rate. This means that our
values for the X's and Vs should be considered to be un-
certain to within 15%%uo. Unfortunately, this uncertainty
prevents us from discriminating decisively between
Oz ——10' and Op ——20' on this basis alone. As a
check on the assumption that ~X„~ +

~ Y„~ =1 we
note that the values from Table I give

~ X„~
+

~ Y„~ =0.85+0. 15, a value consistent with unity but
leaving room for non-negligible contributions from other
states. We cannot check on the corresponding assump-
tion for the q' since we have no direct information on
Yz, measurement of the rare (and as yet unobserved)
process, P~z)'y, would remedy this situation. We con-
clude that the radiative decays of the light mesons favor
Op ——20, but cannot rule out Oz ——10'.

First we consider the decay f~7)rI. SU(3) and the
OZI rule (or equivalently, nonet symmetry) lead to the
prediction

5
I (f~z)z7)

~

~ ~

4
k

(8.1)
I (f~~rr) ' " k„

where the d-wave character of the final state has been
used to correct for the phase-space difference between
the two decays.

The present experimental data is conflicting. One
group finds B(f~z)r))=(5.2+1.7)& 10 which im-
plies

~
X„~ =0.83+0.07, corresponding to Hp = —20'.

A second group measures 8 (f~z)z) ) = (2.2+0.8)
X10, which implies

~ X„~ =0.71+0.05, and corre-
sponds to Oz- —10.

As a check on the validity of SU(3) and the phase-
space correction factor, we note that the prediction

I (f~KK)
I (f~sr~) (8.2)

is in excellent agreement with the experimental value of
0.034+0.003.

Lastly, we examine the decay az~~g. We predict
that

7 5I'(a z ~vrrI) =2 /X„f (8.3)
I (az ~KK) ~ kx-

The experimental value of this ratio is 2.96+0.54. In-
serting this into Eq. (8.3) yields

~ X„~ =0.72+0.06, con-
sistent with Oz ——10. We conclude that the tensor
meson decay data prefer Oz ——10' by a couple of stan-
dard deviations in somewhat conflicting experiments.

IX. QUADRATIC MASS MATRIX

In a basis of SU(3)-octet and -singlet states the most
general quadratic mass matrix is

m a
18

a m
gp

(9.1)

case, we see that the first result favors Op- —20' while
the second result falls exactly between Oz ——10 and
Oz ——20, favoring neither value.

VIII. TENSOR-MESON DECAYS
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First-order SU(3) breaking is incorporated through the
Gell-Mann —Okubo mass relation

m„=—', mx. —
—,
'm =(0.56 GeV)

t8
(9.2)

= (0.61 Ge V ) (9.3)

where p is a typical hadronic mass scale, p = 1 Ge V.
Using this value of m „ in the mass-squared matrix and

~8

diagonalizing (allowing a to vary) gives Op ——20'.
Thus the small shift in m„of 0.05 GeV from chiral

~8
corrections is enough to change the mixing angle from
one standard choice to another. Gasser and Leutwyler
calculated all the O(m ) contributions to the rI and g'
mass in the context of chiral perturbation theory. Their
analysis yields Oz ———20'+4'.

These analyses are supported by similar calculations in
the 1/N expansion, which give Op- —18', and by the
semiphenomenological treatment of Filippov, which
derives Op ——19'.

In order to retain predictive power the analysis follow-
ing from Eq. (9.1) neglects mixing with other pseudosca-
lar states, whether from the quark model or involving
gluons and assumes that a and m

&
are independent of

energy. This is aside from any uncertainty in the one-
loop chiral correction given in Eq. (9.3). (For example,
increasing m„by another 0.05 GeV to a value of 0.66

t8

GeV causes Op to go from —20' to —28'. ) Given this

We leave the other elements of the matrix as free param-
eters, although in the quark model the octet-to-singlet
[SU(3)-breaking] transition mass matrix element a and
the mass of the SU(3)-singlet state are calculable in
terms of m& and m „.Leaving m „ free also accounts

0

for possible contributions to the singlet mass matrix ele-
ment from two-gluon intermediate states or from the
QCD anomaly in the divergence of the ninth axial-vector
current.

Requiring that the physical g and g' be eigenvectors
of this matrix with eigenvalues, m„and m„, respec-
tively, yields Oz- —10. This was basically the original
motivation for the use of O& ———10'. It is interesting to
note that if we take the view~oint that a is fixed by the
quark model to be a =—', U'2(mlc —m ), keeping mz
as given by the Gell-Mann —Okubo formula then we find
a mixing angle of Oz- —18', while if we keep a fixed
at its quark-model value and allow both m„and m„lg ~0

to be determined by the eigenvalue equation, then we
derive a mixing angle of Oz ——22'.

In employing the form of the mass matrix, Eq. (9.1),
we have assumed that all the deviation of the g mass
from the prediction of the Gell-Mann —Okubo mass for-
mula is caused by mixing with the g'. However, there
are other corrections to the g mass of the same order.
Donoghue, Holstein, and Lin have calculated one-loop
chiral corrections to m „~8

2

2 2m =—'mx ——'m ——' 1n(mx /p )~8 (4rrF )

sensitivity, it is remarkable that the results of the various
calculations presented in this section agree with those
found in other ways in the previous sections and, al-
though each analysis can be argued with, taken collec-
tively they strongly favor Oz ——20' over Oz ——10'.

X. LINEAR MASS MATRIX

The linear mass matrix which is the analogue of the
quadratic mass matrix in Eq. (9.1) in the octet-singlet
basis is

m„

a m„~0
(10.1)

where now m is given by the linear Gell-Mann —Okubo
18

mass formula

4 1m =—m~ ——m
3 3 77 (10.2)

—X„Y„(m„—m„)
2 2

Xq m„+ Yq m„—Xq Y„(m„—m„)

(10.3)
and parametrize it with the form

m +2a' &2ab

&2ab m, , +b (10.4)

This form of the mass matrix assumes a specialized form
of nonet symmetry in which the binding energy of the
singlet state is equal to the binding energy of the octet
states, the mass being dependent only on the quark con-
tent. Physically, the mixing amplitudes a and b may be
interpreted in terms of a pseudoscalar quark-antiquark
state passing through an intermediate two-gluon state to
another quark-antiquark state with allowance for a mass
dependence [and therefore nonet and SU(3)-symmetry
breaking]. If we impose a value for Op, the mass matrix
is fully determined (given also the physical g and g'
masses). We can then compare to Eq. (10.4) and read off
values for a, b, and m„. In particular, choosing
Oz ———10', we obtain

746 203
, 203 752 MeV, (10.5)

which implies a = 304 MeV, 6 =68 Me V, and m„
=684 MeV. If instead, we choose Oz ———20', then we
filnd

680 191
191 823 Me V, (10.6)

giving a =271 MeV, b =67 MeV, and m =756 MeV.
The values of a and b in the two cases are very close
numerically and both values of m,, are within the

Diagonalizing this matrix gives Oz ——24 .
Up to this point we have neglected self-mixing and

energy-dependent mixing. To investigate more elaborate
forms of the mass matrix we rotate it to a basis of
nonstrange- and strange-quark states:

2 2L„m +Yz m&
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bounds placed on this quantity by meson hyperfine split-
ting in potential models. Thus, depending on what as-
sumptions are made, the linear mass matrix is consistent
with both Oz- —10 and Oz- —20 and is unable to
discriminate decisively between them.

XI. CONCLUSION

We have summarized the various data pertaining to
the pseudoscalar mixing angle and found that il(il')
~yy, /~i)(g')y, f~pseudoscalar+ vector, and m p
scattering favor the choice of —20 over —10 . Other
data weakly favor —10 or are inconclusive and con-
sistent with —20', but unable to distinguish between
them. We should note that our conclusion rests heavily
on the simple mixing scenario we have chosen and, to a
somewhat lesser degree, on the manner in which SU(3)-
and/or nonet-symmetry breaking have been used in the
various arguments. Even given our assumptions we do
not claim to rule out some mixing of g or q' with exotic
states or values of the mixing angle a few degrees
different than Oz ——20'. We have just shown that the
present data is consistent with the simplest mixing
scenario and with a mixing angle of Op ——20'.

I (il~tr+ir tr )=250+36 eV, into Eq. (Al) yields

~d mu =0.017+0.0012 .
2&i

(A3)

md ~u =0.014+0.004 .
2mS

(A4)

Now consider the other isospin-violating process of in-
terest: @'~Per . A pole model where the decay
proceeds through an intermediate g or g' gives

3
r(q q~') 1.,g„+1.,g,

k„
(A5)

where A. „and A, „describe the mixing of the g and g'
with the pro, and g„and g ~ are the couplings for p'~pi)
and p'~l(il'. The mixing parameters can be expressed
in terms of Hp and (md —m„)/m, . Taking 8~= —10'
gives

Gasser and Leutwyler have calculated the one-loop
corrections to Eq. (A2) and found them to be substantial.
From their calculation we derive a value of the up-down
mass difference of
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APPENDIX: g~ir+m ir AND Q' —+tPn

The isospin-violating decay g ~n+ ~ ~ can be inter-
preted in terms of an il —ir transition (which violates iso-
spin and proceeds through the up-down quark mass
di(ference) followed by a strong-interaction ir to 37r tran---
sition which can be calculated using current-algebra
techniques, yielding '

md —~u" =3. 1
g 2ms

while Op ———20' implies

g~ Ugd —Ul~=2. 1
g ~ 2fPl

With the experimental value

0
=0.037+0.010,

Oz ———10 gives

md ~u =0.021+0.004,
2&7

(A6)

(A7)

(A8)

(A9)

r(q ~ ~ ~')=~a
~

487eV, (A 1) while Oz ———20 gives

where

8mk

3&3F„'
~u md

2m,
(A2)

The experimental value of I (i)~tr+ir tr ) increased
when the new rate for q~yy increased the total width
of the g. Inserting the new experimental value,

md —m„ =0.014+0.003 .
2m,

(A10)

These two results bound those from the decay
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