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For very heavy quark masses, QCD predicts that the inclusive hadronic production of heavy
quarks is governed by quark and gluon hard-scattering subprocesses. On general grounds, one ex-
pects corrections of order p/M~, where p —300 MeV and M& is the heavy-quark mass. At the
charm mass scale, such corrections could be important, possibly accounting for the anomalies ob-
served in the nuclear-number dependence, the longitudinal-momentum distributions, and beam-
flavor dependence of charm hadroproduction. In this paper we present a general overview of such
corrections. In particular, we discuss a "coalescence" correction, which substantially alters the
cross section in situations where the heavy quark is known to have a low velocity relative to one
or more constituents of the spectator jet. In attractive channels the result is a large enhancement.
In inclusive cross sections this final-state-interaction effect is suppressed by only a single power of
the heavy-quark mass.

I. INTRODUCTION

The calculation of heavy-quark production is one of
the most important applications of QCD, both for pre-
dicting the production rate of new strongly interacting
particles, and for assessing the backgrounds to other
types of new physics. In a recent analysis, Collins, Sop-
er, and Sterman' have argued that the proof of factoriza-
tion for massive lepton pairs in perturbative QCD can
be generalized to the production of heavy quarks,
M& » AMs (MS denotes the modified minimal-

subtraction scheme). However, this argument applies
only to the inclusive cross section in leading order in

I/M~. It leaves open the possibilities (a) that there are
large corrections to the inclusive cross section, scaling as
p/Mg (where p is a typical light-hadron mass of order
AMs), and (b) that the perturbative Born term is com-

pletely unreliable for a restricted class of kinematic
configurations of a semi-inclusive cross section in which
another particle is detected as well as the heavy
quark —only the inclusive integral over the second parti-
cle need exhibit factorization.

In fact, we can identify a specific nonperturbative
effect, which we term "coalescence, " that leads to eftects
of both types. For this purpose, it is useful to consider
the semi-inclusive cross section in which the momentum
of a spectator quark in the final state is measured. In
this case, it has been argued that there are large
enhancements to the cross section at low relative veloci-
ty between the spectator and the heavy quark in an at-
tractive channel, analogous to the Schwinger correction
to e+e annihilation near the threshold for production

of a heavy-quark pair. In this paper, we explore QED
analogues to heavy-quark production that exhibit both
asymptotic factorization for the inclusive cross section
and, on the other hand, large nonperturbative correc-
tions coming from low-relative-velocity configurations.

The factorization analysis of Ref. 1 is largely limited
to low-order diagrams. However, there exists in QED
an all-orders (in Za) result, due to Bethe and Maximon,
for a closely analogous heavy-particle production
process —namely, the Bethe-Heitler cross section for ul-
trarelativistic lepton pair production in a strong
Coulomb field. One may ask whether this all-orders re-
sult is consistent with factorization. In order to display
the physics of this process as clearly as possible, we shall
present a new derivation of the Bethe-Maximon results
in Sec. II, based on high-energy eikonal analysis. The
derivation explicitly demonstrates that the ultrarelativis-
tic Bethe-Heitler cross section does, indeed, take a fac-
torized form. This increases our confidence that the
analogous factorization works in QCD to all orders in
the strong coupling constant.

One may also consider the Bethe-Heitler cross section
for lepton pair production in a strong Coulomb field in
the case in which the negative lepton is produced with
low velocity relative to the spectator nucleus. One ob-
tains a significant enhancement in the cross section.
This eA'ect results from the attractive binding force be-
tween the negative lepton and the positively charged nu-
cleus. In Sec. III we analyze a similar situation of direct
experimental interest: production of a heavy particle in
the presence of a spectator system composed of light
particles. Using the Coulomb approximation, we
demonstrate that QED predicts a strong enhancement in
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the cross section when the heavy particle and spectator
system have similar velocities and are in an attractive
charge configuration. It takes the same form: namely, a
Sommerfeld-type Coulomb-correction factor to the Born
cross section. We also show that such enhancements are
entirely consistent with factorization for the inclusive
cross section, yielding possibly large order-p/M&
higher-twist corrections.

In the final sections we assume that analogous results
will be obtained in QCD for heavy-quark production in
hadronic reactions. Replacing charge by color and the
electromagnetic coupling by the strong coupling, we can
pursue the impact of the specific results obtained in Secs.
II and III upon important phenomenological issues for
charm production. We conclude with an overview of
theoretical predictions for nonperturbative QCD correc-
tions to heavy-quark production cross sections.

Before proceeding, we wish to motivate the reader by
enumerating the reasons why heavy-quark hadroproduc-
tion plays a critical role in particle-physics phenomenol-
ogy.

(1) For a large quark mass or large jet transverse
momentum compared to the QCD scale AMs, the pertur-
bative predictions are unambiguous and thus serve as
important checks of QCD and the factorization
theorems. '

(2) Since the gg~QQ subprocess is generally dom-
inant, heavy-quark production cross sections give essen-
tial checks on the gluon distribution of hadrons.

(3) QCD predicts a number of novel features for the
hadroproduction of heavy quarks, such as forward-
backward asymmetries ' in pp collisions, and exclusive
channel dominance near threshold.

(4) An understanding of heavy-quark production is
necessary to project the rate for new-particle
production —including new vector bosons, Higgs parti-
cles, supersymmetric hadrons, etc.

(5) Heavy-quark events must be understood in order to
unravel single and multiple prompt lepton signals,
flavor-mixing parameters, and backgrounds to rare pro-
cesses.

(6) The muon content of high-energy cosmic-ray
showers depends in detail on the properties of charm
photoproduction and hadroproduction. '

(7) Most interesting from the theoretical point of view
are the intriguing anomalies in the data for charm ha-
droproduction, since they are difficult to explain from
standard perturbative QCD. The observed xb charmed-
hadron distributions appear flatter than predicted by pri-
mary "fusion" subprocesses. " ' The dependence of
the cross section on the nuclear number in fixed-target
experiments is significantly less than additive. ' The
cross section for the charmed-strange baryon A + (csu )

produced by incident X (sdd) beams appears anoma-
lously large. ' ' Finally there are hints from the Euro-
pean Muon Collaboration (EMC) deeply inelastic muon-
scattering experiments' that the charmed sea distribu-
tion in the proton may be larger than predicted by stan-
dard evolution. An essential question is then whether
the charm mass scale is sufficiently large such that
charm hadroproduction in all kinematic domains is safe-

ly in the QCD perturbative domain, or whether the
above empirical anomalies might be providing new in-
sights into physics at the interface between perturbative
and nonperturbative QCD.

Let us review the standard QCD analysis. The factor-
ization formula

1 1= X f dx. f dxbG„„(x.,Mg)
ab

)& Ghats(xb, Mg )do,b, ,d.

gives the dominant contribution to the heavy-quark pro-
duction cross section to leading order in p/Mg. We im-

plicitly assume that we are integrating over a range of
p7. and mass of the QQ system, and that the transverse
momenta of the individual Q and Q are not much larger
than Mg. One calculates 8 as an expansion in a, (Mg ).
The factorization formula gives the total inclusive cross
section. Thus, diffractive processes, to the extent that
they contribute at leading order in p/M&, are already
included and should not be added separately. '

Although the physical arguments are convincing, a
complete proof that factorization gives the leading
power-law contribution to the cross section is highly
nontrivial and has only been outlined. ' For instance,
one difficult aspect of the analysis is the subtlety con-
cerned with initial-state elastic interactions and their
possible effect on color averaging. ' An explicit demon-
stration that these interactions do not destroy factoriza-
tion has not yet been given, except in the case where the
subprocess amplitude corresponds to annihilation into a
color singlet, as in massive-lepton-pair production.

The dominant short-distance subprocesses contribut-
ing to the inclusive heavy-quark production cross section
are the gg ~QQ and qq ~QQ fusion reactions. The
dominant contribution to the integrated cross section
from these processes arises from the region p&-M&.
The distribution of either heavy quark is relatively flat
for small rapidity, but vanishes rapidly at large Feynman
xz. However, we can also examine regions in which one
of the heavy quarks is produced with pz ~M&. In these
regions two-to-three subprocesses, such as gg ~gQQ, be-
gin to be as important as the two-to-two subprocesses.
The former have been calculated in Refs. 7 and 8.
[When pr is so much greater than Mg that
in(pr/Mg ) —1/a„a more complicated formula, involv-

ing, for instance, heavy quarks as constituents of the pro-
ton, is necessary. ]

As emphasized in Ref. 7, the region in which the final
gluon has large pr and recoils against a QQ system with
invariant mass -M& is of special interest, as are the
corresponding regions in yy~yQQ and yy~gQQ in
which the final y and g, respectively, have large pz-. In
such configurations the Q and Q are isolated kinemati-
cally and can have small relative velocity. This is a con-
venient and important experimental testing ground for
the nonperturbative corrections that are the focus of this
paper. We shall return to discuss these processes in the
conclusion.

We conclude this introduction by summarizing the
important uncertainties in theoretical predictions for
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heavy-quark production.
(1) Higher-order corrections in a, . Although the

two-to-three tree subprocesses have been evaluated ' the7, 8

virtual one-loop corrections to the two-to-two ampli-
tudes have not yet been calculated. In view of the large
color couplings of incident gluons, one might expect a
large "K" factor correction to the Born results.

(2) Order-p/M(i corrections. We identify four such
higher-twist eff'ects: (a) The relation between the heavy-
quark mass and the measured QQ bound-state mass is
uncertain. This results in a substantial numerical uncer-
tainty in the charm-quark production cross section; for
higher-mass quarks this sensitivity is considerably less.
(b) As first shown for the Drell-Yan process, one must
satisfy a "target-length" condition ' in order that inelas-
tic initial-state interactions do not ruin factorization:
the active quark or gluon energy must be large com-
pared to a scale proportional to the length of the target:
x, s &M&L&p where p is a typical hadron scale and
L„ is the length of the target in its rest frame. (c) It is
possible for the incoming beam particle wave function to
contain "intrinsic" heavy-quark states, e.g. ,

~ qqqQQ ) .
These have been explored in Ref. 22. The probability of
such virtual states scales as 1/M& . These virtual states
live for a time of order 1/M& in their rest frame, unless
a collision provides the necessary energy for their ma-
terialization. In normal collisions this energy is provid-
ed via a hard interaction and the net cross section is
suppressed with respect to gluon fusion by p /M& (Ref.
23). However, if one violates the target-length condition
given previously, by using a very thick nuclear target,
then multiple soft collisions can accumulate to allow in-
trinsic heavy quarks to materialize with a cross section
equal to the probability of the intrinsic state times the
beam-nucleus elastic cross section. (d) Interactions of
spectator partons with the produced heavy quarks can
lead to large order-p/M& corrections to the totally in-
clusive heavy-quark cross section and to significant
enhancements of semi-inclusive cross sections in particu-
lar regions of phase space —the coalescence enhance-
ment.

Of the above eff'ects, intrinsic heavy-quark states and
the coalescence phenomena have the potential of provid-
ing a unique probe of the boundary between perturbative
and nonperturbative QCD. The focus of this paper is
upon the physics of coalescence and its consistency with
factorization.

II. PRODUCTION OF RELATIVISTIC
MUON PAIRS IN AN EXTERNAL COULOMB

FIELD
In this section we will investigate the process

@~@++A in the presence of the Coulomb field of a
nucleus of charge Ze (treated as pointlike and infinitely
massive). Our investigation extends and makes more
precise the results in the Appendix of Ref. 1. We sup-
pose that the photon energy is much larger than the
muon mass M, so that the produced muons are highly
relativistic. The ultrarelativistic cross section was calcu-
lated to all orders in the classic paper of Davies, Bethe,
and Maximon in 1954 (Ref. 5). The process of lepton

pair production in a Coulomb field is of interest as a test
of quantum electrodynamics, but our interest in it here
stems from its similarity to heavy-quark production in
the gluon field of a hadron. We are, therefore, interested
not so much in the results as in certain key features of
the physics that are important in the derivation. In par-
ticular, we are interested in the dependence of the phys-
ics on the muon mass.

In order to illustrate the physics in as simple a fashion
as possible, we will replace the incident photon and the
muons by scalar particles. The derivation including spin
would involve a certain amount of added complexity
without introducing any essential new physics.

A by-product of our investigation is a rederivation of
the Davies-Bethe-Maximon results (modified for scalar
particles) using modern techniques that simplify the
derivation enormously.

We begin by defining the kinematics. We choose to
work in the reference frame of the nucleus. We will
denote four-vectors by their components V"
=( V+, V,V), where V +—=(V +V )/2' and V
denotes the transverse components of V". The kinemat-
ics of the lowest-order diagram are defined in Fig. 1. We
let the momentum of the incident photon be

k"=(P, O, O), (2)

where P is to be very large, much larger than the muon
mass M. The muon momenta are

lc~=(zcP, (lc +M )/2zcP, lc)

lg=(zDP, (lD +M )/2zDP, 1D),
(3)

From momentum conservation, we conclude that

q = ( lc +M ) /2zcP + ( ID +M ) /2zD P,
q=lc+ID, zc+zD ——1+q /P =1 .

(5)

We now can make an important observation. Consid-
er the muon line carrying momentum lD —q in the
lowest-order diagram, Fig. 1. We shall assume that lc
and 1D are not much larger than M . This is indeed the
case in the integration region that provides the dominant
contribution to the total cross section. Then

(lD —q)+ =zDP -P,
(lD —q) = —lc ———(lc +M )!2zcP-M /P .

Consequently, the space-time separation Ax" between
the two electromagnetic vertices obeys

Ax —1/P, Ax + -P/M (7)

Thus both Ax+ and bx as viewed in the dimuon rest
frame are of order 1/M; Lorentz-contraction factors
M/P and P/M then give the results (7) in the nucleus
rest frame. Also, in order for the virtual muon to have a
significant amplitude to propagate over the interval Ax",

where we take the momentum fractions zz and zD to be
finite fractions of 1. The net momentum transfer q"
from the field obeys q =0, so that

(4)
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FIG. 1. Lowest-order diagram for lepton pair production on
a heavy nucleus.

FICr. 2. Lepton pair production in the field of a nucleus,
viewed from the nuclear rest frame.

( Ax ) cannot be much larger than b,x + b,x
Ax-1/M . (8)

Thus, when the muon mass M is large, there must be
short-distance scattering: the interactions that create the
muon pair take place within a space-time volume in the
form of a hypercube with sides of length 1/M as viewed
in the dimuon rest frame.

In the nucleus rest frame, this volume appears
stretched by a factor P/M, so that the initial creation of
the virtual-muon pair occurs long before the pair reaches
the region in which there is a significant field, as indicat-
ed in Fig. 2. The transverse separation r between the
muons, which is boost invariant, is of order M

We are now in a position to estimate the cross section
and to determine what values of the impact parameter b
give important contributions to the cross section. There
are two cases. First,

~

b
~

can be of order 1/M. The
contribution to the cross section from this region is of
order

a(Za) n.b -a(Za) /M

at order iV+ I in a, X =2, 3,4. . . . Second,
~

b
~

can be
much larger than 1/M. In this case there is a partial
cancellation because the muon pair is electrically neu-
tral. The field interacts only with the electric dipole mo-
ment of the pair, which is of order e

~

r
~

-e/M. The
interaction is proportional to the transverse gradient of
the potential, integrated along the path of the muon
pair:

f dzET Ze f -dz ~b~ /(z +b ) -Ze/~b~

Thus, the contribution to the cross section from impact
parameters large compared to 1/M is of order

(Z a /M ) f d b8(fbi ))1/M)/fbi
—(Z a /M )ln(LM) . (10)

Here we have noted that the integral is logarithmically
divergent at large b and we have supposed that the
Coulomb potential is cut off at distances greater than
some large screening distance L (e.g. , the size of the
atom in which the muon pair is created). We shall dis-

cuss what happens if the infrared cutoff is removed later
in this section.

Equation (10) applies at lowest order in Za. At order
(Za) we would have a contribution

a(Za/M) f d b 0(
i
b

i
)b;„)/

I

b
I

-a(Za) (1/M')(1/b;„M)

where, by hypothesis, b;„M )& 1. Thus, the higher-
order contributions in (Za) to the region

~

b
~

&&1/M are
suppressed by powers of M.

We may draw some conclusions from the discussion so
far.

(1) The cross section is of order 1/M, as expected on
dimensional grounds in a theory with a dimensionless
coupling.

(2) The b —1/M contribution is entirely controlled by
short distances of order 1/M. Thus, it involves the run-
ning coupling a(p) at a mass scale ILt-M. The cross sec-
tion will obtain contributions from this short-distance re-
gion at all orders of Za.

(3) In the case of heavy-lepton-pair production
yZ~~+~ Z on a realistic nucleus, the higher Born
corrections (X & 2) will be suppressed by the factor
(R „m, )

' ' since the nuclear form factor allows
significant contributions only from the region b Rz.

(4) The b »1/M contribution is partly controlled by
long distances, which in the QCD-analogue problem
must be treated nonperturbatively. However, only the
lowest order in Za is important. We shall interpret the
factor that represents the "soft" physics as the probabili-
ty of finding a photon in the field of the nucleus, analo-
gous to the probability of finding a gluon in a hadron.

We now refine our conclusions by doing a detailed cal-
culation. Since the muons are highly relativistic, an
eikonal approximation suSces to treat their interaction
with the external field. There are two main ingredients.
The first is the energy denominator (or, more accurately,
the k denominator) for the virtual dimuon state before
its encounter with the Coulomb field, which becomes a
Bessel function after Fourier transforming with trans-
verse momentum to transverse position:

1 2
—I (x& —xD ).a.

d Ke
(2m. )

(12)

1
=(2zczoP/2m)KO(M

I c xo
l

) . (1 1)
(lr +M )/2zcP+(tr +M )l2zDP

The second ingredient is the eikonal phase X(x) accumulated by the muon as it travels through the Coulomb field at a
transverse position I:

X(x)= —e f dx+2 (x+,O, x)= —Zaln(4z, „ /x ),
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where we have supplied a length z,, as an infrared cutoff. Recall that we simplify the calculation a bit by using a
spin-zero initial photon and spin-zero muons. Thus, there are no numerator factors. The coupling between the scalar
photon and the scalar quarks has dimensions of mass. We take it to be Me. (In the more complicated case of spin- —,

'

quarks, the factor of M arises from the numerator factor. ) Following the techniques found in Refs. 26 and 1, we can
write the scattering amplitude as

(C,D
~

S
~

A ) = —5(1—zc —zo )2MezczD f d xc f d xDexp[ —i(1 c. xc+I D xD )]

&&&o(M xc —xo ) [exp[i'(xc ) —iX(xo ) ]—1 I

= —5(1 —zc —zo )2Mezczo d xc d xoexp[ —i (Ic "c+Io.xo )]2 2

&&Ko(M xc —xD )[(xc /xo )' —1] . (13)

Notice that because the muon and antimuon have opposite charges the dependence on z,. „cancels between the two
eikonal phases.

The cross section obtained from this scattering amplitude is

do /dzcdzo ———,'M e zczD&(1 —zc —zo )(2~)

&& f d "c f d xo&o(M
l
xc —xo

l

)'[2—("c'/"o )+' —(xc /xD') '
] .

The integral is easily performed. (The details are relegated to the Appendix. ) The result is

do /dz=(doldz)B„, „+(e /12aM )z(1 —z)(Za) [g(1 —iZ )a+/(1+iZa)+2y]

(14)

=(der/dz)B„„„+(e /12~M )z(1 —z)2 g ( —1)"g(2n +3)(Za) "+
n=0

(15)

where we have used

z —zg, 1 —z —ZD (16)

and where g(x) =d in[I (x)]/dx, y =0.577. . . is Euler's constant, and g(X) is the Riemann g function. We shall dis-
cuss the lowest-order cross section, (der/dz)a, „„,below; it is infrared divergent for the unscreened Coulomb potential
in the approximation used to derive Eq. (14).

Let us make three comments concerning the higher-order terms in Eq. (15). First, the result of Davies, Bethe, and
Maximon, which includes spin for the incoming photon and leptons, is similar but somewhat more complicated.
Second, the physics behind this result, namely, the eikonal approximation, is quite simple (although this simplicity is
not evident in the Davies-Bethe-Maximon derivation). Third, as already noted by these authors, the higher-order con-
tributions come from the short-distance region xc,

~
xL, —1/M.

We now turn to the Born term, paying special attention to the infrared behavior. We may write the Born term as

2 —FQ 2 —E

(do /dz)B, „„——(M e /4vr)(Ze ) z(1 —z)p' f p' f(2~)' ' (2')' ' [q'+q, '+(1/I-)']'

1 1

zz+I[(1—z)q —b, ] +M I [(zq+b, ) +M ]

1 1

(zq+b. ) +M [(1—z)q —b, ]~+M' (17)

We have written the result in terms of the transverse momentum q of the exchanged photon and a relative transverse
momentum 6:

q=lc+ID, b. =(1—z)lc zlD, Ic=zq+b„ lo =(1—z)q —b, .

The four terms correspond to the four diagrams shown in Fig. 3. The formula has been written in 2 —e transverse di-
mensions (with a dimensional regularization scale p) for our later convenience. Equation (17) is the Born term ob-
tained from Eq. (14), except for two modifications that affect the infrared behavior. First, we have supplied a mass
1/L for the exchanged photon, which means that the Coulomb field will be screened with a screening length L:

-(1/r)exp( —r/L). Second, we have inserted the z component q, of the photon momentum in the photon propa-
gators. Using Eqs. (4) and (5) we have

q, =(q' —q ) =( —2'~ q ) =2[(1 +M )/2zP+(ID +M )/2(1 z)P] =[6, +M +z—(1—z)q ] /2z (1 z)P—
(19)
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FICz. 3. Four dia rdiagrams contributing to Eq. (A17).
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'
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p, p —,this is essentially equivalent to c
ting off the q integral at -M .
definition

a q — . This gives us the

(do /dz), R= —,'M e z(1 —z
2 —E'p

X
d
(2ir)' ' (6,'+M')'

(Ze), d 'q
2ir ' [q'+(5 +M ) /2z (1 z) P'+(I/I. —

~ ~

(20)

The ultraviolet-sen sitive term is constructed from th
difference under the integral si ns w

e rom t e remainder (do /dz)a„„—(do /dz)
hat 'h' '""""'"" 2 2

off, ( I /I )' ( ll e error thus introduced is smaller than a

The calculation of do.

e
'
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g'n q. . The inte ral

i er e quantity in

1

sis o a e pole arisin from it
~ ~
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dO

dz Uv

1 22 22, d '5, d '
1 1M e (Ze ) z(1 —z)p' p'

4m. (2~) ' (2') ' (q ) (zq+b, ) +M

1 1 Q2+-
@ vr(1 —e/2) (Q~+M2)4

[(1—z)q —5] +M

2

(21)

The 1/e term, which originated as the counterterm for the ultraviolet divergence in (do /dz)&a, now cancels the in-
frared divergence in (do. /dz)Uv.

The integral has the form(der�/dz)Uv

——(e /M )(Ze ) z (1—z)[ 3 1n(p~z /M )+8], (22)

where pMs =4~p e . This UV contribution corresponds to a hard scattering of y + nucleus~p+p +nucleus.
We can now study the infrared sensitive term, Eq. (20). A change of variables will make it apparent that this term

has the proper factorized form. In the center-of-mass frame of the muon pair, the Coulomb field would look like a
beam of photons. We define a variable x& that represents the momentum fraction carried by the photon that is ab-
sorbed by the muons:

x~ ——
~ q, ~

/M~ ——(b, +M )/[2' z (1 z)PM&—] . (23)

Here Mz is introduced in order to make xz dimensionless. It plays the role of the mass of the nucleus that produces
the Coulomb field. The final result does not, of course, depend on Mz. Evidently the smallest value that xz can as-
sume is

x;„=M /[2' z(1 z)PM—s] . (24)

Using xz as the integration variable in place of 5, we find that the infrared contribution to the cross section assumes
the factorized form

(der/dz)„= f dxs fez~(x~ )do /dz .
min

We now discuss the factors in this expression.
The hard-scattering cross section do. /dz is

e z(1 —z) xa /xmin
d& /dz =

8vrM (x~ /x;„) 3

(25)

(26)

The reader may check that this is precisely the lowest-order cross section for (scalar) photon + photon
~(scalar) p++(scalar) p

The function fz&s(xs ) 1s

f~)~(x~)= p'
2 ~ ~ 2 ~

—(1 e/)[(Ze) /2mx~].1 (Ze), d 'q q
(2~)' ' [q'+x~'M~'+(1/L)']'

=(1/xz )(Ze/2m) (in[pMs /[xz Ms +(1/L) ]I —1) .

This function represents the distribution of photons in the Coulomb field. The first expression in Eq. (27) forf~&~(x~ ) may be independently derived by starting from the general definition

fzq~(xs)=(2' /2~x&M&) f dy exp( iq y+)(8
~

F(—y, 0,0) g (0) [8), (28)

where
~

8 ) is the state of nucleus 8 at rest, q =x&Ms/2', and F" is the electromagnetic field-strength operator.
Write the momentum eigenstates in terms of position eigenstates

~

R ) [normalized to {R
~

R ') =53(R —R ')]:
~8)=(2M, )'" f d'R [R) .

Then, using

F" (x), „„„~R ) =F" (x —R),)„„„)~ R )

with a screened Coulomb field for F"'(x —R ),&„„„„the result (27) follows. One should note two features. First, the
definition of R.ef. 27 [cf. Eq. (2g)] requires that the operator product be renormalized by minimal subtraction. Thus,

+=0 pole in Eq. (27) is to be subtracted. Second, in the external field approximation used here, the nucleus can
absorb any amount of momentum without recoiling. Thus, momentum conservation is lost and xz is not necessarily
smaller than 1.
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The integral in (25) can be performed analytically. The
simple:

result when the screening cutoff' 1/L is removed is quite

dorR
dz

e (Ze ) z(1 —z) (8~)'~ z(1 z)p—P
ln

96m.M M
(1/L =0) . (29)

The value of the renormalization scale p here is arbi-
trary, since the p dependence cancels between do. &R/dz
and doUv/dz as given in Eq. (22). A sensible choice is
p-M, so that do. Uv/dz is not large.

Notice the appearance of a logarithm of the initial
photon energy, P/2', in the cross-section result (29).
This logarithm arises from the In(xz ) in the photon dis-
tribution function. The In(x~ ) arises, in turn, from the
small-q behavior of the integrand for the photon distri-
bution function. It reflects the probability to find a pho-
ton at a large transverse separation,

~

b
~

—I/xsM~,
from the nucleus. If the field is screened, then there is
no ln(P) in the cross section.

III. MODEL FOR COALESCENCE
ENHANCEMENT

[- (t- xe) Eao]

(-xa
P -q, P-q)Z' (Pz. P)

E EI, O)

(xAEa ~z

{En O)

FIG. 4. Basic diagram illustrating the production of a single
heavy quark Q in a hadron collision, via the subprocesses
qq ~Q. Various spectators are shown.

In this section we shall consider a simple model for
heavy-quark production in which the effects of coales-
cence of the produced and spectator systems can be
studied. Specifically, we examine a process as illustrated
in Fig. 4, in which a heavy quark of mass M is produced
and then interacts with a light spectator quark of mass
m. %'e first examine the semi-inclusive cross section in
which the spectator is detected in the final state. We
find that the cross section is enhanced when the velocity
of the light quark nearly matches that of the heavy
quark. Next, we examine the inclusive cross section, in
which the spectator quark is not observed and, in addi-
tion, the transverse momentum of the heavy quark is not
observed. The factorization theorem guarantees that the
effect on this inclusive cross section of such an interac-
tion with a spectator is suppressed in the limit of large
M. This suppression results from a cancellation, due to

unitarity, between different kinematical regions of the
semi-inclusive cross section. We will see how this (par-
tial) cancellation works in detail in the model, and evalu-
ate the remaining correction to the perturbative factor-
ized prediction for the cross section.

In the model, all quarks are scalars. The light quarks
have mass m and the heavy quark has mass M ~~m.
The Born subprocess is q+q~g. (It is for reasons of
simplicity that we choose a model in which a single
heavy quark can be produced from light quarks. An
analogue of practical interest is gluino + quark~squark
in a model of supersymmetry in which the gluino is light
and the squark is heavy. ) We choose to describe the
process in a reference frame in which the heavy quark is
nearly at rest. In this frame, we take hadron 3 to con-
tain a high-momentum quark that is active in the Born
subprocess, a high-momentum spectator quark, and a
spectator quark that carries low momentum. These con-
stituents of hadron 2 all carry transverse momentum of
order m. We suppose that hadron 8 contains a high-
momentum quark that is active in the Born subprocess
and a high-momentum spectator quark. For simplicity,
we suppose that the hadron B constituents carry negligi-
ble transverse momentum.

We now add an interaction between the slow spectator
quark and the heavy quark. In order to mimic QCD, we
work in an Abelian gauge theory in which the heavy
quark has charge e and the light quark has charge —e.
We choose to work in Coulomb gauge. Then the leading
interaction between two slow particles is the Coulomb
interaction. Thus, we take the spectator —heavy-quark
interaction to be a Coulomb exchange. The resulting
model is depicted in Fig. 4. Of course, one has to add
the graph shown and its complex conjugate. A con-
venient choice of kinematic variables is shown in the
figure. The three-momentum of each particle is indicat-
ed in a notation in which the z component is given first,
followed by a transverse vector standing for the trans-
verse components. (We indicate three-vectors with an
arrow, q, and, as in Sec. II, transverse vectors are in
bold type, q, while energy and z components are explic-
itly indicated, or reexpressed in terms of q and q . )

We take hadron 3 to have a large momentum E~
along the positive z axis, while hadron 8 has a large
momentum Fs along the negative z axis. (We take the
incoming hadrons to have zero mass for simplicity. )

We shall write the amplitude for this model using
time-ordered perturbation theory. We need several in-
gredients. The first is the heavy-quark production ver-
tex, which we take to be —iG. The second ingredient is
the Coulomb potential, +ie /q . The third ingredient
is wave functions for the incoming hadrons. For hadron
8, we use a wave function %~ (x~ ) such that

~

'II& (xe )
~

dxe is the probability to find the active
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quark with momentum fraction xz. For hadron 3, we
use a wave function qi „(x„,k; I ) such that

qi„(x„,k;I )
~

dx„dkdl is the probability of finding
the active quark with momentum fraction x~ and trans-
verse momentum k and the slow spectator quark with
momentum l. (For this section we adopt a notation such
that d k is a two-dimensional transverse integration&,
while dl is a three-dimensional integration. ) Since the
bound states are stable, the wave functions may be taken

I

Ei =E~ +Em

to be real valued. The final ingredients that we need are
the energies of the initial state, the intermediate state be-
tween the time the heavy quark was created and the
time of the Coulomb interaction, and the final states.
(We do not need the energies for the states before the
heavy quark was formed because the corresponding en-
ergy denominators will be included in the bound-state
wave functions. ) Referring to Fig. 4, we find

E) ——(1 —x~ )E„—l, + +(1—x~)Es+ +m + +M+(@+I ) +m m (& +q)' (P —q)'
2(1 x)E~— 2(1 —x~ )Es 2m 2M

(k+I ) m 2 p 2

E2 ——(1—x~ )Eq —1, + +(1—x~ )E~ + +m + +M+
2(1 —x)E~ 2( 1 —x& )Ez 2m 2M

(30)

In writing these expressions, we have used the nonrelativistic approximation for the slow particles and the extreme-
relativistic approximation for the fast particles.

We can now assemble these ingredients to form the cross section in which the slow spectator quark is detected. For
the Born term we have

= f dx~qi~(xs) f dx„dk+„(x~,k;l)2, 5(x„E„x~E~ P, )5—'(k ——P)(2~)5(E~ E, ) . —(31)

For the first-order terms depicted in Fig. 4, we have

= f f dxz+s(x~ ) f dx„dk qi„(x„;k;l)+„(x~—q, /E„,k —q;I+q)
dP dl „,„d„(2~)'

G 2

X 5(x„E~ x~Eq P, )5 (—k —P—)
4M

I le
X . (2~)5(EI E2 )+complex co—njugate .

I 1+~~
These expressions can be simplified by using the 6 functions to eliminate the k, xz, and xz integrations, with

k=p

(32)

(33)

-l, +P, +m
2Eq 2Eq

'
2Eq

—l, —P, +m
2E~

(34)

Here the first terms are the most important, but the small correction provided by the second terms will be needed for
our calculation of the inclusive cross section because of a cancellation of the leading term in that cross section.
Corrections of order l /2m and P /2M have been neglected relative to P, and l, in the second terms of (34), in ac-
cordance with the nonrelativistic approximation of our calculation. Terms with more powers of E~ or Ez in the
denominator have been neglected.

In the first-order term, we use the energy-conserving 6 function to make the replacement E&~E2 in the energy
denominator. Then Eq. (30) gives

l —(1+q)
2m

P —(P —q) = q'=——V q—
2M 2mR

(35)

where V is the relative velocity between the light and heavy quarks and mR is the reduced mass of the heavy-
quark —light-quark system:

l P mMV= —— mR ——
m M' M+m

Having made these manipulations in Eqs. (31) and (32), we obtain

(36)

do. ~G 4g(xg) +g(xg, P;1)2 2

dPdl B„„Ms
(37)
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and

d CT ~G 2 dq 2 e2
%ii(xi') 3

0 „(x„;Pl)%'~(xw —q /EwP —q l+q)
& z

. (38)
(2~)' V.q+ q /2m& q

In writing Eq. (38), we have noted that we must take the
expression computed from Eq. (32) and add its complex
conjugate. The result is to change 1/(V q+q /
2mz+ie) to 2/(V. q+q /2m' )p where the P indicates
a principal-value prescription for the singularity.

strictly justified for such a small momentum transfer, so
we only expect Eqs. (42) and (43) to be qualitatively
correct when applied to QCD.

B. Inclusive cross section

A. Small-relative-velocity approximation

It is evident from Eq. (38) that the first-order correc-
tion to the cross section is large when the relative veloci-
ty V is small. Let us therefore examine this correction
in the limit V «1. We notice that the typical value of q
that contributes to the integral (38) is of order

~ q ~

-m
~

V
~

. Thus, when V is very small we can set
q=0 inside the second factor of +~ in Eq. (38). This
approximation gives

Let us now return to Eqs. (37) and (38) for the first-
order correction to the cross section and integrate over
the momentum of the slow spectator quark and over the
transverse momentum of the heavy quark. It will prove
convenient to describe the longitudinal momentum of
the heavy quark by its rapidity Y and the longitudinal
momentum of the light quark by its rapidity y. Since we
are assuming a nonrelativistic approximation for the
heavy quark and spectator quarks, these rapidities are
given by

do
dpdl

where

I ( V),
dp dl

(39) Y=P, /M, y =l, /M .

For the Born term, we obtain

(44)

I(V)= q

(2~) V q+q /2m„q (40) f dPdl m dy 9'~(x~)
Born

A straightforward calculation gives &(4„(x~,P, my, l) (45)

I(V)=
V

(41)
where

Thus,

dO

dpdl
d C7

dp dl

wa+ (42)

in the small-V approximation. We recognize this as the
familiar first-order correction to production of slow
charged particles in a Coulomb field. At higher orders
it becomes '

M
2Eq

1+Y+ (1 —y)

(46)
M m

xi' = 1 —Y+ (1 —y)
2Eg M

If we neglect the m/M terms in xz and xz, then we ob-
tain the standard factorized form:

dO

dPdl
d CT 2~a /V

d P di 1 —exp( —2' a / V)
(43)

do. ~G
, f~«~)fa«a»

Born M s
(47)

We learn from this example that the coalescence
enhancement is large and that it does not cancel when
one requires that a spectator quark be detected with ve-
locity close to that of the heavy quark. In the QCD
analogue of this model, the factor a is to be replaced by
a, times a factor that depends on the color state of the
two quarks. For instance, if the heavy quark carries a 3
representation of color while the spectator carries a 3
representation and if the two quarks form a color sing-
let, then the factor a becomes —', a, . The typical momen-
tum transfer in the coalescence interaction is m V, so the
argument of a, should be roughly mV, with m —300
MeV. Of course, the use of perturbation theory is not

where

fq(x~ ) = f dP dl m dy +z (x&,P;my, l )

fg (xg ) = %g(xi' )
(48)

x~ =x„(1+Y'), xii =x~(1—Y), (49)

with

xg ——M/2Eg, xg ——M/2E~ . (50)

For the first-order term, we obtain, in terms of xz and
x~ defined in Eq. (46),
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d~ ~G f dP dl m dy 0'z(xs ) %„(x&,P;my, l )
2

(2')

p m
+A ++A

q, 2 e2—2,P —q;my +q„1+q
I

[(y —Y)q, +V q+q'/2mtt )p q' (51)

We know on general grounds (see Ref. 1) that the
large enhancement for small relative velocities that we
noted in the previous subsection must cancel when we
integrate over velocities and thus form the inclusive
cross section. The enhancement arises because the
intermediate-state energy denominator becomes small
when V is small ~ That is, there is an enhancement be-
cause the attractive quark-quark interaction has a long
time to occur when V is small. However, because time
evolution is governed by a unitary matrix, interactions
that occur long after the heavy quark has been produced
do not affect the probability for the hard interaction that
produced the heavy quark.

We will not rely on the general argument here, but
will explicitly display the cancellation that eliminates the
leading term in the enhancement. To do so, let us make
a change of integration variables:

This change of variables has two virtues. First, the
transverse-momentum arguments of the two Oz wave
functions in Eq. (51) are mapped into each other:

P =P' —q', P —q=P'

and

1 =1'+q', 1+q =1' .

Second, the sign of the energy denominator is reversed:

1 P
(y —Y)q, + —— .q+

m M 2mR

qp
(y

' —Y)q,'+ —— q'+
m M

y'=y+q, /m. , q,'= —q, ,

P'=P —q, 1'=1+q, q'= —q .
(52) Since we integrate over 1, q, and P, we can drop the

prImes:

dO ~G pm qzdPdl m dydY )„,„d,„M s {2~)' M mR

2

r

p m 2qz
/+A &A+&A

M m

qz m
, P;my+ q„l

mR M

p m
&A+&A -2'+2'

m m

q,

mR

m
, P —q;my +q, + q„l+qM

—2 e2
X -"2 ---2

[(y —Y)p, +V q+q -/2m' ]p
{53)

We see that we have obtained almost exactly the nega-
tive of the expression (51) for the first-order spectator
contribution to the cross section. That is, the integrated
contribution must be almost exactly zero. The only
difference between the two expressions (51) and (53)
occurs in the longitudinal-momentum arguments of the
wave functions. If these functions did not depend on
longitudinal momentum, then the spectator correction to
the inclusive cross section {i.e., integrated over spectator
momenta) would vanish. This is easy to understand on a
heuristic basis. If the wave functions did not depend on
the longitudinal momenta of the partons, then the longi-
tudinal position of the two colliding partons would be
exactly determined. Thus, the time of formation of the
heavy quark would be exactly determined and the effects
of the interaction with the light quark would cancel ex-
actly. This case may be contrasted with the case in
which the heavy-quark formation time is somewhat un-
certain. Then one cancels an evolution operator U{ oo, t)

with an evolution operator U(ao, t') for the conjugate
state, where the times t and t' are somewhat uncertain.
An operator U(t', t) is left over.

We also see that the shifts in the longitudinal-
momentum arguments of the 0"s are of order m/M,
which will evidently lead to a suppression of the coales-
cence contribution to the cross section by a factor m /M
compared to the Born term. The m/M factors are easy
to understand. The natural time scale for the spectator
interactions is 1/m. The natural longitudinal size of a
hadron is also 1/m, but the fast quarks in the incoming
hadrons are forced into Lorentz-contracted disks of lon-
gitudinal size (1/m)X(m/M). The collision time of the
fast quarks is thereby determined to within a time 1/M.
Thus, the Lorentz-contraction factor m/M (the factor
appearing in the arguments of the wave functions) leads
to a suppression of the contribution by a factor m /M.

When we form the inclusive cross section we integrate
over some regions where the Coulomb approximation in
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our model is not valid, since the spectator and the heavy
quark do not have small relative velocity. Thus, we keep
the essential fact of unitarity in the model cross section,
but lose the proper properties of one-photon exchange
for particles with relativistic relative velocities. We thus
expect corrections from the exchange of transversely po-
larized photons or gluons, although such effects do not
lead to low-relative-velocity distortions. We hope to im-
prove the model in a future publication.

We have seen from the above analysis that there is a
large enhancement to the Born cross section when
U «1, but that this enhancement is nearly canceled in
the integrated cross section (assuming M ~& m ). We
conclude that there must be a depletion of the cross sec-
tion in the region of moderate values of U. It is easy to
see qualitatively how this comes about. The sign of the
first-order cross section in Eq. (38) is determined by the
sign of the energy denominator

V.q+q /2m+ —— [(mz V+q) —(mz V) ] . (54)
2mR

When V « 1, there are contributions to the q integral in
Eq. (38) from regions of both positive and negative
values of the energy denominator. We have seen that
the net result is positive. When V is larger, the depen-
dence of the wave function on q cannot be neglected.
The wave function favors values of q near —l = —mR V.
In this region the energy denominator is negative. Thus,
a negative result is obtained.

We can exhibit the sensitivity of the cancellation to
wave-function variation more precisely: we extract the
leading noncanceling piece of the coalescence correction
by taking the average of the expressions (51) and (53),
writing the difference of wave functions with slightly
different arguments as a derivative. We see that the
leading contribution is of order m/M. After extracting
this leading contribution, we neglect all of the small
terms in the arguments of the wave functions. We also
neglect the distinction between mR and m. The result is

dCT mG
d P dl m dy

dq mL
[q'z(xz(1 —Y+~)) q'& (x~ (1+Y —A), P;m (y —X),1)(2~)3 ~ m aX

Xq'z(x„(1+ Y —k), P —q;m (y —A, )+q„l+q)]~
1 e2

[(y —Y)q, +V q+q /2m]p q
(55)

From this form, it is apparent that A. inside the square
brackets of (55) corresponds to a simultaneous shift in
the rapidities of the heavy quark and spectator quark
within the wave-function arguments.

C. Further developments of the model

4~(x~) ~f~(x~) . (56)

We have seen that the effects of interactions of the
heavy quark with light spectator quarks are suppressed
by a factor m/M if we integrate over the heavy-quark
transverse momentum and do not observe the spectator
quarks. We now seek to further refine our understand-
ing of the nature of the leading term that remains after
the cancellation. To do so, it will be helpful to consider
an explicit model for the wave functions that appear in
Eq. (55).

We begin by replacing the squared wave function for
hadron 8 by the parton distribution function:

We replace the wave functions for hadron 3 by factor-
ized distributions representing (1) Gaussian transverse-
momentum dependence, (2) x„dependence for the ac-
tive quark as given by a standard parton distribution
function, and (3) y dependence for the spectator quark
given by a probability p(y)dy with the function p(y) still
to be modeled. Thus, we write

+z(x„,k, my, l) m dy = fz(xz )p(y)dy

—(k +I )/ (57)2 4

We also adopt the definition

~=q, /m . (58)

Finally we shall use the appropriate relativistic generali-
zation of the qi and f arguments given by the replace-
ment (I+Y)~e — . With this replacement we need no
longer work in a frame where Y is small.

Given these substitutions, Eq. (55) becomes

dt's

1st orderdY
m do. f dy d~I(y —Y, ~)

a
X p' '(y)p' '(y+r) — 1~[f&(x&e )f&(x~e )]— [p' '(y)p' '(y+~)]

where
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I(y —Y, w)= J dPdl dqexp[ —[P +(P—q) +I +(l+q) ]/2m
'r 1

[(y —Y)r+V.q/m +r /2+q /2m ]t, q /m +r (60)

Here we may work in the m /M~O limit for V and thus take V=1/m.
The above form for I may be reduced to

I (y —Y, r) = J da f2' o o 1+p 6(y —ap),
(

2 p) i/2

where y =(y —Y)+ r/2.
The magnitude and sign of the first-order correction,

Eq. (59), to the inclusive cross section do. /dY are some-
what model dependent. However, a few general con-
clusions are possible. We focus on the case where the
interaction of the heavy quarks with the spectators is at-
tractive. We also assume that the spectator color distri-
bution p(y) tends to be concentrated over a limited range
of y, y =yo. In this case ~ will tend to be small in the in-

tegral of Eq. (59). We consider three configurations and
work in the overall center-of-mass frame, where F. z

——Fz
and x„=xii =M/~/s.

(1) Very fast heavy quarks with large Y such that
x ~ =x z e ~ 1. In this case momentum conservation re-0 E'

quires that the spectators are concentrated about a small
value of yo. Since y —Y&0, I &0. For the typical be-
havior f (z) —(1—z)i'/z, the logarithmic derivative term
in Eq. (59) takes the form

(1—x„e )"(1—xiie )i'
ln

BY xgxp

pxg

The first term in the large brackets of Eq. (59) is t»s
positive and becomes large since x z is near 1. The
derivative of the second term in brackets with respect to
y will be negative for y &yo and positive for y & yo.
Since I is smoothly behaved near y-yo, these two re-
gions tend to cancel and this term will be small. Overall
we see that the coefficient of m /M is negative and that it
can become large in the xz ~1 limit of large Y.

(2) Similar rapidities, y -yo —Y, for the heavy quark
and spectator. This corresponds to momenta for the
heavy quark and spectator system in the ratio M/m, i.e.,
the heavy quark still has substantial Feynman xF. De-
pending upon the exact kinetic configuration the
structure-function argument x ~ may or may not be near
an end point; the logarithmic derivative term in the
brackets of Eq. (59) will be positive and could be
significant in size. However, I(y —Y, r) changes sign as
we integrate y about yo —Y, and this term will tend to
yield a small contribution of uncertain sign. The second
term depends upon the correlation between the sign of
I(y —Y, r) and the y derivative of the p's. For
y &yo —Y, I is negative and the p derivative term is neg-
ative, while for y &yo —Y, I is positive and the p deriva-
tive term is also positive. Thus the regions combine to
yield a possibly sizable (depending upon how peaked p
is) positive correction.

(3) A slow moving heavy quark with 0 & Y« Y,„=ln(1/x„). The main concentration of p will
correspond to a moderate value of y o. Typically

y —Y &0 and I is positive. The f derivative term in Eq.
(59) will be positive and not particularly large. As in
case 1 the p-derivative term changes sign in a region
where I varies smoothly, yielding a small contribution.
Overall we can obtain a small positive correction.

In all the above regions contributions from spectators
contained in incoming hadron B must be included, and
serve to symmetrize the correction with respect to the
beam and target directions when 3 =B.

To obtain more definitive results would require the de-
velopment of a detailed picture of the color correlations
between the produced heavy quark Q and the spectator
system that is singled out in the formula, Eq. (59). A
sum over all such spectator systems is required. To the
extent that these nonperturbative corrections can even-
tually be measured, we shall be able to learn more about
such color correlations. However, the above analysis in-
dicates that the heavy-quark inclusive cross section will
be increased by terms of order m/M for all but very
large rapidities Y.

IV. ANOMALOUS FEATURES
OF CHARM HADROPRODUCTION

We now turn to an experimental review of those
features of charm and bottom hadroproduction that may
have a direct connection to the nonperturbative effects
discussed in the preceding sections, or are closely related
thereto. We first ask whether or not the existing data
for heavy-quark production agree with the leading-order
QCD predictions. Recent measurements of the total
cross section for b jets with pz- &5 GeV and y &2, re-
ported by the UA1 Collaboration agree well with the
lowest-order QCD predictions. The theory should be
regarded as having, perhaps, a factor of 2 uncertainty
due to lack of knowledge of the precise gluon distribu-
tion functions and higher-order corrections. It remains
to be seen whether or not lowest-order theory will also
yield an approximate agreement with experiment for
pT &5 GeV, where the type of corrections we consider
here are the largest.

Whether or not the data for charm hadroproduction
agree with the leading-order QCD predictions is prob-
lematic. For example, the leading fusion contributions
predict cross sections which are essentially additive in
the nucleon number of a nuclear target. The Fermilab
measurements of Ref. 14, however, show an 3 depen-
dence characteristic of shadowing and diffraction.

An important question for our work is whether or not
there is evidence for a leading particle eQect; i.e., a -corre-
lation of the produced charmed hadron with the hadron
beam quantum numbers. This effect is not predicted by
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the leading-order QCD predictions.
The pp~A'X data ' from the CERN ISR gave the

first indications that charm production may be much
Batter in longitudinal momentum than expected from
the very central gluon-fusion subprocesses. This appears
to be confirmed by Serpukhov data (see Ref. 32) for
40-GeV neutron-carbon collisions: dN/dxF(nN~A, X)
—(1 —xF)' — for xF )0.5. However, recent data
from the Lexan Bubble Chamber —European Hybrid
Spectrometer (LEBC—EHS) experiment' at the CERN
SPS for incident 400-GeV/c protons do not show a clear
signal for A' production at large xF. The LEBC experi-
ment has also taken data at Fermilab with a 800-GeV/c
proton beam. ' Neither LEBC experiment reports a
leading-particle effect for D production by protons, and
the energy and normalization of the pp ~DX cross sec-
tion appears consistent with the simplest QCD estimates.
The moderate growth in the magnitude of the D produc-
tion cross section' with energy also is difficult to recon-
cile with the ISR results.

Experiments do appear to agree on evidence for a
leading particle correlation for charmed hadrons pro-
duced by mesons. Recent data for high-energy pion and
kaon beams measured by the Amsterdam-Bristol-
CERN-Cracow-Munich-Rutherford" (ACCMOR) and
LEBC-EHS (Ref. 12) Collaborations at the SPS show siz-
able contributions at large XF, although the statistics are
not large. A sample curve from Ref. 12 is given in Fig.
5.

Another intriguing anomaly in charm hadroproduc-
tion is seen in the WA-42 experiment' at the SPS,
which reports copious production of the 2+(csu) (:-+ )

charmed-strange baryon in 135-GeV X collisions on a
beryllium target. Evidence for production of the 3+ in
neutron-nucleus collisions has also been reported by the
E-400 experiment at Fermilab. ' In this latter experi-
ment, the cross section appears to be fairly Oat over the
measured range of 0&xF &0.6. In the WA-42 experi-
ment the 3 + is observed in the AE ~+~+ channel
with a hard distribution (1—xF)' — ' for xF ~0.6. (A
schematic representation of this reaction, to which we
shall refer later, is given in Fig. 6.) The corresponding

do (yZ~llX) =dcro
(e —1)(1—e

(62)

Here d o o is the Bethe-Heitler cross section computed
in Born approximation, and g+ ——2m Za /v +,

cross section times branching ratio (taking the above
form for all xF), for forward xF is 4.7 pb/nucleon, as-
suming 2 ' dependence. If the branching ratio for the
measured channel is 3 —5%, this implies a total cross
section in the 100—150-pb range. Even larger cross sec-
tions might be expected for the production of charmed-
strange (csd) baryons which carry two valence quarks of
the X (sdd). Certainly the experimental results suggest
the possibility of systematically enhanced production of
heavy-quark states by hyperon and kaon beams.

We now turn to a consideration of the extent to which
the above anomalies can be attributed to the
prebinding/coalescence enhancements discussed in detail
in Sec. III, or to other closely related nonperturbative
effects.

V. BREAKDOWN OF FACTORIZATION
AND FINAL-STATE-INTERACTION EFFECTS

Let us review from an intuitive viewpoint the impact
of the calculations presented in Secs. II and III. We first
focus on the process y~p+p in the presence of the
Coulomb field of a nucleus. In Sec. II we found that this
QED process fitted into the usual factorization formal-
ism, provided the muons could be considered as having
relativistic velocities in the rest frame of the nucleus.
Indeed, the eikonal techniques we employed allowed us
to obtain a direct understanding of the Born cross sec-
tion in terms of a hard-scattering process convoluted
with the photon distribution function arising from the
nucleus. However, we also know (and could demon-
strate using techniques such as those presented in Sec.
III) that for small velocities of one of the muons relative
to the nucleus, the Born cross section is completely un-
reliable. The cross section is strongly distorted for rela-
tive velocities U+ and v of the p+ or p with respect
to the nucleus v+ «Za by multiple soft Coulomb in-
teractions: '

12

L E EIC-EH S
24
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(a)—
16—

Non-Va I ence

(b)

A (csu)
+6K TT.

0
0 0.4

XF

0.8 0.4 0.8
xF

FIG. 5. The xF distribution for n p DX at 360 GeV/c
measured in the LEBC-EHS experiment (Ref. 12): (a) D
mesons containing valence quarks of the pion; (b) nonvalence D
mesons. The curves represent fits (1 —xF)" with n =1.8 and

n =7.9, respectively.

FIG. 6. Schematic representation of A + production by
hyperon beams. The multigluon exchange can represent either
intrinsic-heavy-cc contributions to the X wave function (an
initial-state effect) or prebinding distortion from final-state in-
teractions.
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FICr. 7. The Bethe-Heitler cross section yZ ~ l + I Z in
Born approximation (solid curve) as a function of the positive-
lepton energy. The dotted curve shows the modified spectrum
due to multiple scattering Za~

3 a, (Q ). We have used

a, (Q )=4vr/[Pain(1+Q /A )],
~
a,

~
&4, where A=200 MeV

and Q is the four-momentum squared to the target. The in-
cident energy is 10 GeV.

=2nZa/v . These results are strictly valid for g+ «1,
but g can be unrestricted. The effect of the correction
factor is to distort the cross section toward small
negative-lepton velocity (relative to the target rest
frame). As v ~0, the enhancement is so strong that
even the threshold phase-space suppression factor in o.

o

is canceled. Conversely, the cross section is exponential-
ly damped when the positive lepton has low velocity.

An analogous effect evidently would also occur in

QCD for a heavy colored target. We can estimate this
QCD prebinding effect by replacing rrZa ~~4rra, (Q ) in

the QED distortion factor, Eq. (62). (We take Q to be
the relative momentum of the c quark with the spectator
system, and we limit

~
a,

~

&4. ) Clearly this gives only
a very rough estimate of physics controlled by QCD
nonperturbative effects. The behavior predicted by this
model indicates significant increases in the magnitude of
the heavy-quark production cross sections and
significant skewing of the heavy-particle momentum dis-
tribution towards large xF. (See Fig. 7.)

This is not exactly the same as the configuration of in-
terest in establishing a connection with the anomalies
found in charm production. There the target is a color-
singlet composite of constituents that are relatively light
compared to the charm mass scale. In Sec. III we ana-
lyzed the QED analogue of the. production of a single
heavy colored object Q in the presence of such a target.
We saw, as expected, that the inclusive cross section for
the production of Q exhibited factorization in leading or-
der in M&. However, we found corrections to the stan-
dard factorized formula for the inclusive cross section of
relative order p/M&, these corrections may be large for
charm production. In addition, we examined the case in
which spectator particle momenta are measured. In this
case, an attractive spectator —heavy-quark interaction
can dramatically enhance the cross section in the region
in which the light spectator q is moving slowly relative
to Q. We also saw that this low-relative-velocity

enhancement must be compensated by depleting the
cross section in regions where the q and Q have large
relative velocity.

We can now relate these findings to the experimental
situations described in the previous section, which ap-
pear to exhibit anomalies relative to the perturbative
predictions based on factorization. First imagine pro-
ducing a heavy quark Q at a given rapidity Y, and con-
sider the cross section as a function of the spectator
quark q rapidity y. When y —F the cross section will be
greatly enhanced, according to the QED analogue re-
sults in Sec. III, if the q and Q are in attractive channel.
This situation corresponds physically to q and Q being
part of the same bound state. Thus, we predict that
charmed bound states formed from a charm quark of
given Y and a spectator fragment (with y —Y) will be
substantially enhanced over estimates based on perturba-
tive charm production followed by cross-section-
conserving "recombination" of the charm quark with
spectator quarks. However, to avoid inconsistency with
the predicted higher-twist nature of the inclusively in-
tegrated spectrum, there must be a compensating de-
pletion of the cross section in other configurations, such
as where y is sufficiently different from Y that the
charm-quark and spectator-quark fragment independent-
ly into the observed final-state hadrons. The net effect
will be a redistribution of the inclusive charm cross sec-
tion in favor of those charmed hadrons whose location
in rapidity and whose quark content can both be clearly
identified as requiring spectator-quark content. This is
what is observed, i.e., enhanced production of charm in
the forward low-pT region, especially when contained in
hadrons, such as the A„ that are clearly most likely to
arise as a combination of fast spectators with a charm
quark of similar rapidity.

As discussed in Sec. III, the inclusively integrated
spectrum depends upon the detailed distribution of color
charge in the spectator system. Unless the heavy-quark
color is primarily balanced by that of a spectator of very
similar rapidity, the enhancement of recombination
bound states is likely to be rather closely compensated
by depletion in the spectrum of hadrons containing the
heavy quark that are formed by independent fragmenta-
tion. In the case of charm, the higher-twist restoring de-
pletion would occur in the spectrum of hadrons that are
most likely the result of independent fragmentation of
the produced charm quark. Experimental determination
of the inclusive heavy-quark spectrum is not trivial. It
requires summing over the inclusive cross sections for all
hadrons containing the heavy quark.

As we have emphasized, unlike final-state interaction
corrections to hard-scattering processes, the corrections
discussed in this paper to semi-inclusive production of
states containing a heavy quark and spectator in an at-
tractive channel, coherently enhance the production pro-
cess and are not limited by unitarity to be of order one.
If there are strange quarks in the incident hadron, then
the distortion and enhancements in cross sections for
spectator-containing hadrons are likely to be magnified,
since a strange quark tends to be more nonrelativistic
than u or d quarks in a hadron and thus more effective
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in "capturing" the heavy quarks that tend to be pro-
duced moving slowly in the laboratory frame. This
could explain the relatively copious production of the
A+(csu) in the X fragmentation region, and suggests
an important role of hyperon and strange meson beams
for charm and heavy-particle-production experiments.

Finally, we would like to point out that there are
several tests of the basic Sommerfeld correction underly-
ing coalescence that can be performed in the near future.
In the attractive channel e+e ~QQ, near threshold,
enhancement in the form of resonances occur, and these
resonances are more or less dual to the enhanced pertur-
bative cross section. A similar result is expected for the
reaction e+e ~yQQ in the region where the final state
y has large pT and the QQ system has low mass. In con-
trast, the reaction e+e ~gQQ corresponds to the QQ
being a repulsive color channel, and, in the region where
the g has high pT and the QQ invariant mass is low, a di
minished cross section (with respect to the perturbative
prediction) should be observed. One can compute in
perturbation theory the magnitude of the repulsive color
factor in this latter situation compared to that for the
former attractive case. One obtains a —', in the color-
singlet at tractive channel and ——,

' in the color-octet
repulsive channel, where the relative sign indicates that
the first is repulsive and the second attractive. Of
course, the attractive channel will actually contain
bound states below and resonances above the zero veloc-
ity threshold. A dual average over the region near
threshold in the attractive channel must be compared to
the average over the appropriate small-velocity region of
the repulsive channel in order to determine the enhance-
ment and diminishment of the two channels relative to
the Born graph expectations. This prediction may al-
ready be testable using available data.

Similarly in the reaction gg ~gQQ, studied perturba-
tively in Refs. 7 and 8, a high-pT g trigger, coupled with
low invariant mass for the QQ system corresponds to a
repulsive QQ channel (on average) and overall suppres-
sion with respect to the lowest-order perturbative predic-
tion is predicted. Relative to the above color group fac-
tors this channel also has weight ——,'. In repulsive chan-
nels the Q and Q would presumably end up in a QQ
bound state rather infrequently, preferring to fragment
independently into hadrons containing Q or Q, respec-
tively. Summing over all such production modes would
be required before comparison with the perturbative pre-
diction.

VI. INTRINSIC HEAVY QUARKS

We turn now to a brief consideration of other nonper-
turbative and anomalous effects that could also play a
role in explaining the experimental data reviewed in Sec.
IV. The intrinsic heavy-quark concept, discussed in this
section, is closely allied to the ideas of coalescence: the
latter is a nonperturbative final-state reinteraction effect,
while the former arises from initial-state interactions.
Both are predicted to be higher-twist contributions at
the fully integrated inclusive cross-section level, but yield
enhancements in special regions of phase space. Since

(k +k')
[(k 2+ 2) ]1/2

P +P
(63)

Thus, intrinsic heavy quarks tend to have the largest
momentum fraction in the proton wave function, just
opposite to the usual configuration expected for sea
quarks. (3) The transverse momenta of the heavy quarks
are roughly equal and opposite and of order M&,
whereas the light quarks tend to have soft momenta set
by the hadron wave function. (4) The effects are strong-
ly dependent on the features of the valence wave func-
tion; the intrinsic heavy-quark probability is thus
presumably larger in baryons than in mesons, nonaddi-
tive in nucleon number in heavy nuclei, and sensitive to
the presence of strange quarks. In deep-inelastic scatter-
ing on an intrinsic charm quark the heavy-quark specta-
tor will be found predominantly in the target-
fragmentation region.

The intrinsic charm structure function will not be-
come fully observable unless the available energy is well
above threshold: W = (q +p) » W, h

——4M&'. The
correct rescaling variable for deep-inelastic muon
scattering is roughly x =x@-+8',h /8', not

p

c'

d

FICs. 8. Representation of an intrinsic heavy-quark Fock
state in the proton.

the momentum of a charmed hadron tends to follow the
momentum of the produced charmed quarks (the
Bjorken-Suzuki effect ), the longitudinal-momentum
dependence of the charm hadroproduction data suggest
that the charm quarks themselves have large momentum
fraction in the nucleon. Such a possibility can be
checked by measurements of deep-inelastic scattering of
leptons on the charm constituents of the nucleon. The
available high-Q data from the EMC (Ref. 17), as ex-
tracted from pX~ppX data, seem to indicate an anom-
alously large c (x, Q ) distribution at large Q and
x Bj 0.4 compared to that expected for the proton-gluon
fusion diagrams or, equivalently, from QCD evolution.
Although the data have low statistics and thus could be
misleading, it suggests the existence of mechanisms for
charm production other than the standard photon-gluon
fusion subprocess.

Dimension-six contributions to the effective Lagrang-
ian imply the existence of Fock states in the nucleon
containing an extra QQ pair. (See Fig. 8.) Eventually
nonperturbative methods such as lattice gauge theory or
discretized light-cone quantization should be able to
determine the heavy-particle content of meson and
baryon wave functions. At this time we can deduce
the following semiquantitative properties for intrinsic
states such as

~

uudQQ ). (1) The probability of such
states in the nucleon is nonzero and scales as M& . (2)
The maximal wave-function configurations tend to have
minimum off-shell energy, corresponding to constituents
of equal velocity or rapidity, i.e.,
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x =xB, +M& /Q which is appropriate to charge-
current single heavy-quark excitation.

The presence of a hard-valence-like charm distribution
in the nucleon can, at least qualitatively, explain some of
the anomalous features of the charm hadroproduction
data discussed above. The fact that the c and c as well
as D and D distributions are harder than the correspond-
ing strange-particle distributions can be attributed to the
fact that the skewing of quark distributions to large x
only really becomes effective for quarks heavier than the
average momentum scale in the nucleon. One can ac-
count for leading-particle effects and the fairly Oat A,
ISR and Serpukhov cross sections if there is coalescence
of the intrinsic charm quarks with the u and d spectator
quarks of the nucleons. We note that recombination it-
self cannot explain the comparable distributions ob-
served in the LEBC experment for proton production of
D and D, unless it is the heavy quarks that carry most of
the momentum. Since the intrinsic contribution is asso-
ciated with higher-twist operators, it is suppressed by a
factor of 1/M& relative to the fusion contributions, and
is thus unlikely to be very important for b- or t-quark
hadroproduction.

The presence of intrinsic charm quarks in the nu-
cleons also has implications for other hard-scattering
processes involving incident charmed quarks. In gen-
eral, the charm quark in the nucleon will reAect both ex-
trinsic and intrinsic (1/M, ) contributions. Using QCD
factorization this implies significant intrinsic charm con-
tributions to hard-scattering processes such as
c +g ~c +X at pT &)4M, , with the intrinsic contribu-
tion dominating the large-x domain. The characteristic
signal for such contributions is a c spectator jet in the
beam-fragmentation region. Similarly, heavier quarks
and supersymmetric particles of mass m contribute to in-
trinsic Fock states in the nucleon at order 1/rn . The
intrinsic q(x) or g(x) distribution is again predicted to
be largest at large x. Hard-scattering processes such as
q+q ~y+y can produce purely electromagnetic mono-
jet events. Note that the associated intrinsic supersym-
metric partner appears in the beam-fragmentation re-
gion.

VII. DIFFRACTIVE HARD PROCESSES

We review this type of process as another example of
a situation in which the results for heavy-quark produc-
tion cannot be obtained perturbatively, and, thus, experi-
ments involving heavy-quark production could shed
light on the nature of nonperturbative QCD. The situa-
tion of interest is that where production of the heavy-
quark system occurs diffractively in the hadron collision,
that is, without excitation of the target. Two pictures
have been given for this processes.

(1) Diffractive excitation. When a beam hadron ffuc-
tuates into a Fock state such that all of its constituents
are at small relative impact parameter, it interacts
minimally because of its small color-dipole moment.
Since the normal states interact strongly, the small im-

pact valence Fock state materialize as qq or qqq jets. In
the case of intrinsic heavy-quark Fock states qqqQQ with

small transverse size, the incoming nucleon can be
diffractively excited into a forward-produced system con-
taining a heavy-quark pair. An analysis of such process-
es based on the Good and Walker two-component for-
malism is given in Ref. 24.

(2) The Pomeron as a gluon source. ' If one treats
the Pomeron as a composite system with gluon constitu-
ents, then the gluon-gluon fusion process leads to
diffractively produced heavy-quark systems. The
analysis of such processes is given in Ref. 38.

Both pictures of diffractive production lead to similar
final states and cross-section estimates. In particular,
the total production rate has a predicted nominal
nuclear-number dependence o. —3 . However, the xF2/3

distribution of the heavy-quark system tends to be hard-
er and the mass of the diffractive system smaller in the
intrinsic-charm picture.

Experimental investigations of such processes could
significantly further our understanding of nonperturba-
tive QCD. Note that for sufficiently heavy quarks, the
perturbative description based on Eq. (1) should become
valid, and diffractive excitation can be viewed as gluon
fusion involving a gluon from the target carrying a very
small longitudinal-momentum fraction. (See Ref. 1).
Thus, in the heavy-quark-mass limit, the two pictures of
diffractive processes become two different views of the
same physics.

VIII. SUMMARY

There is little doubt that the standard perturbative
QCD predictions are accurate for very massive heavy-
quark production. Indeed, the two calculations in this
paper confirm that corrections to the standard factoriza-
tion formalism are suppressed by powers of the heavy-
quark mass. Nevertheless, there are interesting and im-
portant corrections at low transverse momentum in the
beam and target-fragmentation regions when the quark
mass is not too large. These are the kinematic regions
where intrinsic contributions may appear and coherent
effects can occur as the produced quark and spectator
fragments coalesce. As reviewed here, the data appear
to have anomalies in these regions. It is clearly very im-
portant to verify these effects, particularly leading-
particle effects, enhancements due to hyperon beams, the
3 dependence, the importance of diffractive production,
and leading-particle effects. From the theoretical per-
spective, the charm-production data provide a window
to the interface of perturbative and nonperturbative dy-
namics.
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APPENDIX

We wish to evaluate the integral (14) for the muon
pair production cross section:
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do'ldzcdzD ——,'M—ezczD5(1 —zc —zD)(2')

y, f d xc f d XDKO(M
I
Xc —XD

I
) [2—(Xc /XD )+' —(Xc /XD') '

] .

We begin by writing this integral in the form

do/dzcdzD= ,'M—ezczD5(1 —zc —zD)(2n. ) f d rKO(M
I
r

I
) r I(0),

where the integral I (e) is defined by

f d xc f d XD
I xc

I

'
I

XD
I

'~(xc xD r)[2 (xc /XD )+' (xc lxD )

(A 1)

(A2)

(A3)

[I(0) contains the infrared divergence discussed in Sec. II. Here the parameter e, instead of a scattering length, regu-
lates this divergence. ] On dimensional grounds, one knows that I(e) is independent of r. Thus, the integral of the
Bessel function can be performed immediately to give

f d rKO(M
I
r

I
) r =2m/3M

This leaves the integral I(e). It can be evaluated by considering the integral

J(e)= f d r exp(iq. r)r 'I (e) .

On one hand,

J(e) =m(q /4) +'[I (2 —e)/I ( —1+e)]I(e) .

(A4)

(A5)

(A6)

On the other hand, one can perform the integral for J(e) as a sum of products of Fourier transforms of a pure power
of lxf:

J(e) f d xc f d xDexp(iq xc —'q'"D )
f
xc

f I
xD

I
[2 (xc /XD ) —("c /XD ) ]

I"(1—
—,'e)

2~2( q2/4 )
—2+ e

I ( —,'e)'

Thus, we can identify

I ( —1+e)I (1 ——,'e)2
I(e)=2rr

r(2 —e)r( —,
' e)'

I (1 ,'e+—iZ—a)I(1—,'e iZ—a—)

I ( —,'e —iZa)I ( ,'e+iZa—)

I ( —I+ )(e,'e iZ—a)I—(1——,'e —iZa)( —,'e+iZa)I (1 ——,'e+iZa)
I (2 —e)I (1+ ,'e iZa)1—(1—+ —,'e+iZa)

(A7)

(Ag)

We can now expand about @=0, using

r( —,'e) =(2/e)(1 ,'ye+——.),
r(1 ——,'e) =1+,' ye,
I ( —1+e)=(1/e)[1+(1+y)e+ ],
I (2 —e) = 1 —(1—y )e+
r(X+-,'e) = r(X)[1+-,'e@(X)+ ],

where y =0.577. . . is Euler's constant. This gives

I (e) = —2rr(Za) ( I /e+2)+2'(Za) [P(1—iZa)+2'(1+iZa)+2y]

= —2m(Za) ( I/e+2)+4' g ( —I)"g(2n +3)(Za) "+
n=0

where g is the Rieman g function.
We can now assemble the result:

(A9)

do ldzcdzD ——(e /12mM )zczDfi(1 —zc —zD )[ —(Za) ( l ie+2)+(Za) [1i(1—iZa)+1(j(1+iZa)+2y]] (A 10)

This is the result reported in Sec. II.
Notice that in Eq. (Al) the dominant contributions come from

I
xc —xD

I

—1/M. However, there is an infrared
divergence coming from the region

I
xc

I

—
I

XD
I

&& I/M. In the calculation, this divergence has been regulated by
the factor (

I xc I I
xD

I
) '. Thus, contributions from this large-impact-parameter region appear as a factor of 1/e in

the calculation. Finally, as expected from the argument early in Sec. II, this 1/e appears only in the Born term.
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